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PREFACE 

The theory of categories has arisen in the last twenty-five years and 
now constitutes an autonomous branch of mathematics. It owes its origin 
and early inspiration to developments in algebraic topology. When the 
basic concepts of category, functor, natural transformation and natural 
equivalence were first formulated by Eilenberg and MacLane they served 
immediately to provide the appropriate framework for describing the 
way in which algebraic tools were used, and could be used, in the study 
of topology. It was surely evident from the outset, to the inventors of 
these fundamental notions and to others, that their domain of applica¬ 
tion certainly extended far beyond that of algebraic topology. Indeed 
there were clearly many applications within algebra itself, and homological 
algebra began to emerge as a mathematical discipline in its own right 
concerned with abelian categories and their specializations to categories 
of modules. However, it was not clear in the early stages that there was a 
“pure” theory latent within the domain of categories and functors which 
was capable of assuming substantial proportions within the body of 
mathematics. Of course, the original basic concepts came to be reinforced 
by auxiliary notions suggested by applications of those concepts; and 
many arguments traditionally carried out in a more specialized setting 
were seen to fit naturally into the more abstract framework of category 
theory. Nevertheless, it is only in the last ten years, or less, that the 
source of inspiration for advances in category theory has come to any 
considerable extent from within the theory itself. Once this process had 
begun it accelerated rapidly, so that now the corpus of knowledge has 
increased enormously and with this advance has come a great increase 
in the scope of application of the theory, to include such widely scattered 
parts of mathematics as functional analysis and mathematical logic. 

It seems therefore that the time is ripe for a book devoted to category 
theory, and suitable both for those wishing to work within the theory 
itself and those wishing to use the theory—or at least its basic aspects— 
in other mathematical disciplines such as algebra, topology, algebraic 
geometry, logic etc. The present volume is intended to serve such a 
double purpose and, hopefully, to be suitable not only as a reference 
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source but also as a text for a graduate course. The mathematical back¬ 
ground required is very slight, being certainly no more than that available 
to a student on completion of his first degree; but it should be said from 
the outset that some sophistication is called for from the reader if he is 
to appreciate the rather abstract viewpoint and arguments of category 
theory. 

The purpose of this book is not the same as that of the valuable texts 
by Freyd and Mitchell (to which reference is made in the bibliography). 
Freyd’s book is devoted more or less exclusively to abelian categories 
and Mitchell’s book is also rather different in scope, emphasis and direc¬ 
tion from the present one. In order to render their text as useful as pos¬ 
sible to specialists in various fields and to indicate as clearly as possible 
the flavour of the theory, the authors have included, as well as basic 
topics such as the representability and prorepresentability of functors 
and embedding theorems for categories, specialized applications such as 
the study of Grothendieck topologies and the theory of sheaves. The 
authors have taken the theory right up to (but excluding) the modern 
theory of triples, algebras and equationally-defined categories but have 
provided an extensive bibliography to guide further reading. 

It is a pleasure to preface this book by my two colleagues and friends 
Ion Bucur and Aristide Deleanu. 

Courant Institute of Mathematical Sciences, 
New York University, and Cornell University, 
August 1968 Peter Hilton 
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CHAPTER 1 

Basic Concepts 

1. The Notion of a Category. Duality. Subcategories. Examples 

The notions of category and functor were introduced to mathematics by 
S. Eilenberg and S. MacLane in 1944, in connexion with the problem of 
axiomatizing the theory of homology and cohomology groups of topo¬ 
logical spaces. These notions have gradually found applications in other 
branches of mathematics as well. 

Definition. We shall say that a category ^ is given if a class Ob^ of 
elements called objects is given such that: 

1. for each pair {A, B) of objects of ^ a set Hom^(A, B\ called the set of 
morphisms of A into B, is given (we shall frequently write u: A-► B or 
A —^ B instead of w e Hom^(A, B)). 

2. for each triple {A, B, C) of objects of ^ a map 

ju:Hom^(A, B) x Hom^(R, C)-►Hom^(A, C) 

is given (if u e Hom^(A, B\ v e Hom^(R, C), we shall denote by vu or 
t; o M the image fi(u, v) of the pair (w, v) under fi; we shall say that fi is the 
composition map of morphisms). 

3. The sets Hom^(A, B) and the composition maps of morphisms 
satisfy the following axioms: 

(a) The composition map is associative: if A—^B— 
then 

w{vu) = {wv)u. 

(P) For each object A of ^ there is a morphism ->A (called 
the identity morphism of A) such that if B —^ A and A —^ C then 
l^u = w, vl^ = V. 

(y) If the pairs (A, B\ {A\ B') are distinct, then the intersection of the 
sets Hom^(^, R), Hom^(A', B') is void. 

Examples of categories 

1. The category Sn<i. The objects of the category are the sets. If 
A and B are two arbitrary sets we shall define Hom^^(A, B) to be the set 

1 
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of all maps defined on the set A and taking values in the set B. The com¬ 
position map (/g)-^g/is the usual composition of maps. 

2. The category ^4^. The objects of the category are the topo¬ 
logical spaces. If X and Y are two arbitrary topological spaces we shall 
define the Hom^(X, Y) to be the sets of all continuous maps defined 
on the space X and taking their values in the space Y. The composition 
map is the usual composition of maps (the composite of two continuous 
maps is also continuous). 

3. The category The objects of the category ^ are the groups. If 
A and B are two arbitrary groups we shall define Hom^(^, B) to be the 
set of all homomorphisms of the group A into the group B. The composi¬ 
tion map is the usual composition of homomorphisms. 

4. The category The objects of the category are the Abelian 
groups, and the morphisms are again the homomorphisms. 

5. The category Let A be a ring with a unit element. The objects 
of the category are the left A-modules unitary over the ring A. The 
morphisms are homomorphisms of A-modules, and the composition map 
is again the usual composition of homomorphisms. There is a similar 
definition for 

Definition. If is a family of categories we define the product 
category Y\ % as follows: 

iel 

The objects of Yl % are all the families of the form (Xi)i^j where for 
iel 

each i 6 7, Xi is an object of %. 

iel 

If 

and 

(m.L/6 Horn n,- iiXduiAYdu,) 

(i^iX.reHomr ,UY^. 

then 

Definition. Given a category a new category called the dual 
category of is obtained in the following manner: 

(i) The objects of the category coincide with the objects of the 
category in other words Ob ^ = Ob 
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(ii) The set of morphisms Hom^o(^, B) is by definition identical with 
Hom^(B, A). 

(iii) The composition map 

Hom^o(^, B) X Hom^o(B, C)-► Hom^o(^, C) 

is defined as follows: 

if w 6 Hom^o(^, B) and v e Hom^o(B, C), 

then 

Vo^oU = Uo^V. 

Clearly 
The possibility of associating with each category ^ its dual category 

enables one to dualize each notion and each statement with respect to a 
category ^ into a notion and a statement with respect to the category 
(from a practical point of view, this is the procedure of 'reversing the 
arrows’). 

Definition, Let ^ be a category. By a subcategory of ^ we shall mean a 
category which satisfies the following conditions: 

(i) Ob^' Cl Ob^. 
(ii) Hom^^(^, B) a Hom^(^, B). 
(iii) The composition of morphisms in is induced by the composition 

of morphisms in 
(iv) The identity morphisms in are identity morphisms in 

Definition. A subcategory of a category ^ is said to be full if, for each 
pair (A, B) of objects of we have 

Hom^^(A, B) = Hom^(A, B). 

2. Monomorphisms, epimorphisms, isomorphisms 

Let ^ be a category and u :A->B a morphism in For each object X 
of the category ^ we consider the map 

Hom^(X, A)-> Hom^(X, B) (1) 

which sends the element v e Hom^(X, A) onto uv e Hom^(X, B). 

Definition. The morphism u is said to be a monomorphism or an injection 
if the map (1) is univalent for any object X of the category 
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Examples. 1. Let ^ be one of the categories or where A is an 
arbitrary ring, and let w: ^B be a morphism in Then the following 
two propositions are equivalent: 

(a) w is a monomorphism. 
(b) for any ^26^, x^ # X2 implies u{xi) # w(x2), that is, u is 

univalent. 

Proof. We shall content ourselves with giving the proof for the 
category since the case of the category is analogous. We prove 
(a) => (b). Let N = u~ ^(0). Assume N # {0}; then the map HomA(N, A) 
-B) is not univalent. For, consider the elements v^, V2 

6 HomA(A, A) defined as follows: 

ViiO = 0 for any 

V2{0 = ^ for any ^eN. 

From the hypothesis it follows that Vi v2, but their images under the 
map HomA(A, A)-► HomA(A, B) coincide. 

We now prove the implication (b) => (a). Assume that there exists a 
left A-module M and v e HomA(M, A) such that t; # 0 and the image of v 
under the map HomA(M, A)-► HomA(M, B) is the null homomorphism. 
It follows from this that there exists M such that v(^) # 0 and u(v(^)) 
= 0, which contradicts (b). 

2. For any object A of an arbitrary category ^,1^:A-► ^ is a mono¬ 
morphism. 

Proposition 1.1. The composition of two monomorphisms is a mono- 
morphism. 

The proof follows immediately from the fact that the composition of 
two univalent maps is a univalent map. 

Proposition 1.2. 7/w :^-► B,v :B-► C, and vu is a monomorphism, 
then u is a monomorphism. 

The proof is straightforward. 
With the notations above, we now define a map 

Hom^(B, X)-> Hom^(^, X) (2) 

for any morphism u: A-► B and any object X of the category ^ as 
follows: 

The map (2) sends the element v e Hom^(B, X) onto vu e Hom^(^, X). 
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Definition. The morphism u is said to be an epimorphism or a surjection 
if the map (2) is univalent for any object X of the category 

It is obvious that u is an epimorphism if and only if it is a monomorphism 
when considered as an element in Hom^o(B, ^). In other words, the 
notion of epimorphism is obtained by dualizing the notion of mono¬ 
morphism. 

Proposition l.T. The composition of two epimorphisms is an epimorphism. 

Proposition 1.2'. If vu is an epimorphism then v is an epimorphism. 

Examples. 1. In the categories S'no and the notions epimorphism 
and map onto or homomorphism onto coincide. 

We shall content ourselves with indicating the proof for the category 
Assume u: A-► B is a homomorphism onto, where A, B are A-mo- 

dules. If the homomorphisms v,w:B-► C are distinct, then there 
exists at least one element xe B such that v{x) # w(x). But there exists at 
least one element ye A such that u{y) = x. We infer 

{vu)(y) = v(u(y)) = v{x) # w(x) = w{u{y)) =(ww)(y), 

i.e. vu # ww, hence u is an epimorphism. 
Conversely, assume u:A->B is an epimorphism. Suppose that u{A) 

is a proper submodule of B. Let C be the direct sum of two A-modules B^ 
and ^2, each being isomorphic with B, and let Vi '.B->C {i = 1,2) be 
the isomorphism of B onto B^ followed by the canonical injection. Let D be 
the factor module of C with respect to its sub-group generated by all the 
elements of the form vfx) — V2{x) where x e u{A). Finally, let w: C- 
be the canonical projection. Then wvi # wt;2 and {wvi)u = {wv2)u, which 
is absurd. Consequently u(A) = B, i.e. w is a homomorphism onto. 

2. Let ^ be the category whose objects are Abelian topological groups 
(separated in the sense of Hausdorff) whose morphisms are the continuous 
homomorphisms. If u:A->B is a morphism in ^ the following two 
propositions are equivalent: 

(a) u is an epimorphism. 
(b) u{A) = B. 

Proof, (a) => (b). Suppose u(A) = B^ # B. Then B/B^ is an object 
of Let Vi, V2 :B-^B/B^ where is the canonical homomorphism 
and V2 is the identically zero homomorphism. The hypothesis B^ ^ B 
implies # 1^2; but ViU = V2U, which contradicts (a). 
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(b) => (a). Let C be an arbitrary object of the category ^ and Vi, V2 '.B 
-► C such that v^u = V2U. Hence the continuous maps Vi, V2 coincide 
on the subset u[A\ which is everywhere dense in B, and therefore Vi =1^2- 

3. For any category ^ and any object ^ of ^ the morphism 1a 'A-► A 
is an epimorphism. 

Definition. In an arbitrary category the morphism u:A->B is 
said to be a bijection if u is simultaneously an injection and a surjection. 

Definition. The morphism u :A-^B is said to be an isomorphism if 
there exists v: B-► A such that 

vu = 1a, uv = Iq. 

Proposition 1.3. Any isomorphism is a bijection. 

Proof. From the relation vu = 1a and from the fact that is a mono¬ 
morphism it follows, according to proposition 1.2, that w is a monomor¬ 
phism. From the relation uv = Ig and from the fact that 1^ is an epimor¬ 
phism it follows, according to proposition 1.2', that u is an epimorphism. 

Remark. There exist bijections which fail to be isomorphisms. For 
example, consider in the category of Abelian Hausdorff topological groups 
the following objects and morphisms: 

R is the additive topological group of real numbers, Q is the additive 
topological group of rational numbers, u:Q->R is the inclusion of 
Q into K 

It is easily checked using the example 2 above that w is a bijection; on 
the other hand, u fails to be an isomorphism, since it is not onto. 

Proposition 1.4. The composition of two isomorphisms is an isomorphism. 

The proof is obvious. 
Let ^ be a category and A an object of Consider two monomorphisms 

u:U->A and v:V->A. We shall say that the monomorphism 
u majorates the monomorphism v, and we shall write w > t; if there exists 
a morphism Vi'.V-► U such that we have uvi = v. 

If one such Vi exists, then, from the fact that t; is a monomorphism and 
from proposition 1.2, it follows that 1;^ is a monomorphism, and from the 
fact that w is a monomorphism, it follows directly from the definition of a 
monomorphism that Vi is uniquely determined. 

The relation ‘ > ’ so defined is reflexive and transitive. 
Suppose now we have also t; > w. In this case there exists a unique 

isomorphism Ui'.U-► V and a unique isomorphism Vi'.V-► U such 
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that V = uvi, u = vui. For, from the definition results the existence of 
monomorphisms Vi, such that v = uvi,u = vu^, and from the relations 
V = v(uiVi),u = w( t; 1 ) and from the fact that t; and ware monomorphisms, 
it results that UiVi = ly, r>iWi = Ic;. 

If two monomorphisms u: U-► A, v:V-► A are such that u > v 
and V > uwQ shall say that they are equivalent. 

In each class of equivalent monomorphisms, we choose once for all a 
representative (by using, for example, the axiom of choice). The mono¬ 
morphisms obtained in this way are called subobjects of the object A. 

Hence it follows that the subobjects of A are not simply objects of the 
category but certain pairs of the form ((/, w), where u :U->A is a 
monomorphism which is called the canonical injection of U into A. In 
order not to complicate the writing and the language, we shall write simply 
U instead of ((/, u) whenever there can be no possibility of confusion. 

The notion dual to that of subobject is called a quotient object, and the 
dual of the canonical injection is called a canonical surjection. 

We note that the relation between subobjects or quotient objects 
is in fact a partial order relation. 

Example, Let A be an object of the category We may assume that 
the choice occurring in the definition of the subobject is so performed that 
any subobject of A is of the form {A^, a), where is a subset of A and 
a(x) = X for any x e . In other words, a subobject in is thus identified 
with what is currently understood by a subgroup of A, 

3. Functors 

Definition. Let and ^2 be two categories. A covariant (respectively 
contravariant) functor F from into ^2 consists of: 

(a) a map A-^F{A) which associates to each object A of an 
object F{A) of ^2 • 

(b) for each pair {A, B) of objects of , a map 

F(A, B): Hom^^(^, B)-^Hom^^(F(A), F(B)) 

(respectively F(A, B): Hom^^(^, B)-> Hom^J,F,{B), F(A))) 

such that, if we write simply F{u) instead of F{A,B), (w):F(l^) = 
and F{vu) = F{v)F{u) (respectively F{vu) = F{u)F{v)), 

Clearly to each contravariant functor F from into ^2 ^ covariant 
functor from into ^2 ^ covariant functor from into ^2 are 
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associated in a natural manner, and vice versa, so that the general study of 
contravariant functors can be reduced to the study of covariant functors. 

Examples. Modern mathematics reveals a large number of functors. It 
is reasonable to assume that this rich display of functors made it possible 
to develop the concept of a category. We shall limit ourselves to present 
here only a few examples which will be used in the sequel. 

1. Let ^ be an arbitrary category and the category of sets. Consider 
the product category x ^ (see definition on p. 2). We define i covar¬ 
iant functor from the category x ^ to the category if we set: 

F{A, B) = Hom^(^, B) 

[F{u,v)] if) = vfu for any {u,v):{A,B)-^(^i, Bi) 

and 

/6Hom^(^, B). 

2. Let be the category whose objects are ordered triples (A, L, M) 
where ^ is a ring, L is a right ^-module and M is a left ^-module. A 
morphism of (A,L,M) into (Ai,Li,Mi) is, by definition, an ordered 
triple ((/), w, v) where {(p, u) is a bihomomorphism of the pair {A, L) into the 
pair (Ai,Li) and ((p,v) is a bihomomorphism of (A, M) into (Ai,Mi). 
We obtain a covariant functor T from the category into the category 

of abelian groups if we set: 

T(A,L,M) = L(g)M 
A 

T{(p, w, v) = the homomorphism induced by (cp, u, v) from L(^M 
A 

into Li (x)Mi. 
Ai 

3. Let X be a fixed object of the category We define a contravariant 
functor hx from the category ^ into the category if we set : 

M>^) = Hom^(y,X) 

for any morphism u: Y-► Y' in hx{u) is the map of Hom^(y', X) 
into Hom^(y, X) which sends v onto vu. 

Similarly, we define a covariant functor Ex from the category ^ into 
the category if we set 

n^Y) = Hom^(Z, Y) 
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for any morphism u: Y-► Y' in hx(u) is the map of Hom^(X, Y) 
into Hom^(X, Y') which sends v onto uv. 

4. Let be the category of left ^-modules and X a fixed right A- 
module. We obtain a covariant functor Tx from the category into the 
category by setting 

TAY)=Y(^X 
A 

for any homomorphism u: Y-► Y' of the ^-module Y into the A- 
module Y\ Tx{u) is the map from Y X into Y' X induced by u, 

A A 

Definition, Let and ^2 be two fixed categories and let F, G be two 
covariant functors from into ^2* We say that a functorial morphism f 
from the functor F into the functor G is given, if for each object A in 
there is given a morphism f{A):F{A)-^G(^) in ^2 such that the 
diagram 

F{A)^^G{A) 

FiB)- 
/(fi) 

r" 
•G(B) 

is commutative for any morphism u :A-in . 
If f{A) is an isomorphism for each ^ in , then/is called a functorial 

isomorphism. 
If the functors F, G are contravariant, then in the definition of the 

functorial morphism the above diagram has of course to be replaced by 
the following diagram: 

F{A)-^GiA) 

F{u) Giu) 

F(B)-j^G(B) 

Example. Let w:X->X' be a morphism in the category We 
associate to this morphism a functorial morphism from the functor hx 
into the functor hx' in the following way. 

Let y be an arbitrary object in We denote by h^(Y) the map from 
the set Hom^(y, X) into the set Hom^(y, X') which sends v e Hom^(y, X) 
= hx{Y) onto wv e Hom^(y, X') = hxiY). To conclude that we have thus 
defined a functorial morphism from hx into hx' we have to check that the 
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diagram 

hx'iu) 

is commutative for any morphism u:Y->Y' in But this follows 
immediately, since, iff ehx{Y') = Hom^(y', X), we have 

[h^(Y)-hx{u)]{f) = ihMifu) = ^{fu) 

[hxiu)-K[Y')\[f) = hAu^) = (w/)w. 

It is obvious that if w is an isomorphism then is a functorial iso¬ 
morphism. 

If/ is a functorial morphism from F into G, and g is a functorial mor¬ 
phism from G into H, then a functorial morphism h from F into H can be 
defined by setting for each object ^ in , h{A) = g(A) f {A), The morphism 
thus defined is called the composition of the functorial morphisms / and 
g and is denoted by h = gf. The operation of composition thus defined 
is associative. If the objects of the category form a set, then one can 
define in a natural way a new category, Hom(^i, ^2)? whose objects are 
the covariant functors from into ^2 ? the set of morphisms from the 
covariant functor F into the covariant functor G, Hom(F, G) in the sense 
of this new category, is by definition the set of all functorial morphisms 
from F to G. 

If F and G are two covariant or contravariant functors from the category 
into the category ^2? we shall always denote by Hom(F, G) the class of 

all functorial morphisms from F to G (not only in the case where is a 
set!). We shall also use the notation/:F-► G to mean that/is a func¬ 
torial morphism from the functor F to the functor G, both for covariant 
and for contravariant functors. Also, 1 p will denote the functorial morphism 
Ip ’F->F defined by 1^(7) = 1^(7) for any Y. 

The logical difficulties involved in the construction of the category 
Hom(^i,^2) can be avoided by using the concept of a Grothendieck 
universe. 

A universe ^ is a set such that the following axioms are satisfied: 
Ui: If {Xi)i e / is a family of sets belonging to % and if I is an element of 

then the union U X: is an element of 
i€l 

1/2: If X belongs to then the set {x} consisting of a single element 
belongs to 
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C/3 : If X belongs to X and if X belongs to then x belongs to 
C/4: If X is a set belonging to the set ^{X) of subsets of X is an 

element of 
U5: The pair (x, y) is an element of % if and only if x and y are elements 

of 
A category ^ is said to be a ^-category, if: 
1. The objects of ^ form a set which is an element of and 
2. The set Hom^(X, 7) is an element of % for each pair (X, Y) of objects 

of 
If and ^2 are ^-categories, then Hom(^i, ^2) is also a ^-category, 

because the objects of Hom(^i,^2) form a subset of the set of maps 
of U Hom^ (X, Y) into U Hom^TZ, F), and for any F, G e 

X,Ye9^i Z,Ve^2 
Hom(^i, ^2X Hom(F, G) is a subset of the set JJ ^om<^J^F(X), G(X)). 

Proposition 1.5. If f :F-►G is a functorial isomorphism from the 
contravariant functor F to the contravariant functor G, there exists a unique 
functorial morphism g:G->F such that gf = lp,fg = 1q. 

(Similar statement for the case of covariant functors). 

Proof. The uniqueness being obvious, it remains to prove the exis¬ 
tence. To do this, let Y be an object of the category There exists a 
unique morphism g(y):G(y)-^F(y) in the category such that 
f{Y)g(Y) = Igct), g{y)f{y) = ^F(Y)- claim that we have thus defined 
a functorial morphism g: G-► F; for, the diagram 

G(y)- >f(y) 

G{u) F{u) 

GiY')-^FiY') 

is commutative for any m:y-> Y'. To see this, we prove that 

/(y)g(y)G(«) = /(y)f(u)g(y'), 

taking into account that/is a functorial morphism and the diagram 

f(y)_JlIUG(y) 

f(u) G(u) 

F(Y')—^GiY') 
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is therefore commutative. Hence we have 

f{Y)g(Y)G(u) = G{u) 

f(Y)F{u)g{Y') = G{u)f{Y')g(Y') = G(u). 

Let F be a contravariant functor from a category ^ into the category 
We propose to determine the class Hom(hx,F) of all functorial 

morphisms from the functor hx to the functor F. We obtain the following: 

Theorem 1.6. There exists a canonical map ix:Hom(hx, F)-^F(X) 
which is one-to-one and onto. 

Proof. Let/be a functorial morphism from hx to F. For any object Y 
of the category ^ there exists a morphism f(Y):hx{Y)-^F{Y) such 
that for any morphism u: Y-► Y' in ^ the following diagram is com¬ 
mutative : 

hAY)-^F{Y) 

hx(r)-^F(Y') 

In particular, there exists a morphism f(X):hx{X) = Homc^(X,X) 
-^F{X). We set by definition a(/) = (f(X))(lx)- 

We now define a map P:F{X)->Hom(hx, F) as follows: 
Let ^eF(X) and let Y be an arbitrary object of the category We 

define a morphism (Y): hx{ Y) = Hom^( 7, X)-► F{ Y) by the 
equation 

[{pmy)m = [fwko. 
To conclude that we have thus defined a functorial morphism from 

hx to F v/Q have to check that the diagram 

hx(Y) >F{Y) 

hxiv) F{v) 

hxiY') >FiY') 

is commutative for any morphism v: Y-» Y' in To do this, let 
w:Y-►Z. We have: 

[F(v)(m)(Y')]iw) = iF{v)mm)) = iF{v)Fiw)){i) = iF(wv)){i). 

[(m)iY)-hAv)m = [(AO)(i^)](wt;) = (T(wt;))(<^). 

We now show that a and P are bijections inverse to each other. 
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(a) P(cc(f)) = f Let Y be an object of We shall show that [P(oi(f ))](¥) 
= f(Y). By definition we have for any u e hx(Y) = Hom^(y, X): 

{[j8(a(/))](y)}(M) = (f («))(«(/)) = (F(m))(/(Z)(1;,)) = iFiu)f{X)){lx) 

But, since / is a functorial morphism the following diagram is com¬ 
mutative 

hxiX) 

hxiu) 

hxiY) 

fjX) . 

f{Y) 

F{X) 

F{u) 

>F(Y) 

which means that 

(F(u)-f{X)){lx) = {f{Y)hx{u)){lx) = ifiYMu). 

(b) ^(P(0) = Indeed, 

m^)) = [iPmxmh) = {F(h)m = hao = ^ 

Corollary 1.7. IfX and X' are two objects of the category ^ then for 
any functorial morphism f:hx-^hx' there exists a unique morphism 
^:X->X' in the category ^ such that 

{f{Y))(u) - ^u 

for any object X in Iff is a functorial isomorphism then ^ is an isomorphism 
and conversely. 

Proof. Set (^ = a(/). It follows that P(^) = f whence the desired 
relation. 

If/is a functorial isomorphism, then there exists according to proposi¬ 
tion 1.5 a functorial morphism g'.h^^-such that gf = 1,,^, 

/g = • Let = a(g). 
We have: 

lx = a(g/) = [{gf){X)](lx) = [g{X)f(X)]{lx) 

= {g{X)){f{X){lx)) = giX)(0 = a- 

Similarly 1^' = 

4. Representable functors 

Definition. Let F be a contravariant functor from a category ^ to the 
category S’^. F is said to be representable if there exists an object X in ^ 
such that there exists a functorial isomorphism/from hx to F. Using the 
above notations, we shall say that the pair (X, a(/)) represents the functor F. 
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By a 'Abus de langage’ we shall sometimes say that X represents the 
functor F. 

Proposition 1.8. If the pairs (X, {X\ ^') represent the functor F, then 
there exists a unique isomorphism u:X-> X' such that {F{u)){^') = 

Proof. Existence. The hypothesis implies that there exists a functorial 
isomorphism g :hx-^hx' such that the diagram 

hx 

hx' 

is commutative, where a(/) = a(/') = By corollary 1.7 there exists 
u:X->X\ such that (g(y))(w) = uw for any w:Y->X. We have 

= {f(x))(ix) = (r(x)g(x))(ix) = r(x)(u) = (F(u)m- 
Uniqueness, If u,v:X->are such that {F{u)){^') = {F{v)){0 = 

then for both induced functorial morphisms gi, g2 ^ hx-► hx' the above 
diagram is commutative, which implies that gi = g2, and u = v. 
Indeed, (/'(y)gi(y))(w) = (/'(y))(ww) = {F{uw)){0 = {F{w)^F{u)m 
= [F(w)](F{um) = Fm = {F{Y))(w). 

Similarly (/'(y)g2(y))(w) = (F(y))(w). But this implies u = v. 
A great many problems of mathematics reduce to that of deciding 

whether or not a given functor is representable. For example the classifica¬ 
tion of fibre bundles with a fixed structural group, homology and co¬ 
homology theories, the theory of Picard varieties, and so on. 

Unfortunately, we do not dispose at present of convenient general 
criteria whereby we could decide whether or not a given functor F is 
representable. A necessary condition of representability is exposed in 
chapter 3 (corollary 3.8). 

We now give some classical examples of representable functors. 
The tensor product of two modules. Let A be a commutative ring with a 

unit element and let A and B be two A-modules. We denote by ^{X) the 
set of all the bilinear maps defined on A x B and taking their values in 
the A-module X. We thus obtain a covariant functor 
^ is representable by A B. 

A 

Rings of fractions. Let js/ be the category of commutative rings with 
unit element and of ring homomorphism which preserve the unit elements. 
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Let A be an object of the category and S a multiplicatively closed 
subset of /4. For each ring B we shall denote by Q(B) the set of all homo- 
morphisms f of A into B with the property that/(s) is an invertible element 
of B for any seS. We thus obtain a covariant functor Q 
This functor is representable: Q(B) = Hom^(^[5“B). 

The completion of a metric space. Let ^ be the category of metric 
topological spaces and of uniformly continuous maps. We distinguish in 
this category the full subcategory ^ of complete metric spaces. Let A be 
an arbitrary metric topological space. Consider the co variant functor 
F:^-defined as follows: 

F{X) = {f: A-► X I / uniformly continuous} 

This functor is representable: F(X) = Hom^{A, X\ whQVQ A is the 
completion of the space A. 

The Alexandroff compactification of a locally compact space. Let ^ic be 
the category of locally compact topological spaces and of proper con¬ 
tinuous maps. We distinguish in this category the full subcategory ^ of 
compact spaces. Consider the co variant functor defined 
as follows: 

F{X) = Hom^JA, X). 

This functor is representable: F{X) = Hom^J^A*, X); where A* is the 
Alexandroff compactification of the space A. 

Proposition 1.9. Let F, G be two representable covariant functors and 
let {A, i), respectively (F, rj) be the pairs which represent them. Suppose there 
exists a functorial morphism p :F->G. Under these conditions, there 
exists a unique morphism p:B->A such that [p(A)](^) = [G(u)](rj). 
Moreover, if H is a third representable functor and v: G-► H a functorial 
morphism, then the morphism associated in the manner described above to 

. the functorial morphism vp :F->H coincides with uv. 

Proof. For any object X, there exist morphisms (p{X), y{X), X{X) such 

that the diagram 

F{X)- 

(p{X) 

Hom^(A, X) Hom^(F, X) 

is commutative. Let p = (A(A))(1^). We shall show that u satisfies the 
condition in the statement of the proposition. The commutativity of 

y(X) 
(3) 
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diagram (3) implies the relation 

[KA)m = [fi{A)][(cp{A))(U] = [y{A)X(A)]{l^) = (y{A)){u) = (G(w))(^), 

SO that the existence of u is proved. The unicity follows from the fact that 
y{A) is a bijection. 

To prove the second part of the proposition, it is sufficient to verify 
the relation 

[{vfi){A)m = [H{uv)](0 

This is a consequence of the following relations: 

[{vu)(A)m = v(A)(uiA)0 = v(A)(G{u)ri) = {H(u)v{B)){ri) 

= H(u){v{B)ri) = {H{u)H(v)m, 

To write the third equality we have used the commutativity of the 
diagram 

G(u) 

G\ B) m >H\ 

H(u) 

B) 

This completes the proof of the proposition. As a corollary we obtain 
again the proposition: If the functor F is represented simultaneously by 
the pairs {A, (B, rj) then there exists a unique isomorphism u: B-► A 
such that [F(u)] (rj) = 

5. Adjoint functors 

Let and ^2 two categories and let F be a covariant functor from the 
category into the category and G a covariant functor from the 
category ^2 ii^to the category . We shall associate to these two functors 
another two functors from the product category x ^2 (see Definition 
on p. 2) into the category denoted by Hom^j(G), l:lom<^^(F\ which 
are defined as follows (we shall limit ourselves here and elsewhere to give 
the explicit form of the maps defined by the respective functors only for the 
case of objects): 

Hom^j(G) associates to the object (A,B) of x ^2 the object 
Hom<^^(A, G(B)) and Hom^2(^) associates to the object (A, B) the object 
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Honicg^iFiA), B). We say that the functor G is an adjoint functor of the 
functor F if there exists a functorial isomorphism 

cp: Hom^,(F)-> Hom^^(G). 

Proposition 1.10. If G is an adjoint functor of the functor F and Gi is 

an adjoint functor of the functor Fi and if f:F->Fi is a functorial 

morphism from F to Fi, then there exists a unique functorial morphism 

g:Gi->G such that the diagram 

Hom^,(F(^),B) Hom^.(4 G(B)) 

Hom^JifiA),B) Hom^,(/I, g(B)) (4) 

Hom^,(Fi(^), B) Hom^,(^, Gi(B)) 

is commutative for any object A of and any object B of ^2 - (The signify 

icance of the morphisms Hom<^ J(f (A), B), Hom^^ ^{A,g{B)X is clear). Moreover, 

if G2 is an adjoint functor of F2 and iffi :Fi->F2 and gi :G2-► Gi is 

the functorial morphism associated in this manner, then the morphism 

associated to fif coincides with ggi. 

Proof. Let B be an arbitrary element of the category ^2 • Consider the 
functors /ig(B)5 ^Gi(B) from the category % into the category Sm). From the 
hypothesis we infer that there exists a functorial morphism from /igi(B) to 
^G(B) • By corollary 1.7 there exists a unique morphism g{B) :Gi(B)-► G{B) 

such that diagram (4) is commutative. It remains to prove that in this 
manner a functorial morphism g:Gi-►G is defined. Let u:B->Bi 

be a morphism in the category . We have to show that the diagram 

G(Bi) < G(B) 

g(Si) g(B) 

is commutative. By using again corollary 1.7 it will be sufficient to prove 
that the morphisms 

Hom^^(^, G{u)) Hom^^(^, g{B)), 

Hom^^(^, g(Bi)) Hom^^(^, Gi(w)):Hom^^(^, Gi(B))->Hom<^^(/4, G(Bi)) 

coincide or, equivalently, the same thing about the morphisms obtained 
by composing these two with (pi(A, B). Taking into account the fact that 
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the following diagrams are commutative 

Hom^j(fi(/4), u) Hom^,(/4, G,(u)) 

Hom^^(Fi(^), Bi) >Hom^,U, Gi(Bi)) 

{(Pi is a functorial morphism), 

Hom^,(Fi(^), Bi) >Hom^.(^ Gi(Bi)) 

Hom^^(/(.4), Bi) I I Hom^,(.4,g(Bi)) 

Uom^,iF{A), B,) G(Bi)) 

(the definition of g{Bi), in other words diagram (4) in which B is replaced by Bi) 

we obtain the relations 

Hom^.U, g(Bi)) Hom.g,(A Gi{u))(piiA, B) 

= Hom^.U, giB,)){<pM, Bi)) Hom^,(F,(^), u) 

= (piA, Bi) Hom^//(.4), Bi) Hom^^(Fi(.4), u). 

In the same way, from the commutativity of diagram (4) and of the 
diagram 

Hom^,(F(^), Bi) > Hom^.(^, G(Bi)) 

Hom^^(F(.4), u) Hom^,(.4, G(u)) 

Hom^,(F(^), B) ■ > Hom^.(^, G(B)) 

{(p is a functorial morphism) 

we infer: 
Hom^,(4 G(m)) Hom^,(A g{B))(pi{A, B) 

= Hom^.(^, G(m))(<p(^ B)) Hom^,(/(^), B) 

= (p{A, Bi) Hom^,(F(^), u) Rom^JifiA), B). 

Hence the equality of the two mentioned morphisms follows by using 
the commutativity of the diagram 

Hom^,(F(^), B) > Hom^,(F(^), B,) 
A ^ 

Hom^^( f(Al B) Hom^^(fiA), B.) 

Hom^,(Fi(,4),B)- Hom^j(F,(/4), u) Hom^,(Fi(^),Bi) 
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(this diagram is commutative because the composition of morphisms is 
associative). 

As for the second part of the proposition, it follows immediately by a 
simple computation. 

Corollary 1.11. If Gi and G2 are two adjoint functors of the functor F, 
then there exists a functorial isomorphism from Gi to G2. 

Classical examples of adjoint functors 

1. Let A and F be two rings with unit element and let B be a left F-mod¬ 
ule which is simultaneously a right A-module. We denote as usually by 

(respectively ^r) the category of left A-modules (respectively of right 
F-modules). If is a left A-module, then A B can be provided in a 

A 

natural way with a structure of left F-module such that for any y e F we 
have y{a ® b) = a ® yb. 

We thus obtain a functor F: by setting F(A) = A (^B 
A 

considered as a F-module in the manner just described. 
If C is a left F-module, then a structure of left A-module may be intro¬ 

duced in a natural way into the Abelian group Homr(B, C) as follows: 
if/:B >C and /le A, we set (A/)(x) = f{xX). 

We thus obtain a functor G : by setting G(C) = Homr(B, C) 
considered as a A-module in the manner just described. 

The functor G is an adjoint functor of the functor F. 
2. Let ^ be the category whose objects are pairs (X, x\ where X is an 

arcwise connected topological space and x is a base-point; a morphism 
from the object {X, x) into (7, y) is by definition the class of all continuous 
base-point preserving maps homotopical with a continuous map 
f:X->y. 

Let ^ be the category of groups and homomorphisms (see example 3 on 
p. 2). We then have the following functors: 

e:^- 

The former associates to the pair {X, x) the fundamental group ni{X, x), 
whereas the latter associates to the group G the Eilenberg-MacLane 
space K(G, 1) together with a base-point Cq. It is proved in homotopy 
theory as a result of certain theorems of Hurewicz and Eilenberg-MacLane 
that the functor e is an adjoint of the functor n. 
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3. Let iV' be the category of spaces with base-point having the homotopy 
type of a CfL-complex and of homotopy classes of base-point preserving 
continuous maps. We define two covariant functors: 

—>iV', Y.'.iV'- 

as follows: 
Q associates to the pair {X, x) of its loop-space QX, i.e. the space of 

all continuous maps /:[0,1]->X with f(0) = f(l) = x with the 
compact-open topology; the base-point of QX is the map / with 

/([0,1]) = X. 

X associates to the pair (X, x) its suspension XX, i.e. the space obtained 
from the cylinder [0,1] x by pinching to a point the subspace 
{0} X X Kj {1] X Jfu[0,1] X {x}. This point is the base-point of XJf. 

It is proved in topology that the functor X is an adjoint functor of the 
functor Q. 

4. Let be the category of topological spaces and of continuous 
maps (see example 2, on p. 2) and let JT be the category of semi-simplicial 
complexes and semi-simplicial maps. We define two covariant functors 

S: ^ R: ^ 

as follows: 
5 associates to each topological space X its total singular complex 

SX; R associates to each semi-simplicial complex K its geometric realiza¬ 
tion in the sense of Milnor RK. 

It is proved in algebraic topology that the functor R is an adjoint 
functor of the functor 5. 

5. Consider the category of sets and let B be a fixed object of the 
category We define two covariant functors 

F, G: 

as follows: 
F associates to each set A the Cartesian product F{A) = A x B; G 

associates to each set C the set of all maps defined on B and taking their 
values in C: G(C) = Hom^^(B, C). 

The functor G is an adjoint functor of the functor F, since it is easy to 
see that 

Rom^iA X B,C) = Hom^(^ Hom^(B, C)). 

Proposition 1.12. Let F:%->^2 tind G:^2-be covariant 
functors, and let ij/'.Homc^fF)-►Hom.^j(G) be a functorial morphism. 
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For each object A of the category let e^{A) denote the morphism 

[il/(A, F(A))](1f(a))-^-^iGF)(A) in the category This defines a 
functorial morphism 8^: ->GF. The map \j/->s^from the class of 
all functorial morphisms from }lom<gJ^F) to Hom<^fG) into the class of all 
functorial morphisms from to GF is one-to-one and onto. 

Proof. Let p :A->Ai. We have to show that the diagram 

fGF){A) 

iGFm 

is commutative. But from the fact that is a functorial morphism it 
follows that the diagram 

(A),F{A)) 

m 

Hom^^(F( 

nom^,{F{A),F{A,))- 

Hom^.(X, (GF)U)) 

iGFm 

Hom^.(A,(GF)(/li)) 

is commutative, where the vertical arrows denote the morphisms ob¬ 
tained by composing at right with F(/x) respectively (GF)(^). In other 
words we have: 

(GF)(^)£^(^) = (GF){fimA,F{Am\,^^,)) = il,iA,F{A,))F{n). 

By the same reason as above, the diagram 

Hom^,(F(^), FUi)) —> Hom^.(^, (GF)Ui)) 

F(H) H 

Rom^f F(A,\ F(A,)) > Hom^,(^i, {GF){A,)) 

is commutative, whence: 

il/{A, F{Ai))F{fi) = fi[HAi,F{Ai))]{lF^^^)), 

(6) 

(7) 

i.e. the desired commutativity relation. 
We now show that we can associate to each functorial morphism 

(p’Ac^^->GF a morphism S^.Homc^fF)-►Hom^j(G) such that 

= (P^ 
The definition of is as follows: 
If A is an object of , B an object of ^2 and u: F(A)-► B in the 

category ^2» then [d^{A, B)] (u) = G(u)(p(A). The relations = cp, 
are readily checked. 
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It remains only to show that S^p is a functorial morphism. To this end, 
let {iJ,,v):{A,B)-be a morphism in the category x ^2- 
We must prove that the diagram 

Hom^^{F{A),B) Hom^, (^, G(B)) 

Hom^^(F(^i), Bi) , G(Bi)) 

is commutative (the vertical arrows represent the morphisms induced 
by ^ and v). We have 

[SMi ’ «i)] [vum] = G{vuF(n))(p(A,) = G(v)G(u)(GF)(n)cpiA,) (8) 

G(v)B){u)]ti = Giv)Giu)<p{A)ti = (G(v)G{u))(p{A)fi. (9) 

But <p is a functorial morphism from 1^, to GF, and therefore the 
following diagram is commutative 

A,^^^{GF)iA,) 

|(GF)(rt 

'iGF){A) 
<p(A) 

i.e. (p(A)fi = (GF)(fi)(p{Ai\ which, according to equations (8), (9), proves 
precisely the desired commutativity relation. 

The following proposition is proved in a similar way, the notations 
being the same as in proposition 1.12. 

Proposition 1.12'. Let O .FG-►l^^ be a functorial morphism. For 
each object (A, B) of the category x ^2 define a morphism 

cp{A, B): Hom^,(^, G{B))-> Hom^,(F(^), B) 

by the formula 

((p{A, B)) (v) = ^{B)F{v) for any t;: ^-> G{B). 

We thus obtain a functorial morphism cp :¥Lom<^^{G)-►Hom.^^C^). The 
map (S> ► (p thus defined is a bijection from the class of functorial mor¬ 
phisms of FG into 1.^2 of functorial morphisms of ¥Lom<^^{G) 
into HomcgfF). 

Proposition 1.13. Let ^1, ^2 be two categories and F:^i-^^2? 

G:^2-be two functors. In order that the functor G be adjoint to the 
functor F it is necessary and sufficient that there exist two functorial 
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morphisms 0:1^^-►GF, 4^:FG-^1^2 following condi¬ 
tions are satisfied: 

(a) for any object A of the category we have 

^{F(A))FmA)) = 1 F(A)- 

(b) For any object B of the category ^2 ha^^ 

G{nB))m{B)) = 1g(B)- 

Proof. It is immediate by using proposition 1.12. We content ourselves 
with indicating in detail the sufficiency of the condition. Let cp Homc^fF) 
-> Hom^j(G)and ij/: Hom^j(G)-► 
associated to O respectively to 'F in the sense of propositions 1.12, 1.12'. 
We show that il/cp = identity, cpil/ = identity. From the definitions of 
(p and ij/ we have 

(cpiA, B)) (u) = G{u)^{A) for any u: F{A)-> B 

{il/{A, B)){v) = ^{B)F{v) for any t;: ^-> G(B) 

Hence 

(il/{A,B)){{cp{A,B)){u)) = mABMGiuYHA)) = 

= 'P(B)(fG)(u)F(4)(^)). 

But, since i/' is a functorial morphism, the diagram 

(FG)(B) -'^^^B 

{FG){u) u 

(FGmA)) ^,,,,,>F(A) 

is commutative, so that, according to property (a): 

mABMicpiABMu)) = unF(A))FmA)) = = u. 

The relation cpij/ = identity is proved in the same way. 

Proposition 1.13'. Let % be two categories, Ta functor and 
S:^'-an adjoint functor ofT. Let <X>: 1.^->54^: TS-be as 
in proposition 1.13. Then O is an isomorphism if and only if S is fully 
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faithful, i.e. the map Homc^ iX, Y)-> Hom.^(5X, 57) defined by u-> Su 
is a bijection for any objects X, Y of 

Proof. Let X, Y be two objects of We have the commutative diagram 

Hom^-(Z, Y) —Hom^(SZ, S y) 

Hom^-(TSX, Y) 

which represents the decomposition of the adjunction isomorphism 
according to proposition 1.12'. 

It is evident that S{X, Y) is a bijection if and only if Hom^ (<X)(X), 7) 
is a bijection. 

But the fact that Hom^(<X)(X), 7) is a bijection for any 7 is equivalent 
by proposition 1.7 to the fact that <X)(X) is an isomorphism. 

Proposition 1.14. Let and ^2 be two categories and G :^2-be 
a covariant functor. Assume that there are given: 

(i) a function which associates to each object A of the category an 
object F(A) of the category ^2 • 

(ii) a morphism Pa'A->G(F(A)) in for each object A of the 
category . 

For each object B of the category ^2 ? this gives rise to a map 

cp{A, B): Hom^,(F(^), B)-> Hom^^U, G{B)) 

defined as follows 

[cp(A,B)m = G(v)pA. (10) 

(p(A, B) is supposed to be a bijection for each object A of and each 

object B of ^2- 
Under these conditions, there exists a covariant functor F:^i-^^2 

such that G is its adjoint functor. 

Proof. The definition of the functor F:^i-►^2- Let ^ be two 
arbitrary objects of the category and w:M->N. We have to define 
F(u) :F{M)-^F{N), and to verify the usual properties of functors. 
Consider the morphism pj^u .M->G(F(N)). If follows from the hypo¬ 
thesis that there exists a unique element F{u): F{M)-> F{N) such that 

[cp{M,F{N))][F{u)]=p^u. (11) 
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It is obvious that we have according to this definition F(1m) = 
It remains to prove the relation: 

F{vu) = F{v)F{u), (12) 

where u:M-v:N->P, To this end, it is sufficient to prove the 
following relation: 

[(p(M, F(P))] [F(v) F(u)] = [cp(M, F(P))] [F{vu)]. (13) 

But we infer from the definition 

[cp{M,F{P))][F{vu)]= pp{vu), 

G{F(v))p^ = [cp{N, F(P))] [F(v)] = PpV (14) 

G{F{u))pm = [cpiM^Fmmu)] = p^u 

hence 

[cp{M,F{P))][F{vu)] = {ppv)u = G(F(v))p^u 

= G(F(v)) G(F(u))pm = G{F(v)F(u))pm. (15) 

On the other hand, by definition 

[(p{M, F(P))] [F(v)F(u)] = G(F{v)F{u))pm. (16) 

By comparing equations (15) and (16), we obtain equation (13), whence 
the desired equation (12). 

Remark. The notion of adjoint functor we have introduced can be 
sharpened in the following manner: 

We shall say that the functor G is a right-adjoint functor for F, if G is an 
adjoint functor for F in the sense introduced above. If we start from a 

' functor G, we shall say that a functor F is a left-adjoint functor for G if the 
same condition is fulfilled. 

One obtains the dual notion of left- and right-adjoint functor of a 
contravariant functor. For instance, G is a right-adjoint functor for F, 
if we have a functorial isomorphism 

Hom^,(B, F(^)) Hom^,(^, G{B)). 

Note the symmetry which occurs in this case. 
All the propositions about adjoint functors given in section 5 are 

valid also for the other cases considered. 
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6. The Notion of Equivalence Between Categories 

Let , ^2 ? ^3 be three categories and let F, G: -► ^2, ^ * ^2-^ ^3 

be functors. Let cp: F-► G be a functorial morphism from the functor F 
to the functor G (all functors are assumed to be covariant). 

We can consider the functors H o F, H o G:^i-If we consider 
for each object A of the morphisms H((p{A)) :{H o F) (A)-► {H o G) (A\ 
it is easily seen that we obtain in this way a functorial morphism from the 
functor if o F to the functor ii o G, which we denote by Hep or H * cp. In 
other words we have by definition 

{Hcp)(A) = H(cp{A)). 

Similarly, consider the functors Fi, F2:^2-^3*^1-^^2? 
and assume that a functorial morphism \l/:Fi-►F2 has been given. 
We define a functorial morphism from the functor F^ o F3 to the functor 
F2 o F3, denoted by ij/F^ or * F3, by setting 

{il/F,){A) = i^{F,{A)). 

for each object A of the category . 

Definition. Let and ^2 be two categories. The covariant functor 
F:^i->^2 is said to define an equivalence of the category with the 
category ^2 if there exists a functor G :^2-two functorial 
isomorphisms -► GF, ij/: ^ such that 

F(p = il/F. (17) 

Proposition 1.15. Assume that the functor F:%-^^2 defines an 
equivalence of the category with the category ^2- Then the following 
assertions are true: 

(a) For any pair (A,B) of objects of ^1, the map F(A, B):Hom<gjA, B) 
-> Hom<gf F(AX F(B)) which associates to each morphism u :A-^B in 

the morphism F{u): F(^)-> F{B) in ^2 is one-to-one and onto. 
(b) Any object M of ^2 is isomorphic with an object of the form F{A). 

Proof. We prove that the morphism obtained by composing the 
following morphisms 

Hom^^{F(A), F{B)) > Hom^.(Gf (^), GF{B)) Hom^^{A, B) 
(18) 

is an inverse for the morphism F{A, B). The map cp^ is defined by using 



BASIC CONCEPTS 27 

the functorial isomorphism (p as follows: 

(p^(w) = {(p(B))~^w(p(A) for any w:GF{A)->GF{B). 

Now, let u :A->B. We have to show that the morphism F{u) com¬ 
posed with the morphism in the sequence (18) yields precisely the mor¬ 
phism u. This morphism is: 

((p(B))-^GF{u)(p{A) = (x:A->B. 

It follows that the diagram 

GF(A)-^^GF{B) 

is commutative. 
But from the definition of functorial morphisms it follows that the 

diagram 

GF(A)-^^GF{B) 

is also commutative, whence it follows that oi = u, since cp is a. functorial 
isomorphism. 

Now, let v:F(A)-^F{B). We have to show that F[(p^{G{v))] = v. 
But 

F[cp^(Gm = F[(cp(B))-^G{v)cp{A)] = F({cp{B))-WG){v)F{cp{A)) 

= F({(p(B)rWG){v)(il/F){A) = Fi{(p{B))-WG){vmFiA)). 

By using the commutativity of the diagram 

F{A)-^F(B) 

(FG)(F{A))-^^{FGmB)) 

we get 

F[(p^{Gm = F{i(p{B))-^)ilF{F{B))v = F{{(piB))-^){F(p){B)v 

= F{{(p{B)r^)F{cp{B))v = FH(p{B)r^cp{B))v 

= 
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We have obviously used in an essential manner equation (17). This 
completes the proof of assertion (a). 

The proof of assertion (b) follows immediately, for the object M of ^2 

is isomorphic with F(G(M)), for example by the isomorphism \I/(M):M 
->FG(My 

Proposition 1.16. Let F:^i->^2 be an equivalence of the category 
with the category and let G:%- 

->FG be such that the conditions in the definition on p. 26 are satisfied. 
Under these conditions, the following assertions are true: 

(a) For each pair (M, N) of objects of ^2 ? ibe map G(M, N): N) 
-► Hom^j(G(M), G{N)) is one-to-one and onto. 

(b) The functor G is adjoint to the functor F and the functor F is adjoint 
to the functor G. 

(c) The following relation is valid 

Gij/ = (pG. 

Proof, (a) Let v :M->N. By taking into account the commutativity 
of the diagram 

GFG{M)-^^^GFGiN) 

(p{G{M)) (p{G{N)) 

Gm-^GiN) 

it is clear that the map 

N) > Hom^.(G(M), G{N)) 

coincides with the composition of the maps in the sequence 

Hom^,(M, N) > Hom^,(FG(M), FG(JV)) 

= Hom^,(F(G(M)), F(G(JV)))-^ Hom^.(G(M), G(iV)), (19) 

the last arrow representing the inverse map of the map 

Hom^.(G(M), G(N)) > Hom^,(F(G(M)), F(G(N))), 

as it was defined in proposition 1.15. 
Indeed, let v:M->N. By applying successively the morphisms in 

the sequence of equation (19) we get the morphism 

(p{G{N))-^GF{G{v))(p{G{M)) = p:G{M)->G{N), 
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SO that, as readily seen, the diagram 

GF(G(iV)) > GF(G(N)) 

<p{G{M)) 

G(M) 

I (piGm 

^G{N) 

is commutative. By using the commutativity of the diagram mentioned 
at the beginning, it follows that = G{v). Since is an 
isomorphism, FG(M,N) is a bijection. As according to proposition 1.15 
the last isomorphism in equation (19) is also a bijection, we infer that their 
composition is a bijection, in other words G(M, N) is one-to-one and 
onto. 

(b) Let A be an object of and B an object of ^2 • We have the follow¬ 
ing sequence of bijections: 

B) > Hom^.(GF(^), G(B))-^ G(B)). 

The last bijection is induced by the isomorphism A > GF(^). 
The bijection llomc^J^F{A\ B)-► Hom^j(.4, G{B)) obtained by com¬ 

position has a functorial character, hence G is an adjoint functor of the 
functor F. 

One proves in a similar way that F is an adjoint functor of the functor G. 
(c) From the fact that F is an adjoint functor of the functor G and from 

proposition 1.13, we infer that there exist two functorial morphisms 
4,-^FG, GF^^4, such that 

ixGGp = lo- (20) 

The explicit form of the functorial morphisms a, in this case is readily 
obtained: 

(X = = il/ (21) 

Now, let M be an arbitrary object of the category '^2- Relation (20) 
yields: 

(aG)(M)-(G)8)(M) = 1 G(M)? 

i.e., in view of equation (21): 

lGm = cp-\G{M))GmM)), 

By composing with (p{G{M)) we obtain: 

cpiGiM)) = G((A(M)), 

that is precisely the desired relation. 
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Corollary 1.17. ->^2 defines an equivalence of the category 
with the category ^2 ^^d if the functors G", G':^2-satisfy the 

conditions stated for G in the definition on p. 26, then G\ G" are canonically 
isomorphic. 

Corollary 1.18. IfF:%->^2 defines an equivalence of the category 
with the category ^2 tind if the functor G:^2-satisfies the con¬ 

ditions in the definition on p. 26, then G defines an equivalence of the category 

^2 category . 

Proposition 1.19. In order that the covariant functor F:^i->^2 

define an equivalence of the category with the category ^2 ? necessary 
and sufficient that the following conditions be satisfied: 

(a) For each pair {A,B) of objects of the map F{A, B) 
-► Hom<gfF(A), F(B)) is one-to-one and onto. 

(b) Any object M of ^2 is isomorphic with an object of the form F{A). 

Proof. The necessity follows from proposition 1.15. To prove the 
sufficiency, we choose for each object M of the category ^2 an object A 
in the category % and an isomorphism 

Vm^M-^F(A). 

This is possible by property (b). We define a functor G:%-as 
follows: For each object M of the category ^2 we set G(M) = A. Let 
w: M-► N and let w': F(A)-► F{B) be such that the diagram 

F{A) 

F{B) 

is commutative. Then there exists by property (a) a morphism Wi'.A-B 
such that F{wi) = w'. We set G(w) = Wi. 

We now define the functorial isomorphisms cp, \j/ in the Definition on 
p. 26. 

To do this, let A be an arbitrary object of and B = G{F{A)). From 
the definition of the functor G it results that we have the isomorphism 
VFiA)'-F(A)-^F{B). According to property (a) there exists a unique 
isomorphism (p(A): A-► B = GF{A) such that 

{F(p){A) = Vf^a)^ (22) 

The isomorphisms (p{A): A-► GF{A) define a functorial isomorphism 

</>: -^GF. 
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Let now M be an arbitrary object of ^2 - If ^ = G{M) we have the 
isomorphism: 

Vm'^M->F{A) = FG{M) 

which defines a functorial isomorphism -^FG. Hence we have 
from the definition , 

\I/(M) = Vm^ 

Therefore the relation aw 
il/{F{A)) = VpiA) 

follows, which yields, in view of equation (22) precisely the relation 
ij/F = Fcp. 

Definition. A covariant functor F:^i->^2 is said to define an 
isomorphism of the category % with the category ^2 if • 

1. For any object Z of ^2 there exists a unique object X of such that 
F{X) = Z, and 

2. for any pair (X, Y) of objects of , the map F(X, y):Hom^j(X, Y) 
-> Hom<gfiF(X\ F{Y)) which associates to each morphism u:X-► Y 
the morphism F(u):F{X)-^F{Y) is a bijection. 

The two categories and ^2 are then said to be isomorphic. 

Definition. A category is said to be concrete, if it is isomorphic with a 
subcategory of the category S'm) of all sets. 

Definition. An object / of a category ^ is called integral, if 
1. for any object X of the set Hom^(/, X) is non-void, and 
2. for any pair X, Y of objects of ^ and any pair of distinct morphisms 

u,v:X-> Y, there exists a morphism w:I->X such that ww # vw. 
Dually, an object / of a category ^ is called cointegral, if it is an integral 

object of the dual category 
As examples, each object of the category is integral; in the category 

of all groups, the infinite cyclic groups are integral objects. 
‘ In the category S'm), each set containing at least two elements is a 
cointegral object. 

Proposition 1.20. Any category ^ which has integral objects is concrete. 

Proof. Let I be an integral object of We define a functor F:^ 
-> i'm as follows: 

F{X) = Hom^(/, X), for any object X of 

[F(w)] (v) = uv for any morphism u: X-► Y 

and V: I X. 
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Now, if X # y, then F(X) # F(Y) by condition (y) in the definition of a 
category. 

If Wi,W2:X-►y, Ui # W2, then there exists by the definition of 
integral objects a morphism v:I->X such that UiV # U2V, whence 
F{ui) ^ F{u2). 

Corollary 1.21. The dual of S’m) is a concrete category. Hence, the dual 
of any concrete category is a concrete category. 



CHAPTER 2 

Sums and Products 

1. Direct Sums and Products 

Let A be an object of the category ^ and I an arbitrary set of indices. We 
assume that there are given a family of objects (A 1)1^1 of the category ^ 
and a family of morphisms w, : A->Ai. We shall say that the object A 
together with the family of morphisms is a direct product of the 
family of objects (A.Xg/ if the following condition is satisfied: For any 
object B of the category ^ and for any family of morphisms 
Vi’.B->Ai, there exists a unique morphism v:B->A such that the 
diagram 

is commutative for any i e /. We shall also say sometimes that the family 
(^i)iei possesses a direct product. The morphisms Ui are called canonical 
projections. 

The condition in this definition may be stated equivalently as follows: 
Consider the set-theoretic cartesian product Y\ Hom^(X, A,), where X 

iel 
is an arbitrary object of the category There exists obviously a map 

Hom^(X, A)-> n Hom^(X, A^) (*) 
iel 

defined as follows: to each u:X->A, we associate the family (w.wXg/. 
With these preparations, the above definition is equivalent with the 

following one: 
The object A together with the family of morphisms is a direct 

product of the family of objects {Ai)i^j if and only if the map (*) is one-to- 
one and onto. 

Proposition 2.1. Let (Ai)i^i be a family of objects of the category ^ 
and let A together with the morphisms be a direct product of the 

33 
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family of objects (Ai)i^j. Suppose that the object A' together with the family 
of morphisms is also a dbrect product of the same family of objects. 
Then there exists a canonical isomorphism A —^A' such that the diagram 

A-^A' 

Ui\ / u, 

a: 

is commutative for any i e I. 

The proof is immediate. 
This proposition justifies the following choice: 
Let {Ai)i^j be a family of objects of the category ^ such that there exists 

at least one direct product of it. In the class of all direct products of this 
family we choose once for all a copy (e.g. by using the axiom of choice) 
which we denote by Y\ or X should be emphasized that Y\ Ai 

ieI iel ieI 

is not just an object of the category % but an object together with the 
canonical morphisms w,-. However, we shall sometimes use notations of 
the following type: : ]^ Ai-► Ai, Ui = canonical projections 

iel 

If the family possesses also a direct product, then to any family 
of morphisms ->Bi is associated in a unique way a morphism 

^■YlAi- 
iel iel 

such that the diagram 

UAj-^UBj 
jel jel 

is commutative for any i e I. This morphism is denoted by Y\ (or 
iel 

X W;) and is called the product of the morphisms or the extension to 
iel 

products of the morphisms w^. 
As an example, let I = {1,2} and Ai = A2 = A. Assume that the 

direct product of this family exists. We denote it by A x A and the 
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canonical projections by pri:^ x A-pr2:A x A->A. Then 
there exist two morphisms : A-► A x A and S^’AxA-► A x A 
such that the diagrams 

A X A A X A 

are commutative. The morphism is called ‘the diagonal imbedding,’ 
whereas is called ‘the symmetry of factors’ morphism. 

Definition. The category ^ is said to be a category with direct products 
if any finite family of objects of ^ possesses at least one direct product. 
If any family of objects of the category ^ possesses at least one direct 
product, then ^ is said to be a category with infinite direct products. 

Examples. The categories possess infinite direct 
products. The direct products and canonical projections obtained by the 
classical standard constructions (Cartesian product, direct product of 
Abelian groups, and so on) are denoted by Y\ or X 

iel iel 

There exist categories in which there are finite families which possess 
no direct product, for example the category of ordered abelian groups. 

Let ^ be a category and S an object of We consider the category 
defined as follows: 

The objects of the category ^jS are pairs of the form (A, a) where 
a: A-► 5 is a morphism in 

The morphisms from the object (A, a) to the object (B, P) are the 
morphisms y: A-► B in the category ^ such that the diagram 

is commutative. 
Let (A, a), (B, P) be two objects in the category ^jS. A direct product of 

these two objects is called filtered product of the objects A, B associated to 
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the scheme 

A 

and is denoted by ^ ITs B or ^ x s 

Proposition 2.2. Let (A ITs 5, ps) be a fibered product associated to 
the scheme 

A 

S 

Then there exists a unique isomorphism p :A-^A IlsS such that the 
diagram 

S 

is commutative. 

Proof. Let U be an arbitrary object and U->A, ps- ^ 
be such that the diagram 

is commutative. 
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By virtue of proposition 2.1, it will be sufficient to show that there exists 
a unique morphism u: U-► A such that the diagram 

is commutative, and this is evident. 

Proposition 2.3. Consider the morphisms X —5, S' —^ 5, S" —^ S', 
and denote by X^ = X Hs S', X^^> = X Yls S", (X^' = S" the 
fibered products associated to the schemes 

XXX 

S' S" S" 

Under these conditions, there exists a unique isomorphism 
—► X^^> such that the diagram 

(XX' 

is commutative. 

Proof. Let p: U-► X^,v:U-► S" be such that the diagram 

is commutative. According to proposition 2.1, it is sufficient to prove that 
there exists a unique morphism p: U-► X^^> such that the diagram 
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is commutative. But this follows immediately from the commutativity of 
the diagram 

y ->. y ->. y 

5" -^5' —5. 

Definition. We say that the object A together with the family of 
morphisms ->A{ieI) is a direct sum of the family of objects 

if 
Hom^(^, X)-> n Hom^(^„ X) (**) 

iel 

which associates to each morphism u: A-► X the family of morphisms 
(wWiXe/, is one-to-one and onto. 

The morphisms Ui are called the canonical injections. 
If (A, (Wi)ig/), (B, (Vi)iei) are direct sums of the family then there 

exists a unique isomorphism a: A-► B such that the diagram 

A-^B 

Vi 

X 
is commutative for any i e 1. 

As in the case of the direct product, this fact suggests the idea of choosing 
from the class of all direct sums of the family of objects (Ai)i^j a represent¬ 
ative which we denote by ]J[ Ai or © 

iel iel 

Despite their name, the canonical injections w,: Ai-Aj are not in 
jel 

general injections (monomorphisms). Similarly, the canonical projections 
Y\ Aj-► Ai are not in general surjections. 
jel 

This fact can be seen on the following 

Example. Consider the category defined as follows: 
(i) the objects of the category are the commutative rings with unity 

element. 
(ii) the morphisms of the category s/ are ring homomorphisms pre¬ 

serving the unity element. 
Let A and B be two objects of this category. Consider the tensor product 

A ® B = A ®z Obviously, A (x) B has a structure of ring with unity 
element. The multiplication is defined by setting (a (S) b) • {ai ® bi) 
= aai (X) bbi. 
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Consider the morphisms ->A (x) B, is '.B->A (x) B defined 
by i^{a) = a (x) 1, = 1 (x) b. The object A (S) B together with the 
morphisms /b is a direct sum of the objects A and B in the category 
If we take = Z, B = Z2, we see immediately, that iz is not an injection. 

Definition. The category ^ is said to be a category with direct sums 
if any finite family of objects of ^ possesses at least one direct sum. If any 
family of objects of the category ^ possesses at least one direct sum, then 
^ is said to be a category with infinite direct sums. 

Examples. The categories Sko, and possess infinite direct sums. 
They coincide respectively with the following classical notions: disjoint 
union, direct sum of Abelian groups, topological sum (in the sense of 
Bourbaki). 

The category of topological spaces with base-point has infinite direct 
sums. If (Xi, Xi)i^j is an arbitrary family of topological spaces with base- 
point, then its direct sum is V Xi, i.e. the topological sum in which all 

iel 

the base-points have been identified to a single point, the base-point of 
VXi. 
iel 

The category ^ of all groups possesses infinite direct sums. The direct 
sum of an arbitrary family of groups is the free product of this family. 

There exist categories in which there are finite families which possess 
no direct sum. For example the category A, whose objects are the ordered 
sets {0,1, 2, • •, n}, n being a non-negative integer, and whose morphisms 
are non-decreasing maps between such sets. It can be shown that this 
category has not in general fibered sums, so that in the category A/S 
where S is an object of A, there exist pairs of objects which have no 
direct sum. 

Let ^ be a category and S an object of We consider the category Sj^ 
.defined as follows: 

(i) the objects of the category Sj^ are pairs of the form (A, a) where 
a: S-► A is a morphism in 

(ii) the morphisms from the object (A, a) to the object (B, p) are the 
morphisms y: A-► B in the category ^ such that the diagram 

,5, 

A—^B 

is commutative. 
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Let (A, a), (B, P) be two objects in the category 5/^. A direct sum of 
these two objects is called fibered sum of the objects A, B associated to the 
scheme 

B 

and is denoted by A Us B, 

Proposition 2.4. Let the object A together with the morphisms be 
a direct product of the family (/lOie/- Assume that for each i e /, Ai together 
with the morphisms is a direct product of the family (Bij)j^j.. Then 
A together with the morphisms {VijUi)j^j.i^j is a direct product of the family 

Proof. Suppose that the object C and the morphisms vv^jiC-► 
Bij{je Ji'Je I) are given. Then, for each ief there exists a unique 
morphism ti: C-► Ai such that 

Wij = Vijti for each jeJi. 

It follows that there exists a unique morphism s: C-► A such that 

ti = UiS for each i e L 

Hence 

Wij = {VijUi)s for each j e Ji, i s L 

The uniqueness of s follows immediately, whence the proposition. 
There is a converse to proposition 2.4, namely 

Proposition 2.5. Let the object A together with the morphisms be 
a direct product of the family (A,)^g/. Assume that the set of indices I is the 
disjoint union of the sets that for each peM there exists an 
object B^ and a family of morphism that B^ together with (Vi) 
is a direct product of the family Then there exists a family of 
morphisms (w^)^gjv^ such that A together with (w^) is a direct product of the 
family and Ui = ViW^for any i el^.pe M. 
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Proof. Clearly, for each fixed {isM, there exists a unique morphism 
such that Ui = ViW^ for any i e I^. Assume the object C and 

the morphisms :C-► are given; then for each ie I we have the 
morphisms Vitf^:C->Ai where hence there exists a unique 
morphism s: C-► A such that 

= UiS = for i M. 

Now, since B^ is the direct product of the family we infer that 
= w^s for every fie M. The uniqueness of s is immediate. 
Consider now the following condition imposed on a category ^: 
CAdl. For any pair (A,B) of objects of ^ there exists in Hom^(A, B) 

a morphism 0^^ such that for any v :B->C and any u :D->A we 
have 

^BA^ = Ord- 

Proposition 2.6. Assume that the category ^ satisfies the condition 
CAdl. Then, for any pair A, B of objects of the category ^ such AUB 

and AYl B exist, there exists a unique morphism h(A, B) :All B-> AYIB 
such that the following relations are true: 

PbHA, B)iyi = PaK^'> ^Ya = ^a 

PaHA, B)iB = pBh{A, B^b = 1^. 

Proof. Let a: A-► AYl B,P:B-► AYl B he such that the diagrams 

A B 

are commutative. h(A, B) is the unique morphism for which the diagram 

AUB 

AUB 
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is commutative. We have: 

PehiA, B)i^ = psO. = 0^^ PaKA, B)i^ = p^cc = I a- 

PaH^i = Pa^ = 0>4B PbH-^1 BYb = PbP — Ib- 

Definition. Let ^ be a category with fibered products, and let 
(X riy Z, px, Pz) be the fibered product associated to the scheme 

X 

Z 

We shall say that the morphism Pz'.XYIyZ-► Z has been obtained 
from u through the extension of the base 7 to Z by means of the 
morphism v. 

Proposition 2.7. If u is a monomorphism, then so is pz. 

Proof. Let (^1,(^2-^-►X ITy Z be such that = pz(^2 -We have 

upxii = vpzii = vpz^2 = upxii. 

which implies, by hypothesis, that px^i = Px^i- By the definition of 
fibered products we then have = ^2- 

On the other hand, if u is an epimorphism, pz is not in general an 
epimorphism, as shown by the following example: 

Let be the category of commutative rings with unity element, and 
let be its dual. Consider the epimorphism u: Q-► Z in j/®, which is 
the canonical injection u: Z-> g in of the ring of integers Z into the 
field of rationals Q. Let v be the canonical morphism Z-►Z2, where 
Z2 is the ring of integers modulo 2. Our assertion follows from the fact 
that the morphism Z2-®zQ is not a monomorphism in j/, 
since Z2 (x)z Q = 0. 

Definition. An epimorphism u:X->Y is said to be a universal 
epimorphism, if for any morphism v:Z-► Y, the morphism Pz'-X Fly Z 
->Z obtained from u through the extension of the base 7 to Z by 
means of the morphism v is an epimorphism. 

Proposition 2.8. The composition of two universal epimorphisms is a 
universal epimorphism. 
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Proof. Let Ui’.Xi-► X2, W2:^^2-^ Y be universal epimorphisms 
and let v:Z-► Y be an arbitrary morphism. We have to prove that 
Pz-Xi TlyZ->Z is an epimorphism, where (Xi ITyZ,pz,pxi) is the 
fibered product associated to the scheme 

Z 

If we denote by (X2 Hy Z, p'z, PX2) fibered product associated to the 
scheme defined by the morphisms W2, v, then from the fact that U2 is a 
universal epimorphism it results that pz is an epimorphism. But by 
proposition 2.3 ITy Z coincides with the fibered product associated to 
the scheme defined by the morphisms Wi, px^, and the following diagram 
is commutative: 

nyZ-^X2 HyZ 

PX2 

-57^->^2 

Moreover, pz = Pz^^. But Wi is a universal epimorphism, so that n is an 
epimorphism, hence pz is an epimorphism. 

Proposition 2.9. If w 1: X1-► X2, W2: X2-► Y are such that 
U2U1 :XI-> y is a universal epimorphism, then U2 is a universal epimor¬ 
phism. 
. The proof, which is analogous to that of proposition 2.3 is left to the 
reader. 

Corollary 2.10. Any isomorphism is a universal epimorphism. 

2. Kernel and Cokernel 

Definition. Let Ui,U2:A-be two morphisms in the category 
The object N together with the morphism v:N->A is said to be a 
kernel for the pair of morphisms U2 if the following two conditions are 
fulfilled: 
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(a) If u: X-► ^ is a morphism such that UiU = U2U, then there exists 
a unique morphism v: X-► N such that vv = u. 

(b) If u :X->A can be factorized through v, then UiU = U2U. 

Proposition 2.11. //(N, v), (M, are kernels for the pair of morphisms 
Ui,U2\ A->B, then there exists a unique isomorphism a:N->M such 
that the diagram 

N-^M 

is commutative. 

Proof. Since (N, v) is a kernel for the pair (^1,^2), it follows from 
condition (b) in the definition that WjV = U2V. Hence and from the fact 
that (M,p) is also a kernel it follows (condition (a)) that there exists 
a: N-► M such that diagram (1) is commutative. We have to show that 
a is an isomorphism. By reasoning in the same way we infer that there 
exists f: M-► N such that the diagram 

"X /v 

is commutative. It will be sufficient to show that foe = 1^- This follows 
from the fact that we have simultaneously v(j8a) = v, vl^ = v, and from 
condition (a) in the definition. 

Proposition 2.12. Let Ui,U2: A-► Bbe two morphisms in the category 
Consider the contravariant functor F:^-defined as follows: 

F(X) = {f:X->A\uJ=U2f} 

If the pair of morphisms Wi, W2 possesses a kernel (N, v) then the functor 
F is represented by the pair (N, v). Conversely, if the functor F is represent¬ 
able, then the pair of morphisms Ui,U2 possesses a kernel. Moreover, if 
(N, v) is a representation of this functor, then the pair (N, v) is a kernel 
for the pair of morphisms Ui,U2> 

Proof. If {N,v) is a kernel of the pair of morphisms Wi,W2? then the 
functorial morphism 

llom^(X,N)->F(X) 
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defined by 

g-^vg 

is evidently a functorial isomorphism. 
Conversely, assume that the pair (N, v) represents the functor F, 

According to the definition, veF{N). Hence, WjV = W2V. Furthermore, 
from the fact that F is represented by (N, v) it follows that the map 

Hom^(^, N)->F{X) 

defined by 

g-^vg 

is one-to-one and onto, which is equivalent to the fact that (N, v) is a 
kernel for the pair of morphisms Wi, W2. 

Proposition 2.13. If (N, v) is a kernel for the pair of morphisms 
Ui,U2'^A-then v:N->A is a monomorphism. 

Proof. Let Vi,V2>X-► N be such that vt;i = vt;2. It follows that the 
morphism v = vvi = vv2 can be factorized uniquely through v, whence 
Vi = V2^ 

The notion dual to that of a kernel of a pair of morphisms is called 
cokernel of a pair of morphisms. 

Examples. In the categories each pair of morphisms 
has a kernel and a cokernel. 

If Ui,U2'.A->B are morphisms in then the subset of A 
consisting of the elements x with Ui(x) = U2(x) together with the inclusion 
map is a kernel of the pair (^1,^2). On the other hand, define a relation R 
on the set B as follows: two elements y,zeB are declared to be in the 

. relation R, if there exists an element xe A such that Ui(x) = y, U2(x) = z. 
Let C be the quotient set of B modulo the equivalence relation generated 
by R. Then C together with the natural epimorphism B->C is a 
cokernel of the pair (wi, W2). 

In the category the kernels and cokernels are those described for 
Sm), except that the subset topology (respectively, the identification 
topology) is to be taken into account. 

If fi, /2: G-► H are morphisms in the category ^ of groups, then the 
subgroup of G consisting of the elements x with /i(x) = /2(x) together 
with the inclusion homomorphism is a kernel of the pair (/i,/2). On the 
other hand, the reduction of H modulo the normal subgroup generated 
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by the elements fi(x)f2(x)~^ for all xeG together with the natural 
epimorphism is a cokernel of the pair (/i,/2). 

In the category kernels and cokernels coincide with those described 
for 

Definition. The diagram 

_Y—^ y— w 

in a category ^ is said to be exact, if {X, u) is a kernel of the pair of 
morphisms (v, w). 

Dually, the diagram 

X “ ? y— 
V 

is said to be exact, if (Z, w) is a cokernel of the pair of morphisms (w, v). 

3. Grothendieck Topologies and the General Notion of a Sheaf 

Definition. A Grothendieck topology T consists of a category ^42/ T 
and a set Cov T of families {Ui - > of morphisms in T 
called coverings (where in each covering the range U of the morphisms 
(Pi is fixed) satisfying the following conditions. 

1. If (/) is an isomorphism, then {cp} e Cov T. 
2. If {Ui-> U}i^ jE Cov T and {Vij-^Ui}j^jiECov T for each 

i 6 /, then {Vtj 6 Cov T. 
3. If {Ui > U}ieiECov Tand V-►(/is an arbitrary morphism in 

T, then (/, XuV exists for each i g I and {x K —^ V}iei ^ Cov T 
where Vi is the canonical projection. 

Definition. Let T be a topology and ^ a category with infinite products. 
A presheaf on T with values in ^ is a functor F: T)^-► A sheaf F 
is a presheaf satisfying the following condition: 

(5) If {Ui - > U}iei E Cov T, then the diagram 

F(U)-^Y\F(^i)=^ n F(UjX^U,) 
iel j,kel 

is exact, where the morphisms v and w are determined by the condition 
that the diagram 

YlFiUd-^ n F{U>XyUj) 
iel 

Pa I I 
F{n,) Fm FiU, XvU^) 
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is commutative for any (ix,P)eI x /, where Pa,P/8,P(a,/8), are 
canonical projections. 

Remark. It follows from the definition that the necessary and sufficient 
condition that the presheaf F on T with values in the category ^ be a 
sheaf, is that for any object A of the category ^ the functor G defined by 

G{U) = Uom^(A,F(U)) 

be a sheaf on T with values in 

Examples. 1—Let A" be a topological space. We define a Grothendieck 
topology T as follows : 

T is the category whose objects are the open sets of A"; if (/ and 
V are open sets of X, then Hom^^rft/, V) consists of the inclusion map 
if (/ c: L, and is empty otherwise. Cov T is the set of all families 
{Ui - > where cpi are inclusion maps and U (/^ = (/. Condition 

iel 
(3) is fulfilled since Ui (Z^nKA presheaf (respectively sheaf) on 
T coincides with the current notion of a presheaf (respectively sheaf) on 
the space X (see for instance Godement). 

To see this, we shall prove the following: 

Proposition 2.14. A presheaf F on T with values in is a sheaf if and 
only if it satisfies the following two conditions (F^) If {Ui - > g Cov T, 

and if s\ s” e F{ U) are such that [F((pf] (s') = [F((pi)] (s") for every i e /, then 
s' = s". (F2) If {Ui - > (/}ig/GCov T and if for every iel an element 
SieF(Ui) is given such that for any ijel with Uin Uj ^ 0 we have 
[F(\l/\j)](Si) = [F(il/ij)](Sj) (where ij/lj and ij/jj are the inclusion maps of 
Ui n Uj into Ui and Uj respectively), then there exists se F(U) such that 
[F((Pi)]{s) = Si for any i e I. 

Proof. Necessity. Consider a set M = {m} consisting of a single 
element m, and consider the diagram in condition (S) above 

F{U)-^YlP(Ud=^ n FiUjnU,). 
iel j,ke I 

Let s', s" 6 F{U) be two elements which satisfy the conditions in (Fj). We 
have a map ol:M-►]”[ F{U^ defined as follows: a(m) = ([F(</)j)](s'))(e/ 

i e I 
= i[Fi(Pi)]{s"))iei- Clearly, this map can be factorized through u by setting 
(7'(m) = s' or a"(m) = s". But this implies va = wa, so that the factorization 
must be unique: (j'(m) = (j"(m), i.e. s' = s", so that condition (Fi) is 
fulfilled. 
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Consider now elements SiE F(Ui){ie I) satisfying the conditions in 
(F2). Define a map a:M-► Y\ follows: a(m) = Clearly 

iel 
VOL = wa, so that there exists a (unique) map <j\M-^F(U) such that 
[F{(pi)](7{m) = Si for any i e I. The element s = aim) satisfies condition 

Sufficiency. Let M be an arbitrary set and/ iM-^F(Ui\ i e /, maps 
with the property that the maps gi, g2 -^F[Ui n Uj) defined to be 
the compositions 

M F(C/i) F(l/i n I/,-) 

M F(Uj) F(Ui n Uj) 

are equal for any pair of indices ij e I. We have to show that under these 
conditions the condition (S) is satisfied, i.e. there exists a unique map 
f:M-^F(U) such that the composition 

M-^F(U)-^^FiUi) 

coincides with/- for any iel. To this end, let x be an arbitrary element 
of M. The elements fi{x)eF{Ui) plainly satisfy the conditions in (F2), so 
that there exists an element se F{U) such that [F((/);)](s) = fi(x) for any 
i e I. According to (Fi), s is unique. By setting/(x) = s we get the required 
map. 

Proposition 2.15. Let ^1,^2 be two categories and let -^^2? 
K:^2-be two covariant functors such that K is an adjoint functor 
of the functor H. Assume F is a presheaf on T with values in ^2* Define 
a presheaf G on T with values in by setting G(U) = K(F(U)) for each 
object U of ^2' ^ sheaf then G is also a sheaf 

Proof. According to the remark on p. 47 it will be sufficient to show 
that for each object A of the category ^1, the presheaf which associates to 
each object U the set Hom^j(A, K(F(U))) is a sheaf. But, K being an 
adjoint functor of the functor H, we have the functorial isomorphism 

Hom^ jA,K{F{U))) ^ Hom^fH{A\F{U)). 

Since F is a sheaf, again by the remark on p. 47, the presheaf which 
associates to each object U the set Hom^^fH(A\ F(U)) is also a sheaf 
whence the proposition. 

Corollary 2.16. Let F be a presheaf on T with values in the category 
tf€ of left unitary A-modules. Let K: ff€-► Smi be the covariant functor 
which associates to each A-module its subjacent set. Then F is a sheaf if 
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and only if the presheaf GonT with values in Smi defined by G( U) = K(F( U)\ 
for each object U, is a sheaf 

Proof. It is easy to see that K is an adjoint functor of the functor 
H '.S’m)->which associates to each set M the free A-module H(M) 
generated by the elements of M. By proposition 2.16, if F is a sheaf, then 
G is also a sheaf. 

Conversely, assume G is a sheaf. From the functorial isomorphisms 

HomA(H(M), N) ^ Hom^JM, K{N)) 

and from corollary 2.15 it follows that the presheaf on T with values in 
which associates to each object U the set HomA(L, F(U)) is a sheaf 

for any free A-module L. If we take L = A, then we obtain precisely F, 
which completes the proof. 

2. We obtain a Grothendieck topology T if we set ^^2/ T = and 
Cov T = set'* of all families {(/,-such that U (/>,((/,)= (/. 

iel 

Condition 3 is satisfied since in Sno the fibered product of the objects 
Ui and V relatively to the scheme 

Ui 

U 

V 

is isomorphic to the subset of the cartesian product (/, x V consisting of 
all pairs (x, y) such that (pi{x) = (p{y). Every sheaf F on T with values in 

is a representable functor, namely F(U) ^ Hom((/, F(e)), where ^ is a 
set consisting of a single element. 

3. More generally than in (2), let G be a group; we define a Grothendieck 
topology Tg by setting T = category of left G-sets (sets with G 
operating), Cov T = set of all families {(/,-where cpi are 
G-maps and U (piV^ = U. Every sheaf F on To with values in is a 

iel 

representable functor, namely F(U) ^ HomG((/, F(G)), where F(G) is G 
considered as a left G-set which has as operation of g g G the one induced 
by right multiplication on G by g" ^ 

4. Let ^ be a category with fibered products. We define a new category 
as follows: 
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(i) the objects of the category are families (f/i),e/ of objects of the 

category 

(ii) a morphism from ((/,),e/ to {Vj)jej consists of a map (p:I->J 
and of a family ((/>,)/e/ of morphisms C/, —^ in the category The 
composition of morphisms is defined in an obvious manner. 

Proposition 2.18. There exists a natural functor^- 

Proposition 2.19. The category is with fibered products. 

Proof. Consider the scheme. 

iUdi.j 

in the category The family ((/, P,)o. where (p(i) = ij/ij) = fe, 
and / rifc J is the fibered product in the category associated to the 
scheme 

I 

J 

together with the morphisms (/, Ylw), Vj.Ui, Ui Vj."-•» Vj 
defined in an obvious manner, constitute a fibered product associated to 
the given scheme. 

Now, if we consider for any object A" in ^ the universal epimorphisms 
in the category we obtain a Grothendieck topology. 

This follows from the preceding proposition and from the following 
remark: 

If Vij."-•» Ui, (i fixed) define a universal epimorphism, then (k^j)->{Ui) 
define a universal epimorphism. 

5. If ^ is a category, we can define a Grothendieck topology T by 
taking ^,2/ T =% Cov T = set of universal epimorphisms {V-► U} 
in^. 



CHAPTER 3 

Inductive and Projective Limits 

1. The General Notion of a Projective or Inductive Limit 

Definition. Let Q), ^ be two categories. The category offunctors from ^ to 
denoted by Fonct(^, is the category whose objects are the covariant 
functors from ^ to ^ and whose morphisms are the functorial morphisms 
between such functors. 

If the category ^ is small, it is also called a scheme, and a functor from 
^ to ^ is called a diagram in ^ of scheme Then Fonct(^,^) is also 
said to be a category of diagrams. 

Example. Let / be a partially ordered set (not necessarily directed). 
We denote by Ord I the category defined as follows: the objects of Ord I 
are the elements of /, and, for any pair x, ye I, Homord/(^?y) is the set 
consisting of a single element (x, y) if x < y in the sense of the order 
relation in /, and is the void set otherwise. 

An object of the category Fonct(Ord /, is called inductive system in 
^ over I. An object of the category Fonct((Ord /)®, is called projective 
system in ^ over I. 

Definition. Let Q), ^ be two categories and F: ^^ a covariant 
functor. A projective limit of F is an object A of the category ^ together 
with morphisms Ux: A-► F(X) defined for each object X of the category 
^ and such that the following two conditions are satisfied: 

1. For any morphisms oc .X-► Y in the category the diagram 

F(X) 

F(Y) 

51 

is commutative. 
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2. If B is an object of the category ^ and Vx: B-F(A') are morphisms 
defined for each object X of the category ^ and such that the diagram 

F{X) 

F{Y) 

is commutative for any morphism a: X-► Y in the category Si, then 
there exists a unique morphism v: B-► A such that the diagram 

B-^A 

Vx' Ux 

F(X) 

is commutative for any object X of the category 
The projective limit is sometimes also called inverse limit. 
Dually, an inductive limit of F is an object A of the category ^ together 

with the morphisms Ux :F{X)->A defined for each object X of the 
category ^ and such that 

T. For any morphism (x :X-► 7 in ^ we have Ux = WyF(a). 

2'. If B is an object in ^ and are morphisms defined 
for each object X of and such that Vx = t^yF(a) for any morphism 
(x :X-► y in then there exists a unique morphism v:A-> B such 
that Vx = vux for any object X of Q). 

The inductive limit is sometimes also called direct limit. 
The notions of projective and inductive limit for contra variant functors 

are defined likewise. 

Examples. 1. Let ^ be an arbitrary category, M an arbitrary set and 
i^dieM a family of objects of Consider the category defined as 
follows: the objects of ^ are the elements of M, and for any pair Uj e M, 
Horn j((iJ) is the set consisting of a single element 1, if i = 7, and is the void 
set otherwise. Let F:^-be the functor defined by F(i) = Ai, 
i e M. Then if the object of ^ is a direct product of the family (Ai)i^M 
then A is a, projective limit of the functor F and conversely. If A is the direct 
sum of the family then A is an inductive limit of the functor F 
and conversely. 
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2. Let ^ be an arbitrary category and , W2: ^^ B two morphisms 
in Consider the category ^ which has two objects X, Y and two 
morphisms Vi,V2'.X-► Y. 

Let F\3i-be the functor defined by F[X) = A, F{Y) = B, 
F(Vi) = Ui(i = 1,2). Then, if the object K of ^ is a kernel of the pair of 
morphisms Wi, W2, then K is a projective limit of the functor F and con¬ 
versely. If K is a cokernel of the pair of morphisms W2, then K is an 
inductive limit of the functor F and conversely. 

3. Let ^ be an arbitrary category and u^'.A->B, W2 :C->B two 
morphisms in Consider the category ^ which has three objects X, 7, Z 
and two morphisms: Vi'.X-► 7, V2:Z-► 7. Let F:^-be the 
functor defined by: F(X) = A, F(Y) = B, F(Z) = C, F(Vi) = uii =1,2). 
If the object D is a fibered product of A and C with respect to B, then D is a 
projective limit of the functor F and conversely. 

There exists, of course, a similar description of the notion of a fibered 
sum. 

4. Let ^ be one of the categories S’mi, M, and let I be an arbitrary 
partially ordered set. If F:Ord I-is a functor, then the notion of a 
projective (or inductive) limit of the functor F coincides with the current 
notion of a projective or inverse (or inductive (or direct)) limit of the 

family (F(0),e/. 

Proposition 3.1. Let , ^2 be three categories and let Fi'.^i- 

(/= 1,2),G:^2 — be functors. Assume that Ai together with the mor¬ 
phisms Ux defined for each object X of is a projective limit of Fi(i = 1,2). 
Finally, let fbe a functorial morphism fromF to ^2* Under these conditions, 
there exists a unique morphism u:Ai-^^2 such that the diagram 

F,{G{X))^F2{X) 

is commutative for any object X of the category ^2 • 
Furthermore, if = 0)2 = G = Xq, and Fonct(^, ^) is a category 

and if each object F of Fonci{0,^) possesses a projective limit A, then the 
assignments 

F->A 

f- 

define a covariant functor denoted by lim:Fonct {O, 
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Proof. For any morphism v:X-► 7 in ^2? the following relations 
hold: 

f{y)uhiy)=f{y)F^{G{v))uh,x) = F2{v)f{X)uh,xy 

Hence, if we consider the morphisms f(X)uG(X)‘^i-^F2(X) and apply 
condition (2) in the definition of projective limits, we get a unique morphism 
u '.A^-► A2 such that diagram (1) is commutative. The second part of 
the proposition is immediate. 

Corollary 3.2. If(Ai, Ux) and {A2,Ux) are two projective limits of the 
functor F:^then there exists a unique isomorphism u:Ai-► A2 

such that Ux = UxU for any object X of the category Q). 

Using this corollary, for each functor F which possesses at least one 
projective limit we choose once for all a projective limit which we denote 
by lim F. 

Plainly, the duals of proposition 3.1 and of corollary 3.2 are also true. 
Thus, for each functor F which possesses at least one inductive limit we 
choose once for all an inductive limit which we denote by lim F. 

Remark. If the category ^ is of the form Ord /, where / is a partially 
ordered set, we sometimes use the notations lim F{i) and lim F{i) for the 

ie I ieI 

projective, respectively inductive limit of the functor F. 

2. Existence of Inductive or Projective Limits 

Proposition 3.3. Let ^ be a category. In order that every functor from a 
small category to ^ have a projective limit it is necessary and sufficient 
that ^ be a category with infinite products and that any pair of morphisms 
in ^ have a kernel. 

Proof. The necessity is immediate in view of examples 1 and 2 above. 
To prove the sufficiency, let F:^-be a functor, where ^ is a 

small category. Let P be the direct product of the objects F{X), where X 
runs through the set of objects of and let px'P-^F(X) be the 
canonical projections. Finally, let Q be the direct product of the objects 
F(y), where we take a copy of F{Y) for each morphism (x:X-► Y of 
the category ^ and let qy '-Q-^ F(Y) be the canonical projections. 

Consider the morphisms F{(x)px'>P-^ F(Y) defined for each Y and 
each a: X-► Y. There exists a unique morphism w such that all the 
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diagrams 

<?y Px 

F(Y)^F(X) 

(2) 

are commutative. On the other hand, consider the morphisms py 'P 
-^F{Y) defined also for each Y and each oc.X-► Y. There exists a 
unique morphism w such that all the diagrams 

F(Y) 

(3) 

are commutative. Let A together with the morphism s:A->P be the 
kernel of the pairs of morphisms (w, vv). We assert that A together with the 
morphisms Ux = -^P{^) defined for each object A" of ^ is a 
projective limit of the functor F. 

For, given any a: X-> 7, we may write, in view of the commutativity 
of diagrams (2) and (3): 

F((X)Ux = F{(X)pxS = (^fyWS = qyws = PyS = Uy. 

Furthermore, assume there is given an object B of ^ together with 
morphisms Vx ' B-^F(X) defined for each object X of such that the 
diagram 

b: 

F(X) 

ifCa) 

F(Y) 

is commutative for any a: X-► Y. Then there exists a unique morphism 
t:B->P such that pxt = % for any X. We may write for any (x:X 
->Y: 

q^ywt = F(o()pxt = F(a)% = Vy, 

qyWt = Pyt = Vy. 

By the definition of the direct product, we infer that wt = wt; according 
to the definition of the kernel of a pair of morphisms, there exists then a 
unique morphism v: B-► A such that sv = t. 
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Hence = pxsv = pxt = % for any A" in and the proof is complete. 
Dually we have the following: 

Proposition 3.4. Let ^ be a category. In order that every functor from a 
small category to ^ have an inductive limit it is necessary and sufficient 
that ^ bea category with infinite direct sums, and that any pair of morphisms 
in ^ have a cokernel. 

Corollary 3.5. Every functor from a small category into each of the 
categories Smi, has a projective limit and an inductive limit. 

Proof. It follows immediately from the examples pp. 35, 39, and 45. 
We recall the current constructions of projective and inductive limits 

in the category of sets for functors from categories of the form Ordi, 
where I is an arbitrary partially ordered set. 

If (Ai, Uij) is an arbitrary projective system in S’mi over /, let A be subset 
of the cartesian product Yl consisting of all families with x, e Ai 

ie I 

(ie I) and Uij{Xj) = x^ for any pair i, je I with i < j. Let also Ui: A-► 
Ai(iel) be defined by Ui((Xj)jej) = Xf. Then A together with the maps 
Ui is a projective limit of (Ai,Uij). 

If {Ai, Uij) is an arbitrary inductive system in S’m) over /, let A be the 
quotient set of the disjoint sum \J with respect to the equivalence 

iel 

relation generated by the following relation R : XiE Ai and Xj e Aj are in 
relation R if there exists ke I with: k > i, k > j and Uki{Xi) = Ukj{xj). Let 
also Ui'.Ai->A{ieI) be the composition of the injection into the 
disjoint sum and the canonical map of this sum onto A. Then A together 
with the maps Ui is an inductive limit of {Ai, Uij). 

3. Commutation of Functors with Projective and Inductive Limits 

Definition. Let Q) be three categories and let ¥.0^-be a 
covariant functor. We say that the functor F preserves projective limits 
offunctors from Q) if the following condition is satisfied: If G\Q)->0^ 
is a functor and the object B of ^ together with the morphisms u^.B 
-► G{D) defined for each object D of ^ is a projective limit of G, then 
the object F{B) of ^ together with the morphisms F{ud) : F{B)-► F{G{D)) 
is a projective limit of FG. 

The definition for covariant functors which preserve inductive limits is 
similar. 
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Assume now that is a contravariant functor. We say that 
the functor F carries projective limits of functors from Qs into inductive 
limits if the following condition is satisfied: If G:^-► is a functor 
and B together with the morphisms u^ .B-^G{D) is a projective limit 
of G, then F(B) together with the morphisms F{ud) :F(G(D))-^F(B) 
is an inductive limit of FG. 

The definition for contravariant functors which carry inductive limits 
into projective limits is similar. 

Let now ^ be an arbitrary category and let A" be a fixed object of the 
category We recall (see example 3, p. 8) that the contravariant functor 

is defined by 

hx{Y) = Hom^(y, X) for any object Y of 

and the covariant functor is defined by 

hx{y) = Hom^(A", y) for any object Y of 

Note that if Fonct(^, S'm)) is a category, then the correspondence 
-► Fonct(^, S’m)) defined by h{X) = hx for any object A" of ^ is a contra¬ 
variant functor. Similarly, if Fonct(^®, S'mi) is a category, then the cor¬ 
respondence h:^-►Fonct(^®,defined by h(X) = hx for any X 
in ^ is a covariant functor. 

Proposition 3.6. Let ^ be an arbitrary category and A an object of 
Then the functor preserves projective limits of functors 
from any category. 

Proof. Let ^ be a category and F: ^^ a functor. Assume that 
the object B of ^ together with the morphisms Ux'.B-^F{X) defined 
for each object A" of ^ is a projective limit of F. We have for each morphism 
a :X-► y in ^ the following commutative diagram 

UB) 

UFiX)) 

njm) 

UFiY)) 

Suppose we are given a set M and niaps/(A'):M->/i^(F(A')) such 
that for each morphism a: X-» Y in the diagram 

M 

UF{X)) 

njm) 

UFiY)) 
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is commutative. For each meM, [f{X)](m) is an element of /z^(F(A")) 
= Homr^(^, F(X)\ and from the last diagram we infer that the diagram 

F{X) 

F(a) 

F{Y) 

is commutative. Hence there exists a unique morphism v^'A->B 
such thatWx 'i^m = [f{X)](m)for any A". We define a map g:M- 
t>yg(wi) = v^,meM. OnQ can see thatfor any object A" of^, = f{X\ 
which shows that h^iB) together with the morphisms h^iux) is a projective 
limit of the functor • F. 

We also have the dual: 

Proposition 3.7. Let ^ be an arbitrary category and A an object of 
Then the functor h^:^-carries inductive limits of functors from 
any category into projective limits. 

Corollary 3.8. Let ^ be a category and F:^-a contravariant 
functor. A necessary condition for F to be representable is that it carries 
inductive limits of functors from any category into projective limits. 

Proof. If F is representable, there exists an object ^ of ^ and a func- 
torial isomorphism: 

F ^ h^. 

The corollary now follows from proposition 3.7. 

Corollary 3.9. Let F\^-be a covariant functor. A necessary 
condition for F to possess a left-adjoint {or right-adjoint) functor is that it 
preserves projective {or inductive) limits of functors from any category. 

Proof. Let G :^'-► ^ be a left-adjoint functor of F. This means that 
there exists a functorial isomorphism 

fiGiBM) ^ ns{F{A)) 

for any ^ in ^ and B in Let now ^ be a category, L:^-a 
functor and assume that lim L exists. We have the following sequence of 

isomorphisms, in view of proposition 3.6: 

(lim L)) « ^G(B)(lim L) « lim[^G(B) • L] 

« • FL) « ^g(lim FL). 
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Since this holds for any object B of the category we infer that 

F(lim L) lim(FL) 

Proposition 3.10. Let 0^, Q) be three categories such that Fonct(^, 
is a category and let F:^-► Fonct(^, B) be a functor. For each object A 
of the category ^ let ^^ be the functor defined by 

H^iX) = [F{X)] (A\ for any object X of 

Let G :^-be a functor such that, for any object A of G{A) 
together with the morphisms Ux: G{A)-► defined for each object X 
of Q), is a projective limit of and assume, moreover, that for any morphism 
a :A-► B in the following diagram is commutative: 

G(A)-^HAX) 

G(a) [F(X)](a) 

G(B)-^Hs{X) 

Under these conditions, G together with the functorial morphisms Vx ’ G 
-> F{X) defined by Vx{A) = Ux for each X in Q) and each A in is a 
projective limit of F. 

Proof. Let L:^-be a functor and let Wx'.L-^F(X) be 
functorial morphisms defined for each A" in ^ and such that for any 
morphism p: X-► Y in F(p)wy = . We then have for each A" in ^ 
and each ^ in ^ a commutative diagram 

LiA)' 

Wy(/4P 

^[F{Xl {A) = HAX) 

iF(mA) 

\a) = HAY) 

Hence, by the definition of a projective limit, we obtain for each object A 
of the category ^ a unique morphism s{A):L{A)-^G{A) such that 

• -sM) = tix • -sM) = for each X in It is readily seen that s is 
a functorial morphism from L to G and that VxS = Wx for each X in 
whence the conclusion of the proposition. 

Corollary 3.11. For every category the functor 

h:^->Fonct(^^^^) 

preserves projective limits from any category. 
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Proof. Let ^ be an arbitrary category and L:^-a functor. 
Assume that the object C of ^ is a projective limit of L. Now apply 
proposition 3.10, taking ^ = Smi, F = h L and G = he. The condition 
that G(A) be a projective limit of for any A in ^ is verified according 
to proposition 3.6. 

4. Characterization of Adjoint Functors 

Definition. A category ^ is said to be well-powered if the family of subobjects 
of any object of ^ is a set. 

Lemma 3.12. Let ^ be a well-powered category such that every functor 
from a small category to ^ has a projective limit and let T: ^^ be a 
covariant functor which preserves projective limits. Let A be an object of 
B an object of Q) and u: B-> T{A) a morphism in Q). Then there exists a 
sub-object of A, i:A'-► A such that u may be factored asu = T{i)v where 
v:B->T{A'), and such that there exists no proper subobject of A\ 
j:A”-^ A' with the property that v may be factored through T(j). 

Proof. Consider the category whose objects are all the subobjects 
of A,i:C-► A such that u may be factored through T(i). If j:D-► A 
is another such subobject, a morphism in ja/ is a morphism s :C->D 
such that js = i. Since the category ^ is well-powered, ja/ is a small 
category. Note that 1^: A-► A is an object of the category ja/. 

Next, consider the functor F:ja/-which associates to each 
i: C-► A the object C of Let A' together with the morphisms Wc: A' 
-► C be a projective limit of the functor F, and let i = w^. It is easy to 
see that i is a monomorphism. Since T preserves projective limits, T{A') 
together with the morphisms T{wc) : T(A')-► T(C) is a projective limit 
of the functor TF. But u factors for each C as B - > T(C) > T(A) so 
that there exists a unique morphism v :B-► T{A') such that the diagram 

is commutative for any C. In particular, since = w, we get u = T(i)v. 
Suppose that j:A”->A' is a subobject of A' such that v may be 

factored as B-► T(A") T(A'). This implies that u factors through 
T(ij\ i.e. ij:A''-^ A is an object of the category We have therefore 
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the morphism ->A"; it is easy to check that the morphisms j 
and Wa" establish an equivalence between the following subobjects of 
A: j: A”-► A' and Ia'.A'-^ A\ i.e. A" is not a proper subobject of A'. 
This completes the proof. 

Theorem 3.13 (P. Freyd). Let ^ be a well-powered category such that 
every functor from a small category to ^ has a projective limit. Let T: ^ 
-be a covariant functor. Then T has an adjoint functor if and only if 
the following conditions are fulfilled: 

1. For every object B of S) there exists an object A of ^ and a morphism 
B->T(A) in 9. 

2. T preserves projective limits. 
3. For every object B in Qs there exists a set *9^ of objects of ^ such that 

for any object A in ^ and any morphism v: B-> T(A) in ^ there exists 
an object A'e^b tind morphisms u:A'->A in ^ and w:B-^T(A') 
in Q) such that the diagram 

is commutative. 

Proof. Necessity. Let S: Q)-► ^ be an adjoint functor of T. Accord¬ 
ing to corollary 3.9, condition 2 is satisfied. 

To check condition 3, take = {S(B)}. Let A be an object of ^ and 
v :B-► T{A) a morphism in By the definition of adjoint functors, we 
have a commutative diagram 

Hom^(S(B), S{B)) Hom^(B, T{S{B))) 

Hom0(5(B), u) Hom»(5, T(u)) 

Homs(S(B), A) T(A)) 

(4) 

where S(B)) and A) are isomorphisms and the morphism 
u: S(B)-► A is defined by [iA(B, A)] {u) = v. Let w: B-► T(S(B)) be 

defined by w = [ij/iB, S(B))](1s(B))- We claim that the diagram 

B 

T(S{B)) 

Tiu) 

T(A) 
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is commutative. Indeed, by the commutativity of diagram (4), T(u)w 
= A)]{u) = V. 

Sufficiency. Let B be an arbitrary object of ^ and *9^ be the set described 
in condition 3. Set 

n n A’ 
A'eS^ Ve Hom^ (B,T(A')) 

where A'^ = A' for each v e Hom^(B, T(A')). Since T preserves projective 
limits, we have T{A) = YIYIT(A'). Let 

;= n n v-B—*t{a). 
A'e9k Ve Horn^{B,T(A')) 

Then, by using the canonical projections from A to its factors and 
condition 3, it is feadily seen that for any object ^ of ^ and any morphism 
V: B-► T{A) in there exists a morphism u: A-► ^ in ^ such that 
the diagram 

B 

T{A) 

T(u) 

T{A) 

(5) 

is commutative. We emphasize that u is in general not unique. 
According to lemma 3.12, there exists a subobject i: A-► A such that 

t may be factored as B —^ T(A) > T(A) and such that A is minimal 
with respect to this property. We assert that for any object A of ^ and 
any morphism v:B-^T{A) in there exists a unique morphism 
z:A-► A such that the diagram 

. T{A) 

B T(z) 

T{A) 

is commutative. Indeed, we know already that there exists a morphism 
u :A->A such that equation (5) is commutative. It is sufficient to take 
z = ui. 

To prove the uniqueness, let z':A->A be such that T{z')s = v. 
Let k: K-► A be the kernel of the pair of morphisms (z, z'). Since T 
preserves projective limits, T(k) :T(K)-► T(A) is a kernel of the pair of 
morphisms (r(z), r(z')). Since T{z)s = r(z')s, there exists a unique 
morphism y:B-► T(N) such that s = T(k)y. But by the minimality of 
A, this implies N = A, k = and hence, z' = z. 
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We now define a functor S:^-by setting S{B) = A, and, if 
r :Bi-► B2 is a morphism in by setting S(r) = z, where z is the unique 
morphism from S{Bi) to 5(^2) such that the diagram 

B,->T(S(B,)) 

B2->T(S{B2)) 

is commutative. 
We define for any object ^ of ^ and any object BoiS) two maps 

q>{A, B): Hom^(B, T(A))-> Hom^(5(B), A) 

il/(A, B): Hom^(5(B), A)-> Hom^(B, T(A)) 

as follows: 
For every morphism v:B-> T{A\ we set [(p(A, B)](v) = z where z is 

the unique morphism from S{B) to A with the property that the diagram 

T(S{B)) 

T(A) 

is commutative. 
For every morphism w:S(B)->A, we set [il/(A, B)](w) = T(w)s, 

where s: B-► T{S(B)) is the morphism occurring in the above construc¬ 
tion of ^ = S{B). 

It is not difficult to see that (p(A, B) and il/{A, B) are functorial, and that 

(p{A, B) o il/[A, B) = lnQjniSiB),A)9 B) o (p(A, B) = lnojn(B,T(A))' this 
means that S is an adjoint functor of T, and the proof of the theorem is 
complete. 

We shall now show that every contravariant functor is an inductive 
limit of representable functors. More precisely, we have the following: 

Proposition 3.14. Let ^ be an arbitrary category and F:^-a 
contravariant functor. Then there exists a category Q) and a functor G :^ 
-such that F is an inductive limit of the functor h • G. 

Proof. Let ^ be the category whose objects are all the morphisms 
h^->F in Fonct(^®, for all the objects A of the category A 
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morphism in ^ is a morphism v: A-► B in ^ such that the diagram 

is commutative. Let G:^-be the functor which associates to each 
->F the object A of 
If D = {h^->F) is an arbitrary object of the category define a 

morphism ->F in Fonct(^^ by = a. We now prove 
that F, together with the morphisms Ud is an inductive limit of the functor 
hG. 

To this end, assume a functor is given, together with 
functorial morphisms t^D-^G(D)-^ H defined for each object D in ^ and 
such that for each morphism fi :D->E in the relation = VshGifi) 
holds. We must define a functorial morphism v:F->H such that the 
diagram 

F 

is commutative for any D in 
Let X be an arbitrary object of ^ and x an element of F{X). According 

to theorem 1.6, we have an isomorphism F(X) ^ HomFonct(‘^o,&*<j)(^x? ^)- 
The element x corresponds under this isomorphism to the functorial 
morphism Wx ' ^x-characterized by 

MX)](lx) = x. (6) 

Let Dx be the following object of ^:hx-^F. We define v{X) by the 
following relation: 

[v{X)](x) = [v^^{X)](lx\ {X e F(X)). (7) 

We now show that for any object D = {h^ —^ F) of the following 
diagram is commutative: 

^g(D)(A") 

F{X) 

HiX). 

(8) 
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Let z G hoU^) = KiX) = A\ and let y = [uj^X)] (z) g F{X). 
Then we have: 

Uj)h[z) = Wy. (9) 

For, let s: y->X be an arbitrary element of Hom^(y, X). We have 

Ui,{Y)mz)){Y)](s) = [ui,(Y)](zs) = Uo{Y)[hAs)]{z) 

= F(s)[uj,{X)]{z) = F{s)y = F(s)[w,(^)](l;,) 

= w3,(y)[M5)](ix) = K(y)](s). 

Equation (9) implies that z is a morphism of the category ^; using this 
fact as well as equations (6), (7), (9) we may write: 

[v{X)ui,{X)]{z) = v(X)uj,(X)mz))(Xmi^) 

= v(X)w,{X)(h) = [vi,^{X)]{h) 

= Vo{X)mz)){X)]{U) = [vo{X)]{z\ 

so that diagram (8) is commutative. 
The uniqueness of v follows immediately from relations (6) and (7). 

We leave it to the reader to check that t; is a functorial morphism. 

Proposition 3.15. Let ^ be an arbitrary category and ^ a category with 
inductive limits. Let F.Foncti^^^S'm))-be a covariant functor. 
Then F preserves inductive limits if and only if it has a right-adjoint functor. 

Moreover, the functor 

H: Fonct(Fonct(^®, S'm)), -► Fonct(^, 

defined by H{F) = Fh establishes an equivalence between the full sub¬ 
category of Fonct(Fonct(^®, consisting of the functors which 
preserve inductive limits, and the category, Fonct(^, ^). 

Proof. If F has a right-adjoint functor, then by corollary 3.9, F pre¬ 
serves inductive limits. 

Conversely, suppose that F:Fonct(^®, S'm})-preserves inductive 
limits. Define a functor L :^->Fonct{^^,S’m)) by 

L{Y) = hf ’ F' hf for each object Y of 

In other words, L(y) associates to each object A" of ^ the set 

Hom«(f(/i|), Y). 

Furthermore, define for each object E of Fonct('^°, S'm}) and each object Y 
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of a map 

cp(E, Y):Hom^(F(E\ Y)-L(y)) 

as follows: Let u: F{E)-► Y be an arbitrary morphism in X an 
object of ^ and x an arbitrary element of the set E{X). Let v: hx-^ E be 
the functorial morphism which corresponds to x according to theorem 1.6. 
Then [(p(E, Y)](u) is the functorial morphism w:E-^L(Y) defined by: 

[w(X)](x) = uF{v). 

If the functor E is representable, i.e. of the form E = hz for a suitable 
object Z of then 

Hom^(F(£), Y) = Hom^{F(hz\ Y) = [L{Y)]{Z) 

and it is easy to see that in this case (p(E, 7) is the bijection of [L(y)](Z) 
onto Homponcti'^o L(y)) described in theorem 1.6. 

Let now E be an arbitrary object of Fonct(^®, According to 
proposition 3.14, there exists a category ^ and a functor G:^- 
such that the functor E is an inductive limit of h'^G. By the preceding 
remark, we have for each object D of ^ a functorial bijection 

^y[^(^G(D))] ^L(y)(^G(D))- 

According to proposition 3.1, these bijections induce a morphism 

lim[/iy ’ F ’ G]-► \im[h^Y) • ’ G] 

which is easily seen to be a bijection. But by proposition 3.7 the functor 
carries inductive limits into projective limits, so that we have a bijection 

hyilmiF • . G)) • G)). 

Since by assumption F preserves inductive limits, this yields a bijection 

hyiFilim • G)) /iL(y)(lim • G) 

which coincides with (p{\im . G, 7) = (p{E, 7) since (p{E, 7) is functorial 

in E. Thus L is a right-adjoint functor of F. 
To prove the second part of the proposition, define a functor 

K: Fonct(^, -► Fonct(Fonct(^®, 

as follows: Let M:^-and E\^^-be arbitrary covariant 
functors. Let G:^-be the functor supplied by proposition 3.14 
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such that E = lim • G. We set 

[K(M)](E) = ]lm(MG). 

Moreover, if u:E->E' is a morphism in Fonct(^®, and if 
G':^'-is the functor supplied by proposition 3.14 for the functor 
E\ there obviously exists a functor P:^-such that G = G'P 
(namely, P is the functor which associates to the object a of ^ the object 
ua of By applying the dual of proposition 3.1 to the identity morphism 
MG-> MG'P we obtain a morphism v: lim (MG)-> lim (MG'). 
We set ^ ^ 

[K(M)](w) = t;. 

Now, for any F in Fonct(Fonct(^®, S'm)), which preserves inductive 
limits and for any E in Fonct(^®, S'm)) we have 

[K(H(F))](E) = ]lm(H(F)G) = \^(Fh^G) = F(\^h^G) = F{E). 

Conversely, for any M in Fonct(^, and for any A" in ^ we may write: 

[H{K{MmX) = K{M)(h^) = lim (MG), 

where G:^-is the functor supplied by proposition 3.14 such that 
hx = lim /I'^G. But it is easy to see that lim (MG) = M(X), which completes 

the proof of the proposition. 

5. Prorepresentable Functors 

Let / be a directed partially ordered set, and let X = {Xi^cp^i) be an 
inductive system over I with values in a category We associate to this 
•system a functor hx'.^-^S'm) defined as follows: 

(i) hx{Y) = Im Hom^(y, X^), for any object Y of 
iel 

(ii) for any morphism u:Y->Z in % hx{u):hx(Z)-^hx{Y) is 
defined as follows: For each iel we have the morphisms hxi(u):hxi{Z) 
->hxi{Y\ and if i < j the diagram 

hx,{Z)->hx,(Z) 

hxj(u) 

hx,{Y)->h^jiY) 
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is commutative, where the horizontal morphisms are induced by the 
morphism cpji’.Xi->Xj. This yields a unique morphism hx(u):hx{Z) 
-^hx{Y) such that the diagram 

hx,iZ)^h^,{Z) 

is commutative for any iel, where the vertical morphisms are the 
canonical injections. 

Let now F: ^be a contra variant functor. We wish to determine 
the class of all functorial morphisms from hx to F. The result generalizes 
theorem 1.6. 

Proposition 3.16. There exists a canonical map a:Hom(/zx?^) 
->\im F(Xi) which is one-to-one and onto, where Urn F{Xi) is the 

ieI ie I 

projective limit of the projective system {F(Xi), F((pj,i)) over I with values in 
Sm). 

Proof. Let rp e Hom(hx, F). We define ix((p)e\imF(Xi) as follows: 

For each iel, denote by Si the canonical image of the element 
lxiellom<^{Xi,Xi) in hx{Xi) and let rji = [(p{XThe family 
determines an element of lim F{Xi). For, let i < j; we have to show that 

iel 

To this end, consider the commutative diagram 

h^{Xj)^FiXj) 

hxiXd (p{Xd F(Xf 

We have: 

m = [</>(^,•)](£() = [(p(Xdhxi(pji)]i£j) 

= [F((pji)(piX = F{(pji)(t]j). 

Conversely, let ^ e lim F(Xi). We define a functorial morphism 
ie/ 

PiO • hx-^ T as follows: For each i e /, there exists according to theorem 
1.6. a functorial morphism -^F such that {[P{^i)](Xi)}{lx) 
= If y is an arbitrary object in ^ and i < j, then the following diagram 
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is commutative: 

hx,{Y) 

whence there obviously results a functorial morphism : hx-^ F. 
One shows straightforwardly that P[oc((p)] = (p and a[j8((^)] = which 

completes the proof. 

Definition. ThQ inductive system X = {Xi,(pki) together with the 
element ^ = {^i) e lim F(Xi) is said to form a prorepresentation system for 

iel 

the functor F if the functorial morphism P{^): hx-^ Fisa functorial 
isomorphism. If a functor F possesses a prorepresentation system, then 
F is said to be prorepresentable. If the morphisms (p^i are monomorphisms 
for any fe, / then F is said to be strictly prorepresentable. 

Definition. A morphism u: X-► 7 in a category ^ is said to be a 
strict epimorphism if it is an epimorphism, if the fibered product X ITy X 
exists and if the sequence 

XTly X^^X—^Y 

is exact, where pi and p2 are the canonical projections. 

Definition. If F:^-is a contra variant functor, then the couple 
(X, where X is an object of ^ and ^ e F(X) is called a minimal couple, 
if any strict epimorphism X —^ X i with the property that there exists 
(^1 G F(Xi) such that F(u)^i = (^ is an isomorphism. 

Lemma 3.17. If a morphism u: X-> Y is both a strict epimorphism and 
a monomorphism, then it is an isomorphism. 

Proof. Consider the diagram 

XYlyX^^X-^Y. 

ix 

X 

Since by definition upi = up2 and w is a monomorphism, we have 
Pi = Pi’ Then, again by definition, there exists a unique morphism 
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V: y-► X such that vu = lx. Now consider the diagram 

XYlyX^^^X-^Y. 

u 

Y 

There are two morphisms ly^uv: Y-► Y which make this diagram 
commutative. Since the top line is exact, these two morphisms must 
coincide: uv = ly. 

Lemma 3.18. If the sequence 

is exact, then the morphism y is a strict epimorphism. 

Proof, y is obviously an epimorphism. We have to show that the 
sequence 

BncB=^B-^C 

is exact, where pi and p2 are the canonical projections from the fibered 
product. Plainly ypi = yp2.hQtv:B-►D be such that = vp2.ThQVQ 
exists a unique morphism a: A-► BYlcB such that the diagram 

B 

Pi 

A-^-> BYlcB 

P2 

B 

is commutative. Hence vui = vu2, and there exists therefore a unique 
morphism S: C-► D such that Sy = v. 

Definition. We say that the contravariant functor F:^-is 
left-exact if: 

1. F transforms direct sums into direct products. 
2. If the sequence A ? B —^ C is exact, then the sequence 

F(C) FiB) F{A) is exact. 

Lemma 3.19. Let ^ be an arbitrary category and I a directed partially 
ordered set. Let (Fi,(pj,i) be an inductive system over I with values in the 
class Fonct(^®, Finally, let F:^-be the contravariant 
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functor defined by 

F{X) = Im FfX) for any object X of 
iel 

Under these conditions, if Fi is left-exact for any iel, then F is also 
left-exact. 

Proof. We verify condition 2 in the definition leaving to the reader the 
verification of condition 1. 

Let 
A^B^C 

be an exact sequence in the category We must show that the sequence 

F(A)t^F{B)^FiC) 

is exact. This is equivalent (see the example on p. 45) to the following 
statement: For any element x e F(B) such that F(u)x = F(v)x, there exists 
a unique element y e F{C) such that F(w)y = x. 

To prove this, let 
cpf:F,(X)->F(X) 

be the canonical map into the inductive limit, defined for each object X 
of ^ and each i e I. 

Let X G F{B) be such that F{u)x = F(v)x. There plainly exists an index 
I’o e I and an element Xq e FiJ^B) such that (pf^ixo) = x and FiJ^u)xo 
= FiJ^v)xo. Since the sequence 

is exact by hypothesis, there exists yoeFiJ^C) such that FJwjyo = ^o- 
Set y = </)fo(yo)- Then F{w)y = x. 

^ To prove the uniqueness of y, assume that y,ze F{C) are such that 
F(^)y = F(w)z. Since I is directed, it is easy to see that we can select an 
index i^ e I and elements yi, g Fi^(C) such that cpffyi) = y, (pfi(zi) = z 
and, moreover, Fifw)yi = Fifw)zi. But since the sequence 

is exact by hypothesis, we infer that y^ = , whence y = z. 

Lemma 3.20. Assume ^ is a category such that any pair of morphisms 
has a cokernel and F:^-is a left-exact contravariant functor. 
Let (X, and (X\ be two couples such that (X\ is minimal. If 
u,v:X->X' are such that F{u)^' = F{v)^' = then u = v. 
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Proof. Let X' - > X" be a cokernel of the pair of morphisms (w, v). 
By lemma 3.18, w is a strict epimorphism. It is sufficient to prove that w 
is an isomorphism, in other words it is sufficient to show that there exists 
C e F{X") such that F{w)^” = But F is left-exact, so that the sequence 

F{X") F(X’) =1^ F{X) 

is exact. Taking into account the relation F(u)^' = F{v)^\ and the form of 
the kernel in the category (see the example on p. 45), we infer that there 
exists C e F{X") such that F{w)^'' = ^. This completes the proof. 

Definition. We say that the couple {X, is dominated by the couple 
{X\ if there exists u :X-► X' such that F{u)^' = 

Theorem 3.21. (A. Grothendieck). Let ^ be a category with direct sums 

and such that any pair of morphisms has a cokernel, and let F:^- 
be a contravariant functor. Then the necessary and sufficient condition for 
F to be strictly prorepresent able is that 

1. F be left-exact, 
2. Any couple {Y, rj) where rj e F{Y) be dominated by a minimal couple. 

Proof. To prove the sufficiency, let I be the set of all minimal couples. 
According to lemma 3.20, the relation of domination defines a partial 
order structure on the set I. Moreover, the partially ordered set so obtained 
is directed. To see this, let (X, ^), {X', ^') be two minimal couples. The 
functor F being left-exact, we have F(X U X') = F{X) n F{X') and if 
I’l :X-► X U X', I2 '-X'-► X U X' are the canonical injections, then 
F(ii): F{X) n F{X')-> F{X), ^(12) :F{X) n F{X')-> F(X') are the 
canonical projections. Thus {^, e F{X U X') and the couple (X U X', 
ii, O) dominates both (X, and {X', Since by condition 2 there 
exists a minimal couple which dominates (X U X', (^, it follows that 
there exists a minimal couple which dominates both {X, and {X', 

Note that by lemma 3.20, if (X, and (X', ^') are minimal couples and 
if (X', dominates (X, then there exists a unique morphism 
u: X-► X' such that F(u)^' = This gives rise to an inductive system 
over I with values in The family defines an element of 

lim F{X), hence by proposition 3.16, a functorial morphism 

hx-^F, - 

where X = 
We have to check that <jo is a functorial isomorphism. To do this, let Y 

be an arbitrary object of % and let t] be an arbitrary element of F{Y). 
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By condition 2, there exists a minimal couple {X,^) and a morphism 
v:Y->X such that F{v)^ = rj. If v is the canonical image of v in hx{Y\ 
we have [(p{Y)]{v) = F{v)^ = rj, which means that (p{Y) is a surjection. 
Now suppose that there are two morphisms Ui,U2:Y->X, where 
(X,^) is minimal, such that [(p(Y)](ui) = [(p{Y)](u2y This implies 
F{ui)^ = F{u2)^, which in turn implies by lemma 3.20 that = U2. This 
means that (p(Y) is an injection. 

We must also show that for each pair of minimal couples (X, (X\ 
the morphism u :X-► X' is a monomorphism. Let Vi,V2 -Z-► X be 
such that uvi = UV2, and let -► U be the cokernel of the pair of 
morphisms Then there exists a unique morphism t:U->X' 
such that tw = u. This implies F(w)[F(t)^'] = i.e. the couple (X,^) is 
dominated by the couple (U,F{t)^'). Since by lemma 3.18 w is a strict 
epimorphism, we infer that w is an isomorphism, whence = V2 and u 
is a monomorphism. 

To prove the necessity, we may suppose F to be of the form F = 
where X = (X^, cpj^i) is an inductive system over I with values in ^ such 
that (pi,i is a monomorphism for any k, /. According to proposition 3.7, 
the functor hx^ is left-exact for each iel, and therefore, by lemma 3.19, 
F is also left-exact. 

To check condition 2, let (Y,rj\rj e F(Y) = limllom^giY, Xi) be an 
iel 

arbitrary couple, and let v:Y->Xj represent rj. Now consider the 
couple {Xj, where is the canonical image of 1 xj • Xj-► Xj in 
F(Xj) = lim llom<g(Xj,Xi).SincQF(v)^j = ?/, the couple (7, ?/) is dominated 

iel 
by the couple (Xp y. We have still to show that (Xj, is a minimal 
couple. To this end, let u:Xj->Z be a strict epimorphism with the 
property that there exists C e F{Z) = lim Hom^(Z, X,) such that F{u)C = 

iel 
Let w: Z-► represent C; then wu represents F{u)C, and the relation 
F(u)C = means that there exists an index lei, I > j,k such that 
(Pki^u = cpjifxj = 9ji' Since cpy is by assumption a monomorphism, it 
follows by proposition 1.2 that w is a monomorphism. This implies by 
lemma 3.17 that u is an isomorphism, i.e. {Xj,^j) is a minimal couple. 
This concludes the proof of the theorem. 



CHAPTER 4 

Structures on the Objects of a Category 

1. Algebraic Operations on the Objects of a Category. Homomorphisms 

Let ^ be an arbitrary category and X an object of Recall that the 
contra variant functor hx:^-is defined by: 

hxi^) = Hom^(y, X), hx{u) = vu for any v:Z-► X, 

where u: Y-► Z. 
Let ^ be the category of groups and let c:^-be the ‘forgetful’ 

functor, which assigns to each group its underlying set. 

Definition. We say that a group structure has been defined on the 
object X in the category ^ if a functor has been given such 
that the diagram 

rzp_V jp . 

(D) 

is commutative. X is then said to be a group in 
This is clearly equivalent to the fact that Hom^(y, X) is a group for any 

object y of ^ and Hom^(w, X) is a homomorphism for any morphism 
u in 

We emphasize that a is in general not unique. 

Examples. If ^ then X has a group structure in ^ if and only 
if A" is a group in the current sense of the word; this is easily seen by taking 
for y a set consisting of a single element. 

If ^ then X has a group structure in ^ if and only if it is a 
topological group. 

If ^ is the category of analytic manifolds, then X has a group structure 
in ^ if and only if it is a Lie group. 

If ^ is the category of based topological spaces and of based homotopy 
classes of continuous maps, then X has a group structure in ^ if and only 
if it is a homotopy-associative //-space with homotopj-inverse. 

74 
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Definition. An object A of a category ^ is said to be initial, if the set 
Hom^(A, X) consists of a single element for any object X of 

Dually, an object B of a category ^ is said to be final if the set 
Hom^(A", B) consists of a single element for any object X of 

An object which is both initial and final is called a zero-object. 

Examples. In the category any set consisting of a single element is 
a final object. In the category ^ of groups, the group which reduces to the 
neutral element is a zero-object. 

Theorem 4.1. Let ^ be a category with direct products and having a 
final object e, and let X be an object of Let rj be the unique element of 
Hom^(A", e). Under these conditions, a group structure can be defined on X 
in the category^, if and only if there exist three morphismsm:X x X->X, 
a: X-► X, and s: e-► X such that the diagrams 

fWXly __ __ 

X X X X X->X X X 

lx m m 

X X X-s->X 

(1) 

X X X X X 

X- 

X X X ‘"''■ >X X X 

(2) 

(3) 

bk commutative, where A is the "diagonal morphism (see p. 35). 

Proof. First, recall that by proposition 3.6 we have for any objects 
A,B,Cof^3, functorial isomorphism 

Hom^(A, B X C) Hom^(A, B) x Hom^(A, C). 

Assume that a group structure can be defined on X in the category 
Then we define for each object Y of ^ maps 

m(y):Hom^(y,J^ x X)-►Hom^(y,A^) 

d(Y): Hom^(y, X)-^ Hom^(y, X) 

e( Y): Hom^( Y, e)-► Hom^( Y, X) 
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as follows: 

[m{Y)](ui,U2) = UiU2, [a(y)](M) = M \ 

[8(y)](0 = neutral element of the group Hom^(y, Jf), where Wi,W2, 
u e Hom^(y, X), u{U2 denotes the product and denotes the inverse in 
the group Hom^(y, X), and ^ is the unique element of Hom^(y, e). 

It is easy to verify that m{Y), a{Y), 8(y) define three functorial 
morphisms 

ffl! X X ^ ^ • ^X ^ ^X ? ^ ^ ^X * 

According to corollary 1.7 there exist three uniquely determined 
morphisms 

m:X X X->X, a:X->X, s:e->X 

which induce respectively m, a, L 
To prove the commutativity of (1) observe that (D) induces for each 

object y of ^ a diagram 

Hom^(XA:) X Hom^(XA^) x 

X Yiom^iXX) 

I7T^(y)l 

m X /Hom<g>(XX) X 

\ xHom^(XA:)i 

I m(y) 

Hom^(y,A^) X Hom^(y,A^)-—>Hom^(y,A^) 

which is commutative, since we have for any W2, W3 e Hom^(y, X\ in 
view of the associativity in the group Hom^(y, X): 

[m{Y)m X W2,W3) = m(y)(WiW2,W3) = (WiW2)w3 

= = m(y)(Wi,W2W3) 

= [m(Y)lx X m(y)](Wi,W2,W3). 

Applying corollary 1.7 we obtain m{m x 1;^) = m(lx x m), i.e. the 
commutativity of (1) is established. 

The morphism erj: X-► X induces a functorial morphism 
srj'.hx-►/ix- We claim that for any y in ^ the homomorphism erj(Y) 
maps Hom^(l^A") into the neutral element co of Hom<^(Y,X). For, if 
WGHom^(y, A") 

sri(Y)(u) = erju = e(Y)(riu) = co. 
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Diagram (2) induces for each object Y of ^ a diagram 

X Hom^(Y, X)'^**^* > Hom^(y, X) x Hom^(y,A') 

Hom^CY, X)-► Hom^( Y, X) 

This diagram is commutative: 

[m(Y)iari) x !;,(Y)A(Y)](m) = im(Y){erj) x 1;,(Y)](u,m) 

= fn( Y) (co, u) = cou = u 

for any u e Hom^(y, X). 
Again by corollary 1.7 we deduce that (2) is commutative. 
Similarly, diagram (3) induces a diagram 

nom^{Y,X) X Hom^(Y,A') ‘'"^**'* >Hom^(Y,Z) x Hom^(Y,A') 

Hom^( Y, X)-=--► Hom^( Y, X) 

This diagram is commutative, because 

[m{Y)a X l;^(y)A(y)](w) = [m{Y)a x \^[Y)]{u,u) = m{Y){u-\u) = (D 

for any w g Hom^(y, A"), which, by corollary 1.7, implies that (3) is 
commutative. 

Conversely, assume we are given three morphisms m, a, s such that 
diagrams (1), (2), (3) are commutative. For each object Y of ^ we define a 
multiplication on Hom^(y, X), denoted by ‘JL’ as follows: 

The morphism m:X xX->X induces a functorial morphism 
Thus we have a map 

Hom^(Y,X) X Hom^(Y, A') « Hom^(Y, A' x A')-®^Hom^(Y, X). 

We set by definition I.U2 = [fn{Y)]{Ui,U2){Ui,U2el:lomc^{Y, X)). 
Clearly JL W2 = mv, where v:Y->X x A" is the unique morphism 
such that PiV = Ui,p2V = U2,Pi,P2^X x ^being the canonical 
projections. It is easy to verify that for any morphism u in % hx{u) preserves 
the multiplication just defined. 

We now prove the associativity of the multiplication ‘JL’. Let 
Ml, W2, W3 e Hom^(y, A"). Then, by the above observation, 

(Mi JL M2) JL M3 = mw. 
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where w:Y->X x X is the unique morphism such that p^w = mv, 
p^w = W3, where in turn v: Y->X x X is the unique morphism such 
that piV = Wi, P2V = W2. 

Let s :Y->X x X x X be the unique morphism such that qiS 
= Ui(i = 1,2,3), where -2^ x X x X->X are the canonical 
projections. 

We assert that w = (m x For, consider the commutative diagram 

(A' X jv:) X X-->X X X 

X- 

where r2 are canonical projections. We may write: 

Pi(m X l;^)s = mviS, p2{m x l;^)s = r2S = q^s = W3, 

and 

Pi(riS) = qiS = Ui, PiiriS) = q2S = U2. 

Quite analogously it can be shown that 

Ui JL {U2 JL W3) = m{lx X m)s, 

so that, in view of the commutativity of diagram (1) 

(ui JL U2) JL W3 = JL (U2 JL W3). 

To verify the existence of the neutral element for the multiplication ‘JL’, 
let C be the unique element of the set Hom^(y, e). We wish to show that 
eC is the neutral element of Hom^(y, X). Thus, we must show that 

{s01.u = ul(s0 = u for any wGHom^(y,X). (4) 

By definition, (sC) JL w = mv, where v: Y-► X x X is the unique 
morphism such that p^v = sC, P2V = u. We claim that v = {{srj) x lx)Au. 
Indeed, by using the commutativity of the diagrams 

X X X 
(eri) 

^X X X X X X 
(£>y) X lx 

^X X X 

Pi Pi P2 P2 

X X X 1 X 
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we obtain: 

Piiisrj) X lx)Aw = srjPiAu = srju = sC 

P2{{eri) X lx)Au = IxPi^^ = w. 

Hence, (4) follows from the commutativity of diagram (2). 
Finally, we prove the existence of the inverse for the multiplication ‘JL’ 

by showing that 

{au) JL w = w JL (au) = sC for any u e Hom^(y, X). (5) 

By definition, (au) ±u = mw, where w: Y-► X x X is the unique 
morphism such that piW = au, ^2^ = We claim that w = (a x lx)Au, 
Indeed, by using the commutativity of the diagrams 

X X X X X X X X X X 

Pi \Pi P2 P2 

X-s X-i-yX 

we obtain 

Pi(a X lx)Au = apiAu = au 

Piia X lx)Au = IxPi^u = w. 

Hence, (5) follows from the commutativity of diagram (3). This completes 
the proof of the theorem. 

Remark, It is not hard to see that the group structures which can be 
defined on X in ^ and the triples (m, a, s) are in a one-to-one correspond¬ 
ence via the assignments we have defined in the proof. 

Let now ^ be an arbitrary category. We define the category of the 
groups of % denoted by as follows: 

(i) The objects of W are the couples (X, a), where X is an object of ^ 
and (j is a functorial morphism such that diagram (D) above is com¬ 
mutative. 

(ii) The morphisms from (Xi,(Ji) to (X2,o-2) ^^e simply the functorial 
morphisms from to a 

A morphism from (Xi,(Ji) to (X2,(72) in is also called a homo¬ 
morphism from XI to X2. 

By using corollary 1.7, it is easy to see that the homomorphisms from 
Xi to X2 are in one-to-one correspondence with the morphisms 
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u:XI-► X2 in ^ such that the diagram 

X X^-^^X^ 

U X u u 

X2 X X2 n^X2 

is commutative, where m2 are the morphisms attached to the group 
structures of A" 1, A" 2 in ^ as in theorem 4.1. 

Proposition 4.2. Let u:Xi-►X2 be a homomorphism. In order that 
u be an isomorphism in the category it is necessary and sufficient that 
u be an isomorphism in the category 

Proof. The sufficiency is obvious. To prove the necessity suppose u is 
an isomorphism in the category This means that the induced 
functorial morphism -►(J2 is a functorial isomorphism, hence the 
induced functorial morphism hx^-► hx^ is a functorial isomorphism, 
which implies, by corollary 1.7, that u is an isomorphism in 

Proposition 4.3. If the category ^ has direct products then so does the 
category 

Proof. Let X^ and X2 be two groups in the category Now, 
X A" 2 is also a group, since 

Hom^(y,Xi X A^2) = Hom^(y,Xi) x Hom^(y,X2) 

for any object Y of and the multiplication is defined componentwise. 
Let Pi'.Xi X A"2-= 1^2) be the canonical projections in We 
assert that X^ x A"2 together with the morphisms Pi,P2 is a direct 
product of A"i and X2 in W. Indeed, first of all, pi and p2 are homo- 
morphisms, since the diagram 

[Hom^(y, X,) X Hom^(y, X2)] Hom^(y, X,) 
X [Hom^(y,Xi) X Hom^(y,2r2)]-^ X Hom^(y,X2) 

Pi(Y) X pm P<{Y) 

llom^{Y,Xi) X Hom<g(Y,Xi)-jr,-►Hom^(y,2r^) 

is commutative for i = 1,2, where a is the multiplication of the group 

structure on hx^xxj.^) is given by a((wi,W2X {vuV2)) = {UiVi,U2V2\ 
Pi is the multiplication on hx.{Y), and Pi'-hx^xxi-is the functorial 
morphism induced by pi{i = 1,2). 
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Now, let Si'.Z-= 1,2) be two homomorphisms where Z is a 
group in Then there exists a unique morphism y:Z->Xi x X2 in 

is commutative. We have still to show that y is a homomorphism. This 
follows from the fact that there exists a unique map t in the category 
such that the diagram 

Rom JY,X,) 

Hom^(y,Z)-;-^nom^(Y,X,) x nom^(Y,X2) 

Horn ^(7,2^2) 

is commutative, where Si'.hz-^hx. is the functorial morphism induced 
by Si (i = 1,2). Then clearly we must have y{Y) = t, where y: hz-^ hx^ x X2 

is the functorial morphism induced by y. But considering the above 
diagram in the category we see that t is a homomorphism. This 
completes the proof of the proposition. 

2. The Existence of Kernels for Homomorphisms 

Let ^ be an arbitrary category and let /: X-► 7 be a homomorphism, 
where X and 7 are groups in The morphism / induces a functorial 
morphism/:/!;^-and we have for each object Z of ^ a group 
homomorphism/(Z):Hom^(Z, X)-►Hom^(Z, 7). 

We define a functor as follows: for each object Z of 
let k{Z) be the set of all morphisms u\Z->X with the property that 
[/(Z)](w) = cu, where cu is the neutral element of Hom^(Z, 7), i.e. k{Z) is 
the kernel of /(Z) in the group-theoretical sense. 
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Definition. We say that the homomorphism / possesses a kernel, if the 
functor k is representable. If {K, represents the functor k, then we say 
that K together with the morphism ^: K-► A" is a kernel of/. 

It is obvious that K is a group in ^ and is a homomorphism. 

Proposition 4.4. If the category ^ has fibered products and a final 
object, then every homomorphism possesses a kernel. 

Proof. Let f:X-► Y be a homomorphism, e the final object of ^ 
and e:e-► Y as in theorem 4.1. Consider the diagram 

X 

XYlyC Y 

e 

where px and rj are the canonical projections. By the commutativity of 
this diagram, we see that px belongs to k{XY\Ye). We claim that the 
couple [X ITy e, px) represents the functor k. 

Indeed, px defines a functorial morphism (see theorem 1.6) 

P'^xure 

given by [j8(Z)](C) = PxC, for any -^XllyC. Let the morphisms 
Ci,C2-^-^XYlyC be such that PxCi = PxCi- We then have the 
commutative diagram 

X 

e 

where a is the unique element of Hom^(Z, e). This implies the existence of 
a unique morphism l^:Z-►A'lly^ such that PxC = PxCi, whence 

= ^2 and j8(Z) is a monomorphism. The fact that j8(Z) is an epimorphism 
is immediate. Thus is a functorial isomorphism, i.e./possesses a kernel. 

We wish now to relate the notion of a kernel of a homomorphism just 
introduced to that of a kernel of a pair of morphisms in the sense of 
chapter 2. 
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Let /: X-► y be a homomorphism and assume K —^ X to be the 
kernel of /. Let rj be the unique element of Hom^(A", e) and let s be the 
neutral element of the group Hom^(^, Y). Then 

Proposition 4.5. The object K together with the morphism ^ is a kernel 
of the pair of morphisms {f srj) both in the category ^ and in the category 

Proof. Let C • ^^ A" be a morphism in the category ^ such that 
/C = Then clearly C belongs actually to k{Z) so that, k being 
represented by the couple (K, there exists a unique morphism 
a:Z->K in ^ such that C = Since on the other hand it is straight¬ 
forward to prove that f^ = eri^, this means that K together with is a 
kernel of the pair of morphisms (/, srj) in 

Assume now that is a morphism in W, i.e. a homo¬ 
morphism. By the previous argument, there exists a unique morphism 
a:Z->K in % such that C = It remains to show that a is a homo¬ 
morphism. For each object T of % we have the commutative diagram of 
groups 

Hom^(r, K) Hom^(r, A') 

Hom^( r,Z) 

where ^{T) is a monomorphism. Since C(T) is a homomorphism, it is 
immediate that dt(T) is also a homomorphism. 

3. Equivalence Relations 

As known, an equivalence relation on a set M is a subset R of the cartesian 
product M X M such that: 

1. (x, x)e R for any xeM. 
2. If (x, y) e R, then (y, x) e R. 
3. If (x, y)e R and (y, z) e R, then (x, z) e R. 

We denote by (M, R) the set M together with the structure given by the 
equivalence relation R, 

Let ^ be the category described as follows: 
(i) the objects of ^ are all couples (M, R), where M is a set and R is an 

equivalence relation on M. 
(ii) a morphism from (M, R) to (N, S) is a map u :M 

(x, y)e R implies (w(x), u(y)) e S. 
N such that 
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Now, we have two functors: 

C: ^defined by C(M, R) = M, 

Q: ^-► S’m) defined by Q(M, R) = M/R, 

where M/R is the set of equivalence classes with respect to the equivalence 
relation R. 

We also have a functorial morphism (p:C->Q defined as follows: 
for each object (M, R) of (p(M, R) :M->M/R is the canonical map 
which assigns to each element x g M its equivalence class. 

Definition. Let ^ be an arbitrary category and X an object of We 
say that an equivalence relation has been defined on the object X if a 
functor R :^-has been given such that the diagram 

is commutative. 
This is clearly equivalent to the fact that an equivalence relation p{Y) 

on the set Hom^(y, X) has been given for each object Y of % such that, 
for any morphism u.Y->Z in % the relation (v,w)ep(Y) implies 
(uv, uw) e p(Z). 

4. The General Notion of a Structure on the Objects of a Category 

The notions introduced above can be generalized as follows, according 
to an idea due to Ehresmann: 

Consider the category Bij defined as follows: 
(i) The objects of Bij S'm) are all the sets. 

(ii) If M and N are two arbitrary sets, then the set of morphisms from 
M to AT in the category Bij is identical by definition with the set of all 
bijections (in the category S’m)) from M to AT. We take as composition of 
morphisms the usual composition of maps. 

It follows in particular that every morphism is invertible in the category 
Bij Sm). 

Definition. A covariant functor 

F: Bij Sm)-► Bij 

is said to be a species of structure. 
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Examples. 1. Let M be a set and let G(M) be the set of maps M x M 
->M which define on M integral algebraic operations which are 
associative, with a unity element, and where each element is invertible. 
This clearly gives rise to a functor G:Bij Sm)-►Bij the species of 
structure of group. 

2. Let ^(M) denote the set of all subsets of the set M. If we denote 
by G(M) the set of all subsets ^ of ^(M) which satisfy the conditions 

(a) 0G^, Mg^; 
(b) Di, D2 G ^ implies n D2 g 
(c) D, G ^ for any i e I implies U Di e we obtain a functor 

iel 

G:Bij S'm)-►Bij the species of structure of topological space. 

If F is a species of structure and s e F(M), then s is said to be a structure 
of species F on the set M. If /:M->N is a morphism in Bij i.e. a 
bijection, then t = (F(f))(s) is a structure of species F on N which is 
called the structure of species F obtained by transporting to N the 
structure s by means of /. We also say in this case that / realizes an 
isomorphism between the set M provided with the structure s and the 
set N provided with the structure t. 

We say that a species of structure with morphisms (F, (j) has been 
given if the following are given: 

(a) A species of structure F: Bij -► Bij Sm). 
(b) For every quadruple (M, s, AT, t) where sgF(M), teF(N), a set 

(7 (M, s, AT, t) of maps from the set M to the set N such that the following 
conditions are satisfied: 

1. /g (j(M, s, at, t), g G (7(N, t, F, u) imply gfe (j(M, s, F, u). 
2. if/ :M->N realizes an isomorphism between the set M provided 

with the structure s and the set N provided with the structure t then 
/g (j(M, s, N, t) and (7{N, t, M, s). 

To any species of structure with morphisms we can obviously associate 
a category jT as follows: 

(i) An object of the category jT is a pair (M, s) where M is a set and s 
a structure of the considered species on M. 

(ii) Hom^((M, s), (AT, t)) = (j(M, s, N, t). 
(iii) The composition of morphisms is the usual composition of maps. 
There obviously exists a canonical functor 

C! ^ Sm) 

which ignores the considered structure. 
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Assume a species of structure with morphisms (F, a) is given and let ^ 
be a category and X an object of We denote as above by jT the category 
associated to (F, a) and C: jT the canonical functor. 

We say that a structure of species (F, a) has been defined on the object 
A" if a contravariant functor S:^-has been given such that the 
diagram of categories and functors 

s 

Jf 

is commutative. 
Let X and Y be two objects of the category % each provided with a 

structure of the same species. Assume the respective structures are defined 
by the functors S,T:^-►jT. Under these conditions a functorial 
morphism cp: S-► T is simply said to be a homomorphism from the 
object X provided with the structure S to the object Y provided with the 
structure T. 



CHAPTER 5 

General Theory of Abelian Categories 

1. Additive Categories 

A category ^ is said to be additive if the following conditions are satisfied : 
1. For any pair of objects {A,B) in there exist the direct product 

A TIB and the direct sum AUB. 
2. For any pair of objects {A,B) in Hom^(A, R) has an Abelian 

group structure such that the composition map 

Hom^(A, B) X Hom^(R, C)-►Hom^(A, C) 

is bilinear (when there will be no possibility of confusion we shall denote 
simply by 0 the neutral element of the group Hom^(A, B)). 

3. There exists in the category ^ an object A such that = 0. 
Plainly every additive category satisfies condition CAd 1 on p. 41. 
It is also evident that if A and B are such that = 0,= 0, then A and 

B are canonically isomorphic. We shall denote by 0 one of the objects of ^ 
which satisfy condition 3. 

Proposition 5.1. Let A, B, C be three objects of an additive category ^ 
and i^: A-► C, ig: B-► C morphisms in The necessary and sufficient 
condition that C together with the morphisms ig be the direct sum of the 
family of objects {A,B) is that there exist two morphisms p^ '-C->A, 
Pb'-C->B such that the following conditions are satisfied: 

(i) Pa^A = ^A^ Pb^A = ^BA 

(ii) PbIb = Pa^b = ^AB 

(iii) IaPa + IbPb = Ic- 

Proof. Necessity. The definition of direct sums yields the morphisms 
Pa ? Pb such that the diagrams 

C C 

are commutative, and this is equivalent to conditions (i) and (ii). 

87 
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Also from the definition of direct sums it follows that the map 

Hom^(C, A")-►Hom^(A, X) x Hom^(B, X) 

which associates to each morphism u:C->X the pair is a 
bijection. If we take X = C and w = , then it results that the pair associa¬ 
ted by this map to the morphism is ie). It is therefore sufficient to 
show that the same pair is associated to the morphism 

We have, by virtue of relations (i) and (ii) already proved : 

(iaPa + iBPB)iA = U 

{^aPa + hPB)h — h' 

Sufficiency. Let u: A-► X,v :B-► X. If we set ^: C-► X, where 
^ = vps + wpyi, then the diagram 

C 

X 

is commutative, by conditions (i) and (ii). If : C-► X is also such that 
this diagram is commutative, then we have = w, = v and hence 

^'iaPa + ^'hPB = up A + VPb, 

which, according to (hi), implies 

Proposition 5.2. Let ^ be an additive category and A, B two objects 
of^. Then the morphism h(A, B):AUB-► AYIB constructed in proposi¬ 
tion 2.6 is an isomorphism. 

Proof. To avoid confusions, we denote by , p'g the canonical projec¬ 
tions of the product AYIB and by Pa, Pb the morphisms in proposition 5.1. 
We shall also abbreviate h(A, B) to h. 

Let g :AYlB-► A LI B be defined by 

g = Up A + UPb- 

We show that gh = Iaub^ hg = To this end it is enough to show 
that 

ghiA = iA> 

ghig = ig. 

PaH = Pa, 

PbH = Pb- 
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But we have, according to proposition 2.6 

ghiA = i^APA + IbP'bWa = 

The other three relations are proved analogously. 

Definition. Let be two additive categories and F:^-a 
functor. F is said to be additive if for any pair of morphisms 
u,v€ Hom^(^, B) we have 

F(u v) = F(u) + F(v). 

Unless otherwise stated, whenever we will consider functors defined 
on additive categories and taking their values in additive categories, we 
will assume them to be additive. 

Proposition 5.3. If the covariant functor F\^-is additive and if 
the object C together with the morphisms i^'.A-►C, ig'-B->C is a 
direct sum for the family {A,B\ then the object F(C) together with the 
morphisms F(i^) :F(A)-> F{C), F(iB) :F{B)-^F(C) is a direct sum for 
the family (F{Al F{B)). 

Proof. Let p^:C->A, Pb'.C->B be the canonical projections 
(see proposition 5.1). Then F{i^\ Filg), F(p^), P(Pb) satisfy the conditions in 
proposition 5.1, in view of the additivity of F, whence our proposition. 

2. Kernel and Cokernel 

Let ^ be an additive category and U2:A->B a pair of morphisms 
in If (AT, v) is a kernel of this pair of morphisms, then (AT, v) is also a 
kernel for the pair of morphisms {u^ — ^2,0^^). Conversely, if (AT, v) is a 
kernel for the pair of morphisms {u^ — ^2,0^^), then (AT, v) is also a kernel 
for the pair of morphisms (^1,^2). 

Obviously, a similar statement holds for cokernels. We conclude that 
in the case of additive categories, we may confine ourselves in the study 
of the notions of kernel and cokernel to the pairs of the form (w, 0), which 
justifies the following. 

Definition. Let K —'-^A —^B be two morphisms in the category 
We say that the pair (K, i) is a kernel for the morphism u if it is a kernel for 
the pair of morphisms (w, 0^^) or, equivalently, if the following sequence 
of abelian groups and homomorphisms of Abelian groups: 

0-► Hom^(Z, K) Hom^(X, A) —^ Hom^CX, B) (1) 
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is exact for any object X of In the sequence (1) the homomorphisms 
a, P are defined by 

a(0 = iL p{ri) = uri. 

Clearly, if they exist, the various kernels of the morphism u define the 
same subobject of A, which we denote by ker u and call the kernel of the 
morphism u. 

Dually, if A —^ B —^ L are morphisms in the category the pair 
{LJ) is said to be a cokernel for the morphism u if (L,;) is a cokernel for 
the pair (w, 0) or, equivalently, if the sequence of abelian groups and homo¬ 
morphisms 

0->• Hom^(L, X) X) X) (2) 

is exact. In the sequence (2) the homomorphisms (p, if/ are defined by 

(pii) = ij, </'(>/) = m- 

Clearly, if they exist, the various cokernels of u define the same quotient 
object of B which we denote by coker w and call the cokernel of the 
morphism u. 

Let now u: A-► B be a morphism in the additive category Suppose 
the morphism u possesses at least one cokernel and let coker w = {LJ). 
If it exists, ker j is called the image of the morphism u and is denoted by 
im u. Dually, if ker u exists and ker u = {K, i), and if coker i exists, then 
the quotient object of A coker i is called the coimage of the morphism u 
and is denoted by coim u. 

To formulate the next proposition we need the following general 
definition. 

Definition. Let C, B be two objects of an arbitrary category We say 
that B is a direct summand of C if there exists an object ^ of ^ and the 
morphisms i^'.A-►C, is'.B->C such that C together with the 
morphisms is a direct sum for the family of objects {A, B). 

Proposition 5.4. Let C, B be two objects and p: C-► B a morphism in 
the additive category and assume the following conditions are satisfied: 

(a) the morphism p possesses at least one kernel, 
(b) there exists a morphism j:B->C such that pj = 1^. 
Then B is a direct summand of C. 

Proof. Let (^,0 be a kernel for p. According to proposition 5.1, it is 
sufficient to prove that there exists a morphism q: C-► A such that 

= ^aJP + iQ = = 0- 
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To do this, consider the diagram 

Ic -jp 

C 

Since p(lc — jp) = 0, the definition of a kernel yields a unique morphism 
q:C->A such that iq + jp = Ic- It remains only to show that qi = 
and qj = 0. Since i is an injection, it is sufficient to show that i(qj) = 0 
and i{qi) = i. 

Indeed, we have 

KqJ) = {iq)j = (ic - jp)j = 0, iiqi) = iiq)i = (ic - jp}i = »• 
We state also the dual of proposition 5.4 which is often useful: 
Let A, C be two objects and i :A-► C a morphism in the additive 

category ^ and assume the following conditions are satisfied: 
(a) the morphism i possesses at least a cokernel; 
(b) there exists a morphism p:C->A such that pi = 1^. 
Then ^ is a direct summand of C. 

Proposition 5.5. If u :A-is a morphism in the additive category 
then the following assertions are equivalent: 

(a) u is injective 
(b) 0-► A is a kernel for w, in other words ker u = 0. 
(c) ^-► A is a co image for w, in other words coim u = A. 

Proof, (a) => (b). If ^ :X->A is such that = 0, then from the fact 

that u is injective it follows that (^ = 0, hence ^ factorizes uniquely through 
0. Therefore 0-► ^ is a kernel for u. 

(b) => (c). For any ^:A-►X, we have (^0 = 0 and ^ Hence 
coker(0-> A) =1^. 

(b) => (a). If ^ :X-► A is such that = 0, it results that (^ = 0, 
hence u is injective. 

(c) => (b). Let i: K-> A be such that coker i = . We have = 0 = i. 

3. The Canonical Factorization of a Morphism 

Proposition 5.6. Let ^ be an additive category and u: A-► B a mor¬ 
phism in Assume that there exist ker w, coker w, im w, coim u. Then there 
exists a unique morphism u :coim u-► im u such that u is the composition 
of the following morphisms: 
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A ^ >coinm—^imw—where A is the canonical surjection 
and II the canonical injection. 

Proof. The uniqueness is checked as follows: if fiiiX = fiuX, then 
from the fact that ^ is an injection it follows that uX = uX and from the fact 
that A is a surjection it follows that ii = u. 

To prove the existence of w, consider the following diagram 

ker u —^ A —^ coker i = coim u 

coker u <■ 7 B ker j = im u. 

Since ui = 0, there exists a morphism w':coimw->B such that 
u'X = u. But ju' = 0. Since X is an epimorphism, it is enough to prove that 
(ju')X = 0, which is immediate, since j(u'X) = ju = 0. 

Then there exists w:coimw-►imw such that fiu = u'. 

4. Pre-Abelian Categories 

Definition. An additive category ^ is said to be pre-Abelian if for any 
morphism u e Hom^(A, B) in ^ there exist ker u and coker u. 

It follows immediately that in a pre-Abelian category any morphism 
possesses an image and a coimage. 

The dual of a pre-Abelian category is pre-Abelian. 
In order to study the functorial properties of kernels, cokernels, images 

and coimages in a pre-Abelian category ^ we define a new category 
as follows: 

(i) the objects of are ordered pairs (A, B) of objects of the category ^ 
together with a morphism u: A-► B in in other words a diagram in ^ 
of the form A —^ B. 

(ii) a morphism from the diagram A —^B to the diagram A^ — 
is by definition a pair of morphisms a: A->Ai, : B-► B^ such that 
the diagram 

is commutative. 
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We define a functor fcerr^i-as follows: To the diagram 
A —^ B we associate the diagram ker u —^ A, where i is the canonical 
injection. If the pair of morphisms (a, P) defines a morphism from the 
diagram A->8 to the diagram Ai->8^, then there exists a unique 
morphism ker w->kerui such that the diagram 

,ker u —^ A 

a 

Ui — 

is commutative. In other wc»rds, we obtain a uniquely determined mor¬ 
phism from the diagram kern—A to the diagram ker Ui —. 

One defines similarly coker, im, coim:^i-. 
The canonical factorization dT a morphism in a pre-Abelian category 

also leads us to a functor defined cm the category , but taking its values 
in a more complicated category ^2 which is defined as follows: 

(i) the objects of the category ^2 diagrams in ^ of the form 

(ii) a morphism from the diagram Ai >^2—^^3 > A4, to the 
diagram >82 >84, is, by definition, an ordered system 
(ai, a2, a3, aj of morphisms ->Bi {i = 1,2, 3,4) such that the 
diagram 

A,-^A2-^^As-^A^ 

“2 “3 ®4 

Bi Fi ^ B2 V2 ^ 8^ vT^ 8^ 
is commutative. 

. We define a functor F: -► <^2 follows: To the diagram A —^ 8, 
we associate the diagram 

A-► coim u-► im u-► 8. 

If Ai >8^ is another diagram in and (x:A-►Aj, P:B->8^ 
are such that diagram (3) is commutative, then there exist ajicoimw 
-►coimwi, Pi'Amu-►imwj such that the following diagrams are 
commutative: 

A —^ coim u im w ^ > 8 

a a, P 

Ai —x;-^coim Ui im Ui >8^. 
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It remains to show that the diagram 

coim u —^ im u 

coimwi—^imui 

is also commutative. We have 

filUlOCiX = = UiOL 

fiiPiuX = PfiuX = Pu, 

In other words, fiiiiiOCiX = fXiPiuX, whence = PiU because fii is 
an injection and X a surjection. 

Proposition 5.7. In a pre-Abelian category there exist fibered products 
and sums. 

Proof. Let ^ be a pre-Abelian category. Since the dual of a pre- 
Abelian category is pre-Abelian, we shall confine ourselves to prove the 
existence of fibered products. Consider the diagram 

Since ^ is with direct sums, consider B © C and the canonical projections 
© C->B,pc:B © C-►C. Let p:B ® C->A be defined by 

l^= fPB- gPc, 

and let (AT, v) be the kernel of p. We assert that the object N together with 
the morphisms p^v, Pcv is a fibered product associated to the diagram (4). 

The relation pv = 0 implies/(p^v) = g(Pcv). Moreover, if ^:X->B, 
rj :X-► C are such thaty? = grj, then there exists a unique C: AT->N 
such that PqvC = Pc^C = For, consider the morphism ig^ + 

->B © C. We have + icii) = {/Pb - gPcKhl + idi) = M - g^l 
= 0. It results that there exists a unique C such that vC = is^ + 
Hence it follows immediately that p^vC = Pc^C = The uniqueness 
follows from the fact that p^vC = ^ and p^vC = rj imply vC = is^ + 
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Examples of pre-Abelian categories 

1. Consider the category ^ defined as follows: 
(i) the objects of ^ are Hausdorff Abelian topological groups. 
(ii) the morphisms of ^ are the continuous homomorphisms. 

Obviously ^ is an additive category. Moreover, if f\A->■ B is a 
morphism in the category then ker / = /" H{0}) and coker / = B/f(A). 

In this category there exist bijections which are not isomorphisms. 
Such are, for instance, the injective continuous homomorphisms f:A 
-> B such that f(A)^B but /{A) = B. 

2. Let A be a ring. We say that a positive filtration has been defined 

on A, or that A is a filtered ring, if a sequence Aq, ? ^2? * * * ? * * * 
of ideals of A has been given such that the following conditions are 
fulfilled: 

(a) Aq = A. 
(b) A„ =) A„+i for every n > 0, 
(c) A„-A^cz A„+^. 
For example, the powers of an ideal m of A define evidently a positive 

filtration on A. 
Assume now a fixed filtration is given on A, defined by the sequence of 

ideals (.4i)i^o- 
An A-module M is said to be a filtered module with respect to the 

filtered ring A if a sequence (Mj)f>o of submodules of M has been given 
such that the following conditions are satisfied: 

(a) Mo = M. 
(b) 
(c) Ap-MqCZ Mp + q. 
We now define a category ^ as follows: 
(i) the objects of ^ are filtered modules with respect to the filtered 

ring A. 
(ii) let M and N be two filtered modules with respect to A. Suppose the 

{Mi)i>o and {Ni)i>o define the filtration on M respectively on N. A mor¬ 
phism from M to AT in the category ^ is a homomorphism from the 
/4-module M to the /4-module N with the further property that/(M„) ci 
for any n > 0, 

It is not difficult to verify that ^ is a pre-Abelian category. In this 
category, too, there exist bijections which are not isomorphisms. 

3. The category of unitary left A-modules (A = ring with a unit 
element) and of homomorphisms of A-modules is a pre-Abelian category. 
In this category every bijection is an isomorphism. 
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We now wish to characterize strict epimorphisms and monomorphisms 
in pre-Abelian categories. 

Lemma 5.8. Let f: M'-► M be a morphism in a pre-Abelian category 
(ker/ X) its kernel, M' 11^ M' the fibered product associated to the diagram 

and let pi, P2 be the canonical projections of this fibered product. Then 
coker(pi — P2) = coim/. 

Proof. There exists a monomorphism Oiikcrf-such 
that = A, P2(Ti = 0. For, we know that there exists a canonical 
monomorphism -► M' © M' such that the pair (M' M\ 

v) is the kernel of the morphism /tt ^ — f7t2, where , 7^2 are the canonical 
projections of M' © M'. If ii, 12 ^re the canonical injections of M' ® M\ 

then (/tti —/7i:2)iiA = 0, hence there exists (Jiiker/- 
such that V(Ji = ijA, whence pi<Ji = A, p2<^i = 0* 

There also exists a morphism (x :M' M'-►ker/ such that Xot 
= Pi ~ Pi' For, it is sufficient to notice that f{pi — P2) = 0. Now, 
consider the following diagram 

M'YImM'——^M'—^ coker (pi — P2) 

O’, a 

icer/ -1—► M' p > coim/ = coker (ker/). 

We have p(p^ — P2) = pXon = 0; there exists therefore T:coker(pi — P2) 
-►coim/such that xp = p. Furthermore, pX = p[p^ — P2)<^i = 0 and 
there exists therefore tiicoim/-►coker(pi — P2) such that x^p = p. 
From this we deduce immediately that t, define an isomorphism between 
coker(pi — P2) and coim /. 

Proposition 5.9. Letf :M'-►M be an epimorphism and M'—-—► 

coim/—its canonical factorization. The necessary and sufficient 
condition for f to be a strict epimorphism is that f be an isomorphism. 

Proof. If/is a strict epimorphism, then the relation coim/ = coker 
iPi ~ Pi) implies that/is an isomorphism. If/is an isomorphism, the same 
relation implies the fact that / is a strict epimorphism. 
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5. Abelian Categories 

If ^ is a pre-Abelian category and u: A-► B is a morphism in then 
we shall denote by u the morphism which occurs in the canonical factoriza¬ 
tion of u: 

A-► coim u —^ im u-► B, 

Definition, A pre-Abelian category ^ is called Abelian if for any mor¬ 
phism u: A ► B in ^ the morphism u: coim u ► im u is an iso¬ 
morphism. 

Proposition 5.10. A pre-Abelian category ^ is Abelian if and only if 
the following conditions are fulfilled: 

(a) for any u: A-► B, u: coim u-► im u is bijective; 
(b) any bijection is an isomorphism. 

Proof. If ^ is Abelian, then (a) is obviously satisfied and (b) follows 
from the fact that, if w: A-► B is a bijection, then u = u (see proposition 
5.5). The converse is clear. 

The second duality principle for Abelian categories 

Let ^ be an Abelian category and A an object of We denote by 
^{A) the class of subobjects of A and by J(A) the class of quotient objects 
of A. These two classes are provided with natural partial order relations 
(see pp. 6-7). Consider the function which associates to each subobject 
(A\ i) of A the quotient object of A defined by the pair (coker ij\ where j 
is the canonical surjection of A onto coker i. Dually, consider the function 
which associates to each quotient object (A", k) of A the subobject of A 
defined by the pair (ker k, /), where / is the canonical injection of ker k 
into A. The aim of the following propositions is to show that these two 
functions are inverse to each other. Thus, it will result in particular that 
there exists a natural one-to-one correspondence between the classes 
^(A) and J(A); this correspondence reverses the order relations on the 

two classes. 

Proposition 5.11. Let A be an object of an Abelian category ^ and 
(A', i) a subobject of A. Let (A"J) be the quotient object of A defined by the 
cokernel of i. Under these conditions, the kernel of j coincides with (A',/)• 

Proposition 5.12. Let A be an object of an Abelian category ^ and 
(A"J) a quotient object of A. Let {A\ i) be the subobject of A defined by the 
kernel of j. Under these conditions, the cokernel of i coincides with (A",j). 
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Clearly proposition 5.12 is dual to proposition 5.11, so in view of the 
fact that the dual of an Abelian category is Abelian it is sufficient to prove 
proposition 5.11. 

Proof of proposition 5.11. By definition ker(coker 0 = im i. Let 
2: im I-► A. It will be sufficient to exhibit an isomorphism ^: A'-► im i 
such that the diagram 

im i 

is commutative. To do this, consider the canonical factorization of i: 

A' coim i —im i —^ A. 

Since i is injective, coim i = A' and v = 1^^. ^ being Abelian, i is an 
isomorphism. The proof is complete. 

If A' is a subobject of the object A in the Abelian category we shall 
denote by AjA' the quotient object of A which corresponds to A' under 
the bijection described above. If A" is a quotient object of A we shall 
denote by A\A' the subobject of A which corresponds to A" under the 
mentioned bijection. 

6. Exact Functors 

Definition. A sequence of morphisms of an Abelian category ^ 

A —B —C 

is said to be exact, if im w = ker v. An arbitrary sequence of consecutive 
morphisms is said to be exact, if the subsequence formed by any couple of 
consecutive morphisms is an exact sequence. 

The following propositions are immediate: 

Proposition 5.13. The necessary and sufficient condition that the 
sequence 

0- 

be exact is that the sequence of Abelian groups and homomorphisms of 
Abelian groups 

0-► Hom^(X, A)-► Hom^(X, B) 

be exact for any object X of 

Hom^(X,C) 
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Proposition 5.14. The necessary and sufficient condition that the 
sequence 

be exact is that the sequence of Abelian groups and homomorphisms of 
Abelian groups 

0-► nom^(A, X)-► Hom^(B, X)-► Hom^(C, X) 

be exact for any object X of 
Propositions 5.13 and 5.14 are dual to each other. 

Proposition 5.15. In order that the sequence 

0->A'^^A^-^A"->0 

be exact it is necessary and sufficient that {A\ u) be a kernel of v and (A'\ v) 
be a cokernel of u. 

Definition. If ^2 Abelian categories and if ->^2 is an 
additive convariant functor, we say that F is left-exact (or right-exact) 
if for any exact sequence (E) 

0->A'^^A^^A"->0 (E) 

in the category , the sequence 

0-► F(A') F{A) —2£U F{A") 

(or F{A') —>• F{A) —> F{A'')-► 0, for right-exactness) is exact. 
If for any exact sequence (E) the sequence, 

0-> F{A') F{A) F{A")-> 0 

is exact, then we say that F is exact. 
" We obtain by dualization the notion of a left-exact (or right-exact) 
contravariant functor and that of an exact contravariant functor. 

Proposition 5.16. The necessary and sufficient condition that the 
functor F:^i->^2 be exact is that it transform any exact sequence in 
the category into an exact sequence in the category ^2- 

Proof. The sufficiency is evident. To prove the necessity, let 

A^B^C 

be an exact sequence in the category . We have to show that the sequence 

f (.4) F{B) F(C) 
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is exact. However, it is clear that the sequence 

0-► im u ^ > B ^ > coim v-► 0 

is exact. Furthermore, it follows from the hypothesis that F transforms a 
monomorphism into a monomorphism and an epimorphism into an 
epimorphism. Also, it is evident that im w = im A and ker v = ker The 
hypothesis implies that the sequence 

0-»• F(im m) F{B) F(coim t;)-► 0. 

is exact. On the other hand we have u = Xu' where u' is an epimorphism 
and V = v'fi where v' is a monomorphism. Hence F{u) = F{X)F{u') where 
F{u') is an epimorphism and F(v) = F(v')F(fi) where F(v') is a mono¬ 
morphism. Hence im(F(u)) = im(F{X)\ ker(F(t;)) = ker(F(^)). But by the 
exactness of the previous sequence we have im(F{X)) = ker(F(^)), whence 
im{F{u)) = kQr{F(v)). 

In the same manner it can be proved that: 
If F'.^i->^2 is left-exact then it transforms any exact sequence of 

the form 

0->A'->A->A" 

into an exact sequence. 
If F is right-exact, it transforms any exact sequence of the form 

A'-►A-►A"->0 

into an exact sequence. 

Proposition 5.17. If , ^2 Abelian categories and if F:^i->^2> 
G :^2-covariant functors such that G is an adjoint of the functor 
F, then G is left-exact and F is right-exact. 

Proof. To prove that F is right-exact, let 

0->A'-^—>A^^A"->0 (E) 

be an exact sequence in the category . We must show that the sequence 

F{A') F(^) FiA")-»• 0 

is exact. Let Y be an arbitrary object of the category ^2 • It is sufficient, in 
view of proposition 5.14, to prove that the sequence 

0 Hom^,(F(^"), Y)-►Hom^,(F(^), Y)-► Hom^,(F(^'), Y) 
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is exact. From the exactness of the sequence (E) it results that the sequence 

0-^nom^^(A\ G(Y))-G{Y))->nom^^(A\ G(Y)) 

is exact, while from the fact that G is an adjoint of F we infer that in the 
commutative diagram 

0->llom^^{A'\ G(Y))->nom^^{A, G{Y))->Hom^K. G{Y)) 

0->Hom^,(F(^"), Y)->Hom^,(F(^), Y)->nom^^{F{A'\ Y) 

the vertical morphisms are isomorphisms, whence the exactness of the 
bottom row. 

7. The Isomorphism Theorems in Abelian Categories 

From the definition of an Abelian category it follows in particular that 
what is known as the ‘first isomorphism theorem’ in the theory of modules 
holds in such a category. 

In the sequel we will show that actually all the three ‘isomorphism 
theorems’ in the theory of modules hold in any Abelian category. 

To prove the second isomorphism theorem we need the following 
lemmas and propositions. 

Lemma 5.17. Let Ai and A2 be two subobjects of A, I'liAi-►A, 
h''^2-the canonical injections. Suppose iiA^-►A2 is a mono¬ 
morphism such that 12^ = h' denote by Pi'.A-^A/A^ the canonical 
surjection. Under these assumptions, the sequence 

0 —^ A1 —^ A2 A/Ai 

is exact, where a = Pii2- 

Proof. Since the exactness in A^ is clear, it remains to prove that the 
sequence is exact in A2. We have oci = 0, whence im i = A^ ci ker a. We 
must show that we also have ker a ci im i. Denote by A:ker a-►A2 

the canonical injection. The relation 0 = ocX = pi(i2A) implies the existence 
of (^:kera-►Aj such that ii^ = But from this and from 12^ = ii 
it follows that i^ = X, hence ker a c: im i = Ai. 

Lemma 5.18. Let and B2 be two quotient objects ofB,p^ :B->Bi, 
P2>B->B2 the canonical projections. Suppose p:B2-is an 
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epimorphism such that pp2 = Pi. Denote by ii :B\Bi-the canonical 
injection. Under these assumptions, the sequence 

O-f-B 

is exact, where P = P2^i • 

Lemma 5.18 is a dual to lemma 5.17, so we need not prove it. 

Proposition 5.19. Assume Ai, A2, A, ij, I2? h Pi? P2? oc have the same 
meaning as in lemma 5.17. Then the sequence 

0->Ai A2 A/A^ A/A2-► 0 

is exact, where j is the unique morphism which makes the following diagram 
commutative: 

A,-^A^^A/Ai 

1. j 
i > 
Ai A ^ A/A2^ 

Proof. The exactness in Ai and A2 results from lemma 5.17 whereas 
the exactness in A/Ai and A/A2 results from lemma 5.18 by setting: 
Bi = A/A2, B2 = A/Ai, B = A and taking into account the canonical 
projections. 

Corollary 5.20. (The second isomorphism theorem). Assume ^1,^2? 

A,j have the same meaning as in proposition 5.19. Then the sequence 

0-► A^IA^ —^ A/Ai A/A2->• 0 

is exact, where p is the unique morphism which makes the following diagram 
commutative: 

A1 ^ A 2 ^ '^2/'^ 1 

1^, ii P 

A,^A-^A/A,. 

Proof. According to proposition 5.19, ker j = im a. On the other hand, 
the category being Abelian, im a is isomorphic to coim a. But, by definition 
coim a = coker(ker a). By proposition 5.19, kera = i and therefore 
coker i = A2/A1 whence the corollary. 

Corollary 5.21. (The dual of the second isomorphism theorem). Assume 

Bi, B2, B, pi, P2, p have the same meaning as in lemma 5.18. Then the 
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sequence 

0 -B2\B^ <-B\Bi <-E\B2 <-0 

is exact, where the morphisms are defined in an obvious manner. 

As an application of the second isomorphism theorem we shall prove 
the so-called ‘3x3 lemma’, which will be used in the theory of derived 
functors. We first prove two auxiliary lemmas. 

Lemma 5.22. If the sequences 

-*B' 

->C 

in the Abelian category ^ are exact and if y'f is a monomorphism then P'y 
is also a monomorphism. 

Lemma 5.23. If the sequences 

B->A—^B'-^0 

C- 

in the Abelian category ^ are exact and if y'f is an epimorphism then f'y 
is also an epimorphism. 

Since lemma 5.23 is dual to lemma 5.22 we indicate only the following: 

Proof of lemma 5.22. Clearly lemma 5.22 holds in the particular 
category of Abelian groups. This implies its validity in any Abelian 
category. Indeed, if X is an arbitrary object of the category then the 
following sequences in the category are exact and fulfill the conditions 
stated in the lemma: 

0-► Hom^(X, B)-► Hom^(X, A)-► Hom^(X, B') 

0-> Hom^(X, C)-► Hom^(X, A)-► Hom^(X, C). 

Corollary 5.24. If the sequences 

0-*B^-^A-^B’->•0 

0->C—^A^^C'->-0 

in the Abelian category ^ are exact and if y'P is an isomorphism then P'y 
is also an isomorphism. 
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Proposition 5.25 {the ‘3x3 lemma'). If the diagram 

0 0 0 

0-—>0 

Xi X Xi 

0-►Bi—^^2->-0 

P\ P Pi 

0-"Ci^^C—->0 

0 0 0 

in the Abelian category ^ is commutative and if its columns and its last 
two rows are exact, then first row is also exact. 

Proof. The exactness in follows from the fact that rjxi is a mono¬ 
morphism and rjXi = xA. Thus X is necessarily a monomorphism. Let 
{N, co) be the cokernel of X. We have to show that there exists an isomorph¬ 
ism 9:N->A2 such that 6(o = fx. 

We apply the second isomorphism theorem to the objects and 
the injections Xi '-^i-We get the 
following exact sequence: 

0->Ci^^B/Ai^^B2->0 

where ni,m2 satisfy the conditions: n^p^ = Trj, m^z = C, where x.B 
-^B/A^ is the canonical surjection. 

Now, we apply the same theorem to the objects A^,A,B and the 
injections 2:^1-^ A, x'^^-rjXi '.Ai->B. We get the following 
exact sequence 

0->N^^B/A,^^C->0 

where n2, m2 satisfy the conditions: n2Co = tx, m2T = p. 
We now apply the dual of the second isomorphism theorem to the 

following objects and surjections: B/A^, C, C2, m2:B/Aj-► C, f .C 
-^€2, Pm2:B/Ai-►C2. We obtain the following exact sequence: 

0-->0 

where {R,(7) = ker(j8m2) and on^ = n2, am3 = m2(J. 
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We apply the same theorem to the following objects and surjections: 

BlAi, B29 C29 P2*^2 ^^2> ~ Ai 
->C2. We obtain the following exact sequence: 

0->C,^^R^^A2->0 

with the conditions 
We assert that = lc^• For, ocm^n^, = m2on^ = m2ni and m2nipi 

= m2Tri = prj = oLp^, so that m2ni = a. Hence (rni^^ria, = a and therefore 

"»3«4 = Ici- 

We are now in a position to apply corollary 5.24. We conclude that 
9 = m4,n2 :N->^2 is an isomorphism. On the other hand we have 

= X2^4W3<^ = rriian^co = min2Co = m^TX = Cx = X2P and thus 
9(0 = p. The proof is complete. 

In the dual statement of the ‘3x3 lemma’ the assumptions are that all 
columns and the first two rows are exact, and the conclusion is that the 
last row is also exact. This statement will also be called the ‘3x3 lemma’. 

Direct and inverse images 

Let ^ be an Abelian category and A an object of We shall denote as 
above by ^{A) the class of subobjects of A and by ^{A) the class of quotient 
objects of A, According to the second principle of duality (for Abelian 
categories) there exists a bijection (p^:^{A)->^(A) which associates 
to the subobject {A\ i) the quotient object {A”J) such that j = coker L 

Let now u: A-► B be a morphism in We propose to show that one 
associates to this morphism in a natural way the maps 

^{A)->^{B) 

1(A)->1{B) 

^(B)->^(A) 

1(B)->1(A) 

which we denote somewhat improperly (to comply with a tradition) as 
follows: the first two by w, the last two by The definitions of these 
maps are the following: 

Let (A\ i) be a subobject of A. Then by definition u(A') = im(ui). More¬ 
over, there exists a morphism A'-► u(A') defined to be the composition 

A'-► coim(wi)-► im(wi) 
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If {A"J) is a quotient object of A, then we denote by (A\ i) the subobject 
of A which corresponds to it under the bijection cp i.e. such that i = ker j. 
We put by definition u{A") = coker(wi). Clearly there exists a morphism 
A"-► u(A") such that the diagram 

A 

A"->u{A") 

is commutative. 
We obtain by dualization the maps u~^. The effective definition is as 

follows: 
Let be a quotient object of B. By definition u~^(B”) = coim(/w). 

If {B\ i) is a subobject of B, we denote by {B'\j) the quotient object such 
that j = coker I. We set by definition u~^{B') = kQr{ju). There exist the 
morphisms ->B\u~^{B")->B'' such that the diagram 

u-\B')->B' 

A-^->B 

u-\B")->B" 

is commutative. 
We have remarked above that we can go over from the definition of 

the maps u to that of the maps u~ ^ and conversely by using the general 
principle of duality. Now, we are going to show that we can go over from 
one of the maps u to the other and analogously from one of the maps u~ ^ 
to the other by using the second duality principle for Abelian categories. 
Precisely, the following diagrams of classes and maps are commutative: 

^{A) ^{B) 1{B) 1{A) 

B) ^{B) — A). 

To verify the commutativity of the first diagram, let {A\ i) be a subobject 
of A. u associates to this subobject of A the subobject im(wi) of B and cps 
associates to this subobject of B its quotient object coker(im(wO)- Under 
(p^ the subobject {A\ i) is carried onto coker i, and the latter is carried 
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under u onto coker(wi). Thus we must show that coker(im(wO) = coker(wO- 
But we have 

coker(im(wO) = coker(ker(coker(wO)) = coker(wi) 

The commutativity of the second diagram follows in a similar way from 
the relation 

ker(coim(7w)) = ker(7w). 

These remarks enable us to reduce the study of the four maps described 
above to the study of one of them. 

Proposition 5.26. Let {A\ i) be a subobject of A and {A''J) a quotient 
object of A. Also, let {B\ k) be a subobject of B and {B", 1) a quotient object 
of B, and let u: A-► B. Under these conditions the following formulas are 
valid: 

(i) u-\u{A')) =5 A'; (iii) u{u-\B")) B"; 
(ii) u-\u(A")) cz A"; (iv) u{u-\B')) cz B\ 

Proof. We first show that it is sufficient to prove only one of these 
relations, for instance relation (i). Indeed, relation (iii) then follows by 
duality. To deduce relation (ii) from relation (i) we argue as follows: 

Let A' be such that (Pa{^') = Relation (i) implies (Pa{u~\u{A))) cz cp^iA') 
= A". But (Pa(u~^{u{A'))) = u~^{u{(Pa{A'))) = u~\u{A")). Formula (iv) 
results analogously from (iii). 

To prove relation (i), consider the following commutative diagram: 

A'^^u{A') 

i A 

u~^(u(A')) = ker(^w)-► A->B 

coker 2. 

The diagram yields fiui = piXu' = 0, whence the fact that i factorizes 
through u~^{u{A')),i,Q, A' cz u~^{u{A')), 

Lemma 5.27. For any subobject {A\i) of A, the morphism A'—^u(A') 
is an epimorphism. 

Proof. By definition u' equals the following composition: 

A'-► coim(wO > im(wi). 

The first of these morphisms is surjective and the second is an isomorph¬ 
ism. Hence u' is an epimorphism. 
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Proposition 5.28. Let (A\ i\ (A'\j) be a subobject {resp. a quotient 
object) of A, {C\ fe), (C", /) a subobject {resp. a quotient object) of C, and 
u:A-B, v:B-C. Then the following transitivity relations hold: 

vu{A') = v{u{A')) {vu)-HC") = u-\v-\C')) 

vu{A") = v{u{A")) (vu)-\C) = u-\v-\C)). 

Proof. As with proposition 5.26, it is sufficient to check only the first 
of these relations. The others follow by the two duality principles. 

Consider the commutative diagram 

A'^^u{A') 

i i' 

A u ^ B jr~^C. 

By definition {vu){A') = im(vui) ; therefore, by using the commutativity 
of the diagram, we obtain: 

{vu){A') = im{vi'u') = im{{vi')u'). 

However, according to lemma 5.27, u' is surjective; thus {vu){A') = im{vi') 
= v{u{A')). 

In order to state and prove the third isomorphism theorem for Abelian 
categories we must introduce a few new notions. 

Let ^ be an Abelian category and A an arbitrary object of We have 
denoted above by ^(A) (or 1{A)) the class of subobjects (or quotient 
objects) of A. These two classes are provided with natural partial order 
relations. 

Proposition 5.29. For any two subobjects A 1,^2 of A there exist 
sup(^i, A2) and inf(Ai, A2) in the sense of the order relation on ^{A). 

Proof. Let ->A, (X2:A2-►A be the canonical injections 

of the two subobjects of A and let {Ai UA2J1J2) their direct sum. 
Let a be such that the diagram 

^A 

Ai 
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is commutative. We claim that im a = sup(^i, A2). First, it is clear that 
im oc ID AI and ima => ^2* Let now B be a subobject of A such that 
Ai cz B, A2 B. We must show that im a cz B. To this end, let Pi '.Ai 
-► B, p2'^2-^B,y :B-► A be the respective canonical injections. 
There exists PiA^U A2-such that the diagram 

U^2—B -^A 

Ai 

is commutative. Hence yP = oc. But since y is an injection it follows that 
ktr p = kera, whence coim = coima. Denote by aicoima-►ima 
the isomorphism in the canonical factorization of a. It results that the 
diagram 

^ y 
coim a = coim p-► im p-► B —A 

im a 

is commutative and therefore ima cz B. 
Now, let p 1: ^-► A/A1, P2 * ^^ be the canonical surjections 

'itkd let {A!AI n AIA2, Pi, P2) be the direct product of the objects A/A ^, 
AIA2. Let p be such that the diagram 

A/Ai 

A-p- 

X ^AIA2 

is commutative. We claim that ker p = inf(^i, ^2)- L is clear that 
kerp c: ^i,ker p ci ^2* Now let B ci ci ^2 - If P-B->A is the 
canonical injection, then clearly pP = 0 and thus B cz ker p. 

Notation. We denote sup(^i,^2) by ^iU^2 inf(^i,^2) by 
Ai^ r\ A2. 
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Remarks. 1. A statement dual to proposition 5.29 exists concerning the 
class ^{A). 

2. When the first duality principle (which holds in any category) is 
used, the partial order relations in ^(A) and ^{A) are preserved. When 
the second duality principle (which holds only in Abelian categories) is 
used, the partial order relations in the two classes are reversed. 

Proposition 5.30. For two consecutive morphisms 

in an Abelian category we have the following relations. 
(i) Im u n ker v = w(ker vu) ; 

(ii) Im M u ker v = v~ ^(im vu)\ 
(iii) coim v n coker u = v~ ^(coker vu)\ 
(iv) coim V u coker u = w(coim vu). 

Proof. In view of the two duality principles it is clearly sufficient to 
prove only one of these relations. We shall prove (ii). 

First, we assume w is a canonical injection and t; is a canonical surjection, 
that is (A, u) is a subobject of B and (C, v) is a quotient object of B. In this 
case we have to prove the formula A u ker v = v~ ^{v{A)). 

To do this, notice first that according to proposition 5.26 we have 
v~ ^{v{A)) =) A. It is also obvious that v~ ^{v{A)) => v~ ^(0) = ker v whence 
v~^{v{A)) =) ^ukert;. To deduce from this the desired relation, it is 
sufficient to show that, if C is a subobject of B such that C => A, C => ker v 
and v~^(v(A)) => C, then C = v~^{v{A)). To this end we prove that v{C) 
= v{v-\v{A))). 

But v{v As for v{C) we note first that the relation 
C =) A implies v{C) => v(A). On the other hand the relation v~ ^{v{A)) => C 
implies v(A) => v{Cy and thus v{A) = v(C). 

The desired relation now follows from the following: 

Lemma 5.31. If in the Abelian category ^ the sequence 

0->X’—^X-^X"->•0 

is exact, is a canonical injection and C ^ canonical surjection and if 
(Xi,^i\(X2,i2)^^^^^f^objectsofX satisfyingtherelationX' cz Xi X2, 
then in order that X^ = X2 it is necessary and sufficient that (^"(ATi) 

= ^"(^2). 
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Proof. By the second isomorphism theorem we have the commutative 
diagram 

0->XJX'-►X/X'-►X/Xi->0 

0-► X2/X'-► X/X'-► X/X2-► 0 

where the rows are exact. The hypothesis implies that the first vertical 
morphism is an isomorphism. Since the second one is the identity, it 
follows that the third morphism is also an isomorphism. Hence X^ = X2. 

Now, to obtain the general formula (ii), we consider, in addition to the 
morphisms in the proposition, the following consecutive morphisms. 

im u-► B-► im V. 

We have im w = im ker v = ker v, im vfi = im vu and v“ ^(im vfi) 
= t;“^(im vu). The relation (ii) now follows immediately. 

Proposition 5.32. {The third isomorphism theorem). 
Let v:A-►C be a morphism in an Abelian category, and M and N 

two subobjects of A. Then we have the following isomorphisms 

v{M) ^ M/{M n ker v) ^ {M u ker t;)/ker v 

M/M nN ^ Mkj N/N. 

Proof. According to proposition 5.30, Mukert; = v~^{v{M)). This 
implies M u ker t;/ker v ^ v{M). Similarly M n ker v = w(ker vu), where 
u:M->A is the canonical injection of M. Hence it follows that 
M n ker v is the kernel of the surjection M-► t;(M) and therefore 
v{M) ^ M/(M n ker v). To obtain the last isomorphism we consider the 
morphism v:A->A/N and we use the relations already proved. 

8. The Conditions AB3, AB4, AB5 

In order to obtain precise results, we are often obliged to impose additional 
conditions to an Abelian category The most manageable such condi¬ 
tions considered until now are those introduced by Grothendieck under 
the name of conditions AB3, AB4, AB5, and their duals which are usually 
denoted by AB3*, AB4*, AB5*. We next formulate these conditions. 

AB3. Any family {Ai)i^j of objects of the category ^ possesses at least one 
direct sum. 
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An immediate consequence of this condition is the following: 
Let be a family of subobjects of the object A. Then there 

exists sup Ai. 
iel 

For, it is sufficient to consider the image of the morphism 

0 Ai-► A 
iel 

induced by the morphisms Ui. 
If a category ^ satisfies condition AB3 and if is a family of mono- 

morphisms : Ai-► Bi, then the induced morphism w: 0 -► 0 Bi 
iel iel 

is not in general a monomorphism. This leads to the formulation of the 
following condition: 

AB4. The condition AB3 is valid and, in addition, the direct sum of a 
family of monomorphisms is also a monomorphism. 

The condition AB5 is stronger than AB4 and is stated as follows: 
AB5. The condition AB3 is valid and, in addition, for any directed 

family (Af)ie/ of subjects of A and for any subobject B of A, the relation 

(sup Ai)n B = sup (Ain B) 
holds. 

We mention two important categories which satisfy all of these condi¬ 
tions : The category of left (or right) A-modules, where A is a ring, and the 
category of sheaves of A-modules on an arbitrary topological space. 

It is easy to verify that condition AB5 can be formulated in the following 
equivalent form: 

Condition AB3 is valid and if is a directed family of subobjects 
of A and if Ui'.Ai->B are morphisms such that the condition Ai cz Aj 
implies that the restriction of Uj to Ai coincides with w,-, then there exists a 
unique morphism u:supAi->B such that the restriction of u to Ai 

iel 

coincides with Ui for any i e 1. 
Also, the condition AB3 is equivalent to the existence of arbitrary 

inductive limits, as follows from proposition 3.4. Also, AB5 is equivalent 
to the fact that there exist inductive limits and the inductive limits over 
directed families of indices are exact, i.e. if 7 is a directed set and 

Ai->Bi->C, 
is an exact sequence for any i e 7, then 

lim Ai-► lim Bi-► lim C,- 

is an exact sequence. We shall use condition AB5 mostly under this form. 
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9. Generators 

Definition. Let ^ be a category and a family of objects of The 
family ((/f)ie/ is said to be a family of generators of the category ^ if for 
any object ^ of ^ and any subobject B of A distinct from A there exists 
at least an index i e I and a morphism u: Ui-► A which cannot be 
factorized through the canonical injection i:B-^A of B into A. 

An object (/ of ^ is said to be a generator of the category ^ if the family 
(C/) is a family of generators of the category 

Example. The object A of is a generator for the category For, 
let N ci M, N 7^ M and ceM — N. Consider then the morphism w:A 
->M defined by u{x) = xc. This morphism satisfies the required 
conditions. 

Proposition 5.33. Let ^ be an Abelian category satisfying condition 
AB3. Then is a family of generators for ^ if and only if the object 

is a generator of 
iel 

Proof. Let B A, B A and u,: C/,-► A such that cannot be 
factorized through ^:B-*A. Then the morphism of components u, 
and 0 form 0 C/,- to A cannot be factorized through p -.B-^A. 

iel 

Conversely, if m : 0 l/j-► A cannot be factorized through P then 
iel 

there exists at least one index iel such that Ui'.Ui-►A cannot be 
factorized through 

Proposition 5.34. Let ^ be an Abelian category satisfying condition 
AB3. If U is a generator of the category ^ then any object of^ is isomorphic 
to a quotient of an object of the form where I is a set. 

Proof. Let A be in ^ and I = Hom^((/, A). 
Consider the morphism u:U^-►A defined as follows: For each 

i efUi = i. u is obviously a surjection because (/ is a generator. 

Proposition 5.35. Let ^ be an Abelian category which possesses a 
generator U. Then the class of all subobjects of an object Aof^ is a set. 

Proof. Notice first that if the category ^ possesses a generator U and 
if Bj, B2 are two distinct subobjects of A, then there exists at least one 
morphism u :U-► A which can be factorized through P2''^2-^ ^ 
but cannot be factorized through iBj->A. For, consider the object 



114 GENERAL THEORY OF CATEGORIES AND FUNCTORS 

Bi n B2. It defines a subobject of A, a subobject of Bi and a subobject 
of B2 distinct from B2. It follows that there exists a morphism fx: U-► B2 

which cannot be factorized through B^ 0^2. The morphism P2t^ can be 
factorized through P2 but cannot be factorized through jSj. For, otherwise 
we would have = jSiV. Thus we would have the following commutative 
diagram 

But this implies that P2fx can be factorized through nB2. For, 
(^1 n B2, a) is the kernel of the morphism p and from the commutativity of 
the diagram it follows that P^iP2 = 0, which is absurd. 

Now, consider the map which associates to each subobject B of ^ the 
subset of Hom^((/, A) consisting of those morphisms which can be 
factorized through B ^ > A, where P is the canonical injection of the 
subobject B. From the above considerations it follows that this map is 
one-to-one. 

The dual of the notion of a generator is that of a cogenerator. We invite 
the reader to dualized proposition 5.33, 5.34, and 5.35. 

In homological algebra and in algebraic geometry there appear a very 
important type of categories, namely the Grothendieck categories. 

Definitions. An Abelian category which satisfies the condition AB5 
and which possesses a family of generators is said to be a Grothendieck 
category. 

A category ^ such that (9W is a set is said to be a small category. 

Examples. The category the category of sheaves of Abelian groups 
over a topological space are Grothendieck categories. 

As follows from chapter 6, the Grothendieck categories are most 
adequate for homological algebra. In the following paragraph we will 
show that any small Abelian category is a full Abelian subcategory of a 
Grothendieck category. 
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10. Full Embedding of a Small Abelian Category into a Grothendieck 
Category 

Definition. Let be two Abelian categories and T:^-a 
functor. We say that T realizes an embedding of ^ into if: 

(a) T is an exact functor; 
(b) T is a faithful functor, i.e. if / g Hom^(A", 7) is such that T/ = 0, 

then / = 0, for any objects X, Y of 

The functor T is said to realize a full embedding of ^ into if it is an 
embedding of ^ into and T is full, i.e. for any gGHom^ (rA", TY) 
there exists /e Hom^(A", Y) such that T/ = g for any objects X, Y of 

We shall prove in the following that any small Abelian category can be 
fully embedded into a Grothendieck category. This result is due to P. 
Gabriel. 

Let ^ be a small Abelian category; we denote by the category of all 
contravariant additive functors from ^ to We denote by h:^-► 
the functor which associates to each object X of ^ the functor hx defined by 

M>^) = Hom^(y, X). 

By an argument similar to that of theorem 1.6 it is proved that h is 
fully faithful and, moreover, by proposition 3.11, h is left-exact. 

Let be the full subcategory of consisting of the left-exact functors, 
and 1:6^-the inclusion functor, which is obviously fully faithful. 
We shall prove that I possesses a left-adjoint functor which is exact. 

Before giving the effective construction we make some observations 
about the category 

is a category of diagrams with values in hence it is an Abelian 
category satisfying condition AB5. To see this, it is sufficient to remark 
that to deal with diagrams it is sufficient to work on the components. 
The objects hx form a family of generators for the category In con¬ 
clusion, is a Grothendieck category. 

Let X be an object of We denote by E{X) all the epimorphisms in ^ 
which end in X; an element of E(X) is a couple (A, p) where A is an object 
of ^ and p:A-►X an epimorphism. For any object X of E(X) 
satisfies the conditions: 

(a) (X,1;,)g£(X). 
(b) If (A, p) e E(X) and (B, q) e £(A), then (B, pq) e E(X). 
(c) If (A, p)g£(X) and /:X'-►X is an arbitrary morphism in 
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then in the commutative diagram 

A' = AYlxX'^-^X' 

f 

A-^ 

which is canonically constructed, {A\ p') e E(X'). 

Remark. The assignment X ^ E{X) defines a Grothendieck topology 
on this is the so called canonical topology. From the following, it 
follows that ^ is the category of sheaves of Abelian groups on ^ relatively 
to this Grothendieck topology. 

For each object X of we define the category ^(X) as follows: 
(i) omx)) = E(X) 
(ii) a morphism from {A, p) to {A\ p') is a morphism u: A->A' such 

that p'u = p. 

Let f:X-► X' be an epimorphism in Then /induces a functor 
/*:(^(X)-defined as follows: /*(A,p) = (A, /op). f induces 
also a functor iS'iX')-► ^(X) defined as follows: for (A\ p')e E(X'), 

= (^' ^x'X,p) where p :A' Ux X-► X is the canonical 
morphism. We infer that for any {A', p')e ^{X'), there is a canonical 
morphism /%(A', p')-^{A\p'\ which shows that the image of the 
set E{X) under/* is cofinal in S'{X'). We shall use later these remarks. 

We now construct a functor as follows: Let F be an 
object of and X an object of For any {A,p)eE{X) we denote by 
mp :ker p-► A, the kernel of p. We also denote by F{A, p) = ker F{m^; 
that is, we have the exact sequence: 

0-► F{A, p)-► F{A) > F(ker p). 

If u: {A, p)-> {A\ p') is a morphism of ^(X\ then it is easily seen that 
there exists a unique morphism F(p', p): F{A\ p')-► F{A, p) (which is 
independent of u) such that the diagram 
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is commutative, where the morphisms F(X,p):F(X)->F(A,p) are 
constructed in a canonical way from the definition of F{A, p). 

HF{X)= lim F{A,p). 
iA,p)eSiX) 

This inductive limit is taken in Using the particular properties of the 
category S’(X) it is easy to see that in fact the above inductive limit is an 
inductive limit over a directed set. 

lff :X-► Y, then: E{ 7)-► E(X) and therefore for any (B, q) e E{ Y) 
there exists a unique morphism F(B, q)->F(f^(B, q)). These morphisms 
define a unique morphism HF{f):HF{Y)->HF(X). If we denote by 
\l/x:F(X)->HF(X) the unique morphism induced by the morphisms 
F(X, p), then the diagram, which is constructed in a canonical manner 

FiY)^^HF{Y) 

Fif)\ HF{f) 

F(X)-^HF{X) 
is commutative. 

In conclusion, the assignment X HF{X), f HF(f) is a contra- 
variant additive functor from ^ to 

Proposition 5.36. For any object F of HF is a functor which 
carries epimorphisms into monomorphisms. 

The assignment F ^ HF defines a left-exact functor from to 

Proof. Let f:X-> X' be an epimorphism in ^ and {A,p)eE(X). 
Then we have the commutative diagram in ^ 

0->kerp—->-0 

1. / 
0-*keTfop^^A^^X'->•0 

whence we deduce the commutative diagram: 

0-► F{A, p)-^ F{A)-► F(ker p) 

F(fop,p) 

0->F{AJop)->F{A) F(ker(/op)) 

It follows that F(f o p, p) is a monomorphism. But (A,f op) = f*(A, p) 
and the image of E{X) under/* is cofinal in E{X'). Hence, HF{X') may be 
obtained as an inductive limit taken over the image of/*. Since 
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satisfies AB5, we deduce that HF(f) is a monomorphism, as an inductive 
limit of monomorphisms. 

Let 

0->F'->F->F" 

be an exact sequence of objects in and X an object of For any 
{A, p) e E(X) we have the commutative diagram 

0 

0 

^F(A)- >F(A)- >F"{A) 

F'(mp) F{m,) F"(mp) 

F'(ker p)-► F(ker p)-► F"(ker p) 

which yields the exact sequence: 

0-^ F{A, p)-^ F{A, p)-^ F"(A, p). 

Thus, by taking the inductive limit over the category S'iX) we get 
the exact sequence 

0-► HF\X)-► HF{X)-► HF"{X) 

(the inductive limits are taken in which satisfies AB5). 

Proposition 5.37. Let F be an object of such that for any epimorphism 
f: X-► X' in F{f) is a monomorphism. Then HF is a left-exact functor. 

Proof. Let {A, p) e E{X); then we have the commutative diagram in 

0 0 

0-► ker p —A Tlx ker/ —^ ker/-► 0 

Uerp /' 

0-*kerp-^^.4-^-►A'->0 

/«p / 

X’-i-*X’ 

where {A Tlx ker f, p') = f'^{A,p) and (A,fop)=f*{A,p). From this 
diagram we deduce the following commutative diagram which has 
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exact rows: 

0 0 

0-^ F{AJo p)-. F{A, p)-^ FiA ker/ p') 

0->F(AJo p)->F(A)->F(A ker/). 

Since /*(£(A")) is cofinal in E{X'\ we obtain by taking the inductive 
limit over S(X) the exact sequence 

0-► HF{X')-► HF{X)-► Im F{P(A, p)) 
iA,p)e$iX) 

To finish the proof, we remark that if F is a functor which carries 
epimorphisms into monomorphism, then, for any u: (A, p)-► {A\ p'), 
F{p\ p) is a monomorphism. As a consequence of this fact it follows (since 

satisfies AB5) that the canonical morphism 

lim F(/;(A,p))-^HF(ker/) 
iA,p)eSiX) 

is a monomorphism, which completes the proof. 
Let F be an object of and il/p :F->HF the morphism constructed 

above, which is in fact a functorial morphism from the identity functor of 
the category to H. Proposition 5.36 implies that HF is a functor which 
carries epimorphisms into monomorphisms hence HHF is a left-exact 
functor according to proposition 5.37. Furthermore, Hil/oij/ defines a 
functorial morphism from the identity functor of to the functor HH. 
We denote by = HH and by p = Hij/ o ij/. Thus for any object F of 
there exists an object R^F oli/" and a functorial morphism pp: F-► R^F 
such that for each object G of 6F and any morphism a:F-►G there 
exists a unique morphism ocq .R^F->G such that a^pp = a. The 
construction and uniqueness of ao is carried out in a canonical manner 
starting from the definition of R^F. Thus the assignment F ^ R^F is a 
functor from to which is a left-adjoint of the functor 7. 

We now prove that the category is an Abelian category and R^ is an 
exact functor. We notice that 9" is an additive category and moreover, 
for any morphism a: F-► G of 5^, Ker a defined as being the functor 
X ^ ker (Xx for any X in is a left-exact functor. 
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We define the cokernel of the morphism a by means of the diagram : 

F —^ G —^ coker a > R®(coker a), 

where (cp, coker a) is the cokernel of a in and pi = Pcoker«• It is immediate 
to check that {p^cp, {coker cc)) is the cokernel of a in the category 5^. 
Consequently is a preabelian category. To prove that it is Abelian we 
have still to show that for any morphism a :F-► G in the canonical 
morphism a :coim a-► im a is an isomorphism. To do this, we consider 
the following diagram in : 

ker a-► F---► G-► coker a 

u' v' 

. 0 
coima-►ima 

where 6 is an isomorphism. We infer from the definition of R^F that if F 
is a left-exact functor, then pf .F->R^F is an isomorphism. From the 
above diagram we obtain the diagram 

ker a G 

u' /?®(coim a) 

coim a 

R^{im a) 

F —^ coker a 

R®(coker a) 

im a 

where p = Pcoima? ^ = Pima- All morphisms are constructed in a 
canonical way so that all the diagrams be commutative. In particular, 
a = R^9. R^{im a) and R®(coim a) play the role of image and coimage 
for a in the category Indeed, it is sufficient to prove that R^{im a) 
together with v is the kernel of p' = pi(p. To do this, we notice that t; is a 
monomorphism in the category ^ and (p', /^^(coker a)) is the cokernel 
of V. Thus ^ is an Abelian category. 

The functor R^ is left-exact as shown by proposition 5.37. It is also 
right-exact since it possesses a right-adjoint functor. Thus we obtain: 

Proposition 5.38. Let ^ be a small Abelian category. We denote by 
the category of contravariant additive functors from ^ to and by 6F the 

full subcategory of consisting of left-exact functors. is an Abelian 
category and the inclusion functor I possesses an exact left- 
adjoint functor. 
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We use this opportunity to introduce the following notion. 

Definition. Let be two Abelian categories, T:^-an exact 
functor and S a right-adjoint functor of T which is fully faithful. We say 
that the couple (T, S) defines the category as a quotient category of 

Remark. Our notion of a quotient category is less general than that of 
P. Gabriel. 

The most important properties of the category ^ are inherited by the 
category as shown by the following 

Proposition 5.39. Let ^ and be two Abelian categories, T:^- 
a functor and S:^'-a right-adjoint of T such that the couple (T, 5) 
defines as a quotient category of Then, if ^ satisfies one of the axioms 
AB3, AB4, AB5, AB3*, then satisfies the same axiom. If^ satisfies AB4* 
or AB5* and S is exact, then satisfies the same axiom. If^ possesses a 
family of generators, then so does 

Proof. We verify, for instance, that if ^ satisfies AB3, then so does 
Let be a family of objects of Consider the family of objects of 
^(5(XJ))ie/ and their direct sum ^ S{X[) = 7; we denote by (Xi:S{X'^ 

ie I 

-► y the canonical injections. Then T{Y) together, with the morphisms 
T((Xi) is a direct sum of the family (r(5(X-))ie/; since the functor S is fully 
faithful, it follows that TS(X'^ is isomorphic with X[ for any iel. The 
other conditions are verified in a similar manner. 

If i^diei is a family of generators for the category then 
is a family of generators for the category The verification of this 
assertion is straightforward. 

It follows from proposition 5.39 that, under the hypothesis of proposition 
5.38, the category is a quotient category of and is therefore a 
Grothendieck category. To complete the proof of the programme pro¬ 
posed at the end of the preceding paragraph, we now prove the following: 

Theorem 5.40. Under the hypothesis and notations of proposition 5.38, 
the functor o h, where h:^-is the functor which associates to X 
the functor Hom<g(hx, X), is a full embedding of^ into 5^, that is, any small 
Abelian category can be fully embedded into a Grothendieck category. 

Proof. For any object X of the functor hx is left-exact, hence R^hx 
is isomorphic under with hx. This implies that for any objects X, 7 of ^ 

R^ihx, hy): Hom^A(/ix, hy)-► RomyiR^hx, R^hy) 
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is an isomorphism. Consequently, oh is a fully faithful functor. It 
remains to prove that it is exact. 

As a composition of two left-exact functors, o his left-exact. We have 
still to show that it is right-exact and to this end it is sufficient to prove 
that it preserves epimorphisms. Let /: Z-► Y be an epimorphism in 
R^h{f) is an epimorphism if and only if R®(coker h{f)) = 0 or //(coker 
h(f)) = 0? where H is the functor constructed at the beginning of this 
paragraph. Let X be an object of according to the definition of H, 

//(coker h{f){X)) = Im coker h{f){A, p). 
(A,p)eEiX) 

Consider the diagram: 

hziX) hy{X)-> coker h(f)(X)->• 0 

hz(P) hyip) 

hz{A)-^hyiA)-►coker h{f){A)-►O. 

Let aGhyiA); then a : A->Y is a morphism of From the com¬ 
mutative diagram: 

Z--—>Y 

Z Tly A jr-^ A 

constructed in a canonical manner, we deduce h{f'){a) = h{f){a), which 
shows, according to the construction of //(coker h{f)X that //(coker 
h{f){X)) = 0, using the properties of inductive limits for Abelian groups. 
Thus R®(coker h{f)) = 0, which completes the proof. 

We have assumed above that ^ is a small category because we have 
used—to construct certain functors—inductive limits, and we know how 
to construct these limits only when the indices form a set. Certain founda¬ 
tional difficulties arise in the case of an arbitrary Abelian category. A 
method to circumvent these difficulties is furnished by the following 
general result. 

Proposition 5.41. Let ^ be an Abelian category and (Ai)i^j a set of 
objects of Then there exists in ^ a small Abelian full subcategory 
such that Ai is an object of for any i e /. 

Proof. Denote by the full subcategory of ^ consisting of the objects 
Ai. s/q is a small category. We denote by the full subcategory of ^ 
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formed by all the objects of js/q ? the kernels and cokernels of the mor- 
phisms in (for any morphism in , we choose a single kernel and a 
single cokernel) and the finite direct sums formed with the objects of js/q • 

is a small subcategory of By iteration, denote by J24+1 = (^„)i 
(n = 1, 2, •)• For any n, is a full small subcategory of Obviously 
J34 c: J24+1. Denote js/ = i-C- the smallest full subcategory 

of ^ which contains simultaneously J24 forn = 0,1, 2, • • •. Clearly ja/ is a 
small subcategory of ^ is Abelian; for, let /: A-► B be a morphism 
in There exists an n such that A and B are objects of Then ker / 
and coker / are objects in ja4+i together with the canonical morphisms, 
etc. 

Proposition 5.41 enables us to study the Abelian categories locally. 
An application of this proposition is to be found in chapter 6. 



CHAPTER 6 

Injective and Projective Objects in Abelian Categories 

1. The Notion of an Injective (Projective) Object and its 
General Properties 

Definition. Let ^ be an Abelian category and Q an object of We 
say that Q is injective if for any monomorphism cc:A'->A and any 
morphism u:A'->Q there exists a morphism v:A->Q such that 
VOL = u. Using the language of diagrams this means that any diagram 
of the form 

0->A'->A 

Q 

where the row 0->A'->A is exact can be imbedded into a 
commutative diagram of the form, 

0->A'->A 

Q 

Proposition 6.1. Let ^ be an Abelian category and {Qdiei family 
of objects of ^ such that the direct product Q = Y\Qi ^^Ists. Then Q is 

iel 

injective if and only if each Qi is injective. 

Proof. Let Ui: Q-► Qi be the canonical projections and : Qi-► Q 
morphisms such that = 1^.. If g is injective and f\X'->X is a 
monomorphism in ^ and g:X'->Qi is a morphism in % then 
oCi o g:X'-► Q. There exists h: X-► Q with ho f = (x^o g and therefore 
Ttiohof = TT.o a^-og = g. Hence Qi is injective. 

Conversely, assume that Qi is injective for any i e /, and let g: X'-► Q 
be a morphism in Let hi'.X-► Qi be such that Ttio g = hi o f From 
the definition of direct products it follows that there exists a unique 

124 
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morphism h:X-► Q such that %ioh = hi. Clearly ho f = g, so that Q 
is injective. 

Proposition 6.2. If the subobject Q of C is injective, then Q is a direct 
summand of C. 

Proof. Let i:Q-►C be the canonical injection of Q in C. It is 
sufficient to show that there exists p:C->Q such that pi = 1q. 
However, if we consider the diagram 

Q-^C 

Q 

the fact that Q is injective yields a morphism p:C->Q such that 
pi = 1q. 

Proposition 6.3. Let and ^2 Abelian categories. Assume that 
the functor G:^2-Is the adjoint of the functor -►^2- 
Under these conditions, if the functor F is exact, then G transforms any 
injective object of ^2 tin injective object of . 

Proof. Let Q be an injective object of ^2- have to prove that 
G{Q) is an injective object of the category To do this, it is sufficient 
to show that for any exact sequence 

0->X'->X->X"-►O 

in the category , the sequence of Abelian groups and homomorphisms 
of Abelian groups 

0-^Hom^^(^", G((2))-^Hom^^(^, G{Q)) 

-G{Q))-^0 

is exact. But the hypothesis implies that the sequence 

0-> F{X')-► F{X)->• FiX")->• 0 

is exact. Hence, Q being injective, the sequence 

0->Hom^^(F{X"), Q)->llom^^(F(X), Q)-Q)-►O 
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is exact. Since we have the commutative diagram 

0-^Hom^,(F(^"), Q)-^Hom^,(F(^), Q)-^Hom^,(F(^'), Q)-^0 

0-^Hom^^(^", G{Q)y->Hom^^(^, G{Q))-^Hom^^(^', G{Q))-^0 

where the vertical arrows are isomorphisms, it follows that the sequence 
(*) is exact. 

The notion dual to that of injective object is called projective object. 
We leave it to the reader to formulate the propositions dual to proposi¬ 
tions 6.1, 6.2, and 6.3. 

Definition. Let ^ be an Abelian category. We say that ^ is with 
sufficiently many injectives if any object of ^ is a subobject of an injective 
object of 

The Abelian categories with sufficiently many injectives represent the 
best setting for ‘doing homological algebra’. Before studying in detail a 
few such categories, we prove the following proposition which is in a 
sense a converse of proposition 6.3. 

Proposition 6.4. Let be two Abelian categories, Tan 
additive functor and S:^'-a right adjoint of T. If ^ is a category 
with sufficiently many injectives and S preserves the injective objects, then 
T is exact. 

Proof. It is sufficient to prove that T preserves monomorphisms, 
i.e. if i:X-► 7 is a monomorphism in ^ then T(i):T(X)-► 71(7)is a 
monomorphism in Let ^ ST and (S>:TS-> be func- 
torial morphisms such that ^{T{A))T{^{A)) = and S(0(B)y¥(S(B)) 
= ls(B) for any A in ^ and B in (cf. proposition 1.13), and let i: X-► 7 
be a monomorphism in We have in the diagram 

r(7) 

T(X) 

Q 

where / is a monomorphism and Q is an injective object. From this 
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diagram we obtain the following commutative diagram 

X-^->Y 

^iX) ^(y) 

S{Q) ST{X)STiY). 

Let a: Y-► S{Q) be a morphism in ^ such that a o i = S{f) o 
By applying the functor T to this diagram and taking into account the 
relations: 

0(T{X)) o TmX)) = foWX)) = m) o TSifX 

we get: / = ^(Q) o TS(f) o T^(X), But r(a) o T(i) = TS(f) o T^(X\ 
hence / = <X>(g)o T((x)o T(i\ whence we conclude that T(i) is a mono¬ 
morphism. 

We shall now indicate a few important categories with sufficiently 
many injectives. More precisely, we shall prove the following. 

Proposition 6.5. Let A be a ring with a unity element. The category 
is with sufficiently many injectives. 

Proof. We shall prove the proposition in several steps. 
(a) In the category an object Q is injective if and only if g is a 

divisible group. 
For, let Q be an injective object in the category ^nd 

neZ, n # 0. We must produce an element yeQ such that ny = yQ. 
To do this, consider the homomorphism of Abelian groups (p:Z->Q 
defined by 

(p{m) = myo for any meZ. 

Consider the diagram 

0—>z-^z 

Q 
where if/ is defined by il/(m) = nm. Since Q is by hypothesis injective, there 
exists u:Z->Q such that uij/ = cp. Let y = w(l). We have yo = (p{l) 
= u{il/(l)) = u{n) = nu{l) = ny. 

Conversely, let g be a divisible group. Let A' be a subgroup of A and 
u:A'->Q a homomorphism of Abelian groups. We have to show that 
u can be extended to A. Consider the set of pairs (F, v) where F is a 
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subgroup of A which contains A' and t; is a homomorphism of V into Q 
which extends u. We introduce an order relation into this set as follows: 
(V\ v') < {V'\ v") if and only if V' cz V" and v" extends v'. The Zorn 
Lemma shows that there exists a maximal element (Fq, t;o) in this set. 
We show that Vq = A. Indeed, assume that there exists xe A such that 
x^Vq. Consider now the subgroup Zx of A. Two cases may arise: 

I. Zx n Fo # {0}. 
II. Zx n Fo = {0}. 

Since case II is easily seen to lead to an absurdity, we deal only with 
case I. Let yIq be the least positive integer such that UqX e Vq. Clearly 
Zx n Vq coincides with the subset of elements of the form mriQX where 
m runs through the set Z. Consider the subgroup Fo + Zx = F. We show 
that there exists t;: F->Q such that v extends Vq, which will complete 
the proof. Since yIqX g Fo it follows that VQ{nQx) is defined. Let yo = 
Since Q is divisible, there exists yeQ such that UQy = yQ. Let z g Fo + Zx, 
i.e. z = a A nx, a e Vq, ne Z. Set v{z) = VQ{a) + ny. v{z) does not depend 
on the representation of z in the form z = a + nx. For, if z = b + mx, 
bG Fo, meZ, then a — b = (m — n) xg FoO Zx and therefore m — n 
= h'hq. Hence 

VQ{a - b) = VQ{a) - VQ{b) = VQ{n'nQx) = n'vQ{nQx) 

= n'yQ = n'uQy = (m - n)y. 

Hence VQ{a) A ny = VQ{b) + my. Clearly t; is a homomorphism which 
extends t;o. Thus Q is injective. 

(b) Let (p:A-► T be a homomorphism of rings with a unity element 
{(p{l) = 1). If the category is with sufficiently many injectives then the 
category is also with sufficiently many injectives. 

Proof. Consider the functors 

¥: -► A^, G: a^-> 

defined by 

F{A) = A,^,, G{B) = Homj,{r,^,,B). 

We recall that the left T-module structure of G{B) is defined as follows: 
if w. ^B then by definition (yw)(-x) — w(x'y) for any xg I[<^] - 
The functor G is an adjoint of the functor F, and F is an exact functor. 
According to proposition 6.3 G then transforms an injective A-module 
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into an injective F-module. Let now B be an arbitrary F-module. 
is a A-module. By hypothesis there exists an injective A-module Q and 
an imbedding ->Q. G being left-exact we get the imbedding 
(of F-modules) G(^):G(B[^j)-^G{Q), But G{Q) is injective. We show 
that we can imbed B into G(Q). It is obviously sufficient to imbed B into 
G(B[^j). This is achieved as follows: To each be B = we associate the 
homomorphism 5 e HomA(I^<^], defined by b(y) = yb. If we take into 
account the homomorphism HomA(I^<^], B^^j)-►Bj^j which associates 
to each w g HomA(F[^j, B^^j) the value w(l) it follows that with the map 
b->S we have realized an imbedding of B into G(B[^]), whence our 
assertion. 

(c) The category is with sufficiently many injectives. 

Proof. In view of (a) we must prove that any Abelian group can be 
imbedded into a divisible group. This is clear for the case of the group Z 
and hence for any free group. Since any factor group of a divisible group 
is divisible and the direct sum of a family of divisible groups is a divisible 
group, we infer that any Abelian group can be imbedded into a divisible 
group. 

(d) For any ring A with a unity element, the category is with 
sufficiently many injectives. 

Proof. It follows from (b) and (c) by considering the ring homo¬ 
morphism (p:Z-►A which sends the unity of Z into the unity of A. 

2. Essential Extensions 

Proposition 6.^. Let ^ be an Abelian category and M and P two objects 
of ^ such that P z:> M. Under these conditions the following assertions 
are equivalent: 

(i) For any subobject QofP,QniM = 0 implies 2 = 0. 
(ii) Any morphism u :P->A which induces a monomorphism on M is 

a monomorphism. 

Proof. (i)=>(ii). Let Q = kerw. By hypothesis uct.M->A, where 
a:M->P is the canonical injection of M into P, is a monomorphism. 
We have to prove that ker w = 0. It is sufficient to show that Q n M = 0. 
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Otherwise, we would have 0 # g n M ci ker(wa), as seen from the follow¬ 
ing commutative diagram, where (M n g, fi) is the kernel of Pcc: 

A 

But this contradicts the fact that ua is a monomorphism. 
(ii) => (i). Let Q cz P, Q n M = 0, Consider the morphism P - > P/Q. 

The kernel of the morphism jSa is g n M = 0. Hence jSa is a mono¬ 
morphism. It follows that is a monomorphism and thus 2 = 0. 

Definition. The pair (P, M) where M is a subobject of P is said to be an 
essential extension of M if the equivalent conditions (i), (ii) are satisfied. 
We will also say that ^:M->P is an essential monomorphism if ^ is a 
monomorphism and if the pair (P, M) is an essential extension of M. 
Still simpler, we will say that P is an essential extension of M. 

It is sometimes interesting to consider also the dual definition, which 
we explicitate for the convenience of the reader. 

Definition. An epimorphism /:M-►M' is said to be essential if for 
any morphism g :X->M such that fg is an epimorphism, g is an 
epimorphism. 

Examples. 

Proposition 6.7. Let A be a commutative ring with unity element, and 
let be the category of left A-modules. In order that the A-module P be 
an essential extension of its submodule M it is necessary and sufficient that 
for any P, ^ ^ 0,we have A^ n M ^ {0}. 

Proof. The necessity is evident, since A^ # {0}. For the sufficiency, 
let 2 be a submodule of P such that Q n M = {0}.Wq have to show that 
Q = {0}. Assume 0 # (^e2* Then Ai n M ^ (0), which is absurd in 
view of A^ n M cz Q n M. 

Example 1. Let A be a domain of integrity, considered as an object of 
the category Let B be the field of quotients of A, considered also as 
an object of It follows immediately from proposition 6.7 that B is an 
essential extension of F. 

2. Let A be a local ring of maximal ideal m, and let k be the residual 
field A/m. Consider the epimorphism f:A->A/m. (All is conceived. 
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of course, in the category f is an essential epimorphism. Indeed, 
let X be an ^-module and g \X->A such that /g is surjective. Thus 
g(A") -\- m = A. From this it follows by the Lemma of Nakayama that 
g(A") = A, so that g is an epimorphism. 

Definition. An essential extension (/, M) of the object M where I is 
an injective object is called an injective envelope of the object M. 

We shall see (corollary 6.19) that in a Grothendieck category any 
object possesses at least one injective envelope and that two injective 
envelopes are isomorphic. 

Examples of injective envelopes 

1. Consider in the category of Abelian groups the additive group of 
integers Z. Then clearly the additive group of rationals Q is an injective 
envelope of Z. 

2. Let p be a prime. Consider in the category the multiplicative 
group Zpoo of all complex numbers which satisfy an equation of the form 

=1, n > 0. 

Let m be an arbitrary positive integer. Clearly Z^m ci Z^oo. We prove 
that Zpoo is an injective envelope of Z^m. 

(a) Zpoo is injective. It is sufficient to show that Zpoo is infinitely 
divisible. Let C e Zpoo. We have to check that for any integer n > 0 there 
exists Cl eZpoo such that Ci = C- We may obviously prove this only for 
prime numbers. 

If n = p, this is evidently the case. Assume now n is prime with p and 
=1. We have 

p’^s nq = 1. 

Hence 

Thus Zpoo is infinitely divisible and therefore injective. 
(b) The extension {Zpoo, Z^m) is essential for any m > 0. Since 

Zpoo = sup Zpm', it is sufficient to prove that the extensions (Zpm», Z^m), 
m' >m 

m' > m, are essential. This results from the fact that, as easily seen, the 
extension (Zpm+i,Zpm) is essential. 
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3. Properties of Injective Envelopes 

Lemma 6.8. IfM^ a , M2 c: P2 are essential extensions, then © M2 

ci Pj © P2 is an essential extension. 

Proof. Let QbQ a. subobject of P^ © P2. We must prove that if Q ^ 0 
then g n (Ml © M2) # 0. Let Pi,P2 be the canonical projections of 
Pi © P2 onto Pi and P2. From the hypothesis it follows that either 
PiiO) # 0 or p2iQ) # 0. Assume PiiQ) # 0. Since Pi{Q) c: P^ it follows, 
by the fact that Mi c: P^ is an essential extension, that Pi{Q) n Mi # 0. 

Thus we have 2 n pf H^i) = 61 # 0* 
Two cases are possible: either P2(6i) # 0 or Qi ci p2 ^^2)* fbe first 

case it follows that P2(6i) ^2 # ^ and therefore n P2 ^^2) # 0. 
But Qi n P2^{M2) Ml ® M2- In the second case it follows that 
01 c: Ml © M2. 

Proposition 6.9. If Ii is the injective envelope of Mi and I2 is the 
injective envelope of M2 then, Ii © 12 is the injective envelope of Mi © M2. 

The proof is obvious in view of lemma 6.8. 

Proposition 6.10. Let ^ be an Abelian category and X an object of 
If Qi and Q2 are two injective envelopes of X, then Qi and Q2 are 

isomorphic. 

Proof. hQtfiX-^Qtii = L2) be the canonical monomorphisms. 

There exists aiQi-^62 such that ofi = /2. a is a monomorphism. 
For, if y = ker a, then 7n A" # 0 and therefore ker (a© fi) # 0, which 
contradicts the fact that/2 is a monomorphism. 

a is an epimorphism, since otherwise ima is a direct summand of 
Q2 which contains im /2 and this contradicts the fact that g2 is an essential 
extension. 

In what follows we prove a proposition which shows the existence of 
injective envelopes in a very large variety of categories. 

Proposition 6.11. Let A be a ring with a unity element. Then in 
any object possesses an injective envelope. 

Proof. We first prove the following: 

Lemma. A module I is injective if and only if I has no proper essential 
extension. 
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Proof. Assume I is injective; let I->B be an essential extension 
of I. According to proposition 6.2, I is then a direct summand of B, so 
that I is isomorphic with B, 

Conversely, assume I has no proper essential extension. We prove that 
any extension I->B is split, which in view of propositions 6.5 and 6.1 
shows that I is injective. Consider the set of all submodules X of B 
such that A" n 7 = 0; ^ is an inductive set. For, if {XXei is subset of 

which is linearly ordered by inclusion, then the union X = \J X^ 
aeJ 

is a submodule of B with X n I = 0, hence X belongs to According 
to Zorn’s lemma, possesses a maximal element M. The composition 

1-^^B-^^B/M 

is an essential extension of 7, which is immediately seen. But then p o i 
is by hypothesis an isomorphism. It follows that B = I ® M. 

To prove proposition 6.11, let A be a left A-module and A->Qq 
a monomorphism with Qq injective, which exists by proposition 6.5. 
Let jV' be the set of all submodules X of Qq such that X is an essential 
extension of Ais an inductive set, since if (X^)^^j is a subset of jV' 
which is linearly ordered by inclusion, then U X^ is an essential extension 

aeJ 

of A. According to Zorn’s lemma, the set jV' possesses a maximal element 
Q and Q is an essential extension of A. 

Let now Q^ be an essential extension of Q. Then there exists a mono¬ 
morphism a:gi->Qq such that the diagram 

Q->Qo 

is commutative, where Q-► Qq is the canonical monomorphism which 
defines Q a.s a. subobject of Qq. But this implies that Q is isomorphic 
with Qi, since otherwise the maximality of g in ^ would be contradicted. 
Thus Q has no proper essential extensions. Consequently Q is injective 
by the lemma. 

Remark. Let ^ be an Abelian category satisfying condition AB5 and 
X an object of If A" ci Qq an4 Qq is an injective object of then we 
may paraphrase the above proof to show that X possesses an injective 
envelope. 
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4. Projective Objects 

The notion of a projective object is dual to that of an injective object, 
as shown by the following: 

Definition. Let ^ be an Abelian category and P an object of We 
say that P is projective if for any epimorphism a:A->A' and any 
morphism u:P->A' there exists a morphism v:P->A such that 
at; = u. 

Using the language of diagrams this means that any diagram of the 
form 

0<-A'<-A 

P 

where the row 0 <-A' <-A is exact can be imbedded into a 
commutative diagram of the form 

0<-A'<-A. 

P 

We may dualize for projective objects propositions 6.1 and 6.2 in an 
evident manner. Also, we may dualize propositions 6.3 and 6.4, the 
dualization consisting in interchanging the words ‘right-adjoint’ and 
‘left-adjoint,’ and ‘injective’ and ‘projective.’ 

The following proposition characterizes the projective objects in the 
category 

Proposition 6.12. In order that a A-module P be projective it is 
necessary and sufficient that P be a direct summand of a free A-module. 

Proof. Let Fp be the A-module consisting of all formal finite sums 
ZAfXf, where Xi e A, Xi e P. Fp is a free A-module. The map 

lx-►x 

extends to a homomorphism (p: Fp-► P. Consider the exact sequence 

0->ker(p--►O. 
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Now, if P is projective, then there exists a morphism: if/.P->Fp 
such that (pij/ = Ip. This means that the sequence splits and P is a direct 
summand of the free A-module Fp. 

We have still to prove that each direct summand of a free A-module is 
projective. According to the dual of proposition 6.1 it is sufficient to show 
that every free A-module is projective. Let then P be a free A-module 
with base Let g :A->B be an epimorphism and let/:F->B. 
For each i e I select an element yi e A with the property that g{yi) = /(x,). 
There exists a morphism h:F->A such that h(Xi) = y, for each iel. 
We have gh = /, so that F is projective. 

Corollary 6.13. Each A-module A is a quotient of a projective A- 
module {The dual of proposition 6.5). 

Proof. It is sufficient to consider the epimorphism -► A defined 
in the proof of proposition 6.12. 

It is not true that any object of possesses a projective envelope. 
In chapter 7 we indicate examples of categories in which any object 

possesses a projective envelope. 

5. Localization in Rings 

We propose to describe in the following all the quotient categories of the 
category of right A-modules, where A is a ring with a unity element. 
This problem is closely related to the notion of an injective envelope. 

We begin with a few general considerations on the quotient categories 
defined in chapter 5. 

Proposition 6.14. Let he Abelian categories, T:^-an 
exact functor and S a right-adjoint functor of T which is fully faithful 
{i.e. is a quotient category of ^). Denote by ker T the full subcategory 
of^ consisting of the objects X of ^ such that T{X) = 0. The subcategory 
ker T satisfies the following conditions: 

(a) If in the exact sequence 

0->A'->A->A"-►O 

of objects and morphisms in A is an object o/ker T, then A' and A" are 
objects o/ker T and conversely. 

(b) If D :Q)-►ker T is a functor where Q) is a small category, such 
that lim D exists in % then lirn D is an object o/ker T 
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Proof. To prove (a), it is sufficient to use the fact that T is an exact 

functor. To prove (b), we use the fact that T preserves inductive limits, 

since it possesses a right-adjoint functor. 

The full subcategory ker T of ^ is said to be the localizant subcategory 
associated to the quotient category We shall see that for the category 

there exists a correspondence between the localizant subcategories 
and the quotient categories. 

Proposition 6.15. Under the hypothesis and the notations of proposition 
6.14, the following assertions are equivalent for the object X of 

(a) Iff :P->Q is a morphism in ^ such that ker / and coker / are 
objects o/ker T, then the map Hom^(/, X) is a bijection. 

(b) X does not contain non-null objects o/ker T and any exact sequence 

0->X->A->B-►O 

where B is an object o/ker T, is split. 

Proof, (a) => (b) is evident. 

(b)=>(a). Let f:P->Q be a morphism in ^ such that ker / and 
coker/ are objects of ker T. Let p:Q->X be a morphism such that 
pof =0. Then p = 0, since X has no subobject from ker T. Thus 
Hom,^(/, X) is a monomorphism. If p:P->X is a morphism of ^ then 
we have the commutative diagram 

0->X-^XU,^fQ-► coker jg'-►O 

p o / = 0, since X has no subobject of ker T, and a is the cokernel of i. 
coker is an object of ker T, since coker/is so. There exists a morphism 
y: X Q-► X such that yf' = lx- But then yuf = yu'fa = yfua = p 
which shows that Hom,^(/, X) is an epimorphism. 

Definition. Under the hypothesis and notations of proposition 6.14, 
an object A" of ^ is said to be ker T-closed (or simply closed if no confusion 
is possible), if it satisfies one of the equivalent assertions of proposition 
6.15. 

We now prove a proposition which characterizes the closed objects. 
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Proposition 6.16. Under the hypothesis and notations of proposition 
6.14, an object X of ^ is ker T-closed if and only if it is isomorphic with 
an object of the form S(X'), where X' is an object of . 

Proof. Let X' be an object of and /:P-►g a morphism in ^ 

such that ker/and coker/are objects of ker T. Then Tf is an isomorphism 
in and we have the commutative diagram 

Hom^(Q, SX’) > Hom^(P, SA") 

« » 

Hom^.(rQ, X’) Hom^, TP, X') 

where the vertical maps are adjunction isomorphisms. This implies that 
Hom^(/, SX') is an isomorphism. To complete the proof, let 'F: -> ST 
and O: TS-► 1^ , be the functorial morphisms such that ^(r(^))r('F(^)) 
= and S(^(B))^{S{B)) = Is^b) for any ^ in ^ and B in (cf. proposi¬ 
tion 1.13; (!> and 'F are said to be adjunction arrows quasi-inverse to 
each other). It is sufficient to prove that for any object X of ^ ker 'F(X) 
and coker'F(X) are objects of ker r('F(X):X->STX). Since O is an 
isomorphism, from the relation ^(r(X))r('F(X)) = lr(;^) we deduce 
that r'F(X) is an isomorphism, which completes the proof, T being an 
exact functor. 

Let X be an injective object of % which has no subobject in ker T 
Then it follows from proposition 6.15(b), that X is ker T-closed. It is 
readily seen that TX is an injective object of 

Corollary 6.17. Under the hypothesis and the notations of propositions 
6.14, if ^ is a category with injective envelopes, then so is . 

Proof. Let X' be an object of Consider the object SX' of ^ and 
let i\SX’-be an injective envelope of SX'. Q has no non-null 
subobject in ker T and therefore it is closed. TQ is injective in and 
Ti: TSX'-► Tg is an essential extension. 

We now prove a proposition which will be used in the sequel. 

Proposition 6.18. Under the hypothesis and notations of proposition 
6.14, we denote by the full subcategory of^ consisting of the ker T-closed 
objects. can be canonically organized as an Abelian category and S 
establishes an equivalence between this category and 

Proof. Let 'F:!^-►ST be an adjunction arrow of S with T and 
^:TS-►l^. a quasi-inverse of 'F. Let X, 7 be objects of ^ which are 
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ker T-closed, i.e. according to proposition 6.16, and ^{Y) are 
isomorphisms. If f:X-► 7 is a morphism in , we consider the 
commutative diagram 

0-►ker/--—>‘X-^—>Y-^—•■coker/->0 

'H(ker/) ^(X) « ^(y) ^(coker/) 

ST(ker f) STX STY Sr(coker/) 

where the top row is exact in The kernel of / in is the couple 
(ST(kQr f\ o STi\ and the cokernel of / in is the couple 
(Sr(coker/), STpo^{Y)). We leave it to the reader to check that is 
Abelian. 

A morphism / in is a monomorphism if and only if it is a mono- 
morphism in / is an epimorphism in if and only if coker / is an 
object of ker T, The fact that S establishes an equivalence between 
and ^ is deduced from the fact that S is fully faithful and any object X 
of is isomorphic with STX, 

As announced at the beginning of this paragraph, we now study briefly 
the localization in rings, i.e. we study the quotient categories of the 
category . 

Let A be a ring with a unity element and the category of unitary 
right A-modules. Let be a quotient category of Abelian 
category together with two functors: which is exact, and 
S:^'-►^A? ^ fully faithful right-adjoint of T. We shall prove in the 
following that the category ker T determines the category up to an 
equivalence. Precisely, let be two quotient categories of ^a und 
T', S\ T", S" the respective functors. We say that and are equivalent 
quotient categories if there exists an equivalence H such that 
H o T' = T". In this case, the localizant categories ker T' and ker T" 
coincide in a canonical way. We shall understand by a quotient category 
of the category a ‘class of equivalent quotient categories.’ 

Definition. A full subcategory of the category ^a is said to be 
localizant if it satisfies the following conditions: 

(a) If in the exact sequence 

0->A'->A->A"-►O 

in ^A ^ is an object of js/, then A\ A" are objects of and conversely. 
(b) An inductive limit of objects of taken in ^a is an object of 
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The localizant subcategories have already appeared with the occasion 
of proposition 6.14; however, the above notion is not dependent on any 
notion of quotient category, but, as will be seen in the sequel, we will 
define quotient categories by starting from localizant categories. To do 
this we shall use the following notion: 

Definition, Let A be a ring with a unity element and let be a system 
of right ideals of A. We say that is a topologizing system of ideals on A 
if the following axioms are satisfied: 

1. AgJ^ 
2. If ae ^ and x g A, then the ideal 

{o:x} = {yly 6 A, xy e a} 

is an element of 
3. If a and b are two right ideals of A, such that ae^ and for any 

X G a, {b :x} g then b g 

The justification of the concept just introduced consists in the following 
propositions, as well as in the subsequent constructions. 

Proposition 6.19. Let A be a ring with a unity element. There exists 
a one-to-one correspondence between the localizant subcategories of 
and the topologizing systems of ideals in A. 

Proof. Let U be the set of topologizing systems of right-ideals of A 
and V the class of localizant subcategories of ^a- We define the map 
(p: U-► V as follows: if ^ is an element of L/, then (p(<^) is the full 
subcategory of ^a formed by the modules A such that for any xg^, 
Ann X = {2|2 g A, x2 = 0} is a right-ideal of It is easy to verify that 
(p{^) is a localizant subcategory of ^a- 

We now define a map il/:V->U as follows: if js/ is a localizant 
subcategory of ^a? we denote by the system of right-ideals of A 
which are the annulators for the elements of the objects of ja/. It is 
straightforward to see that is a topologizing system and that 
(poij/ = I and ij/ o (p = I (where 1 is the suitable identity map). 

We now consider the category ^a ^ localizant subcategory of 
^A- Denote by ^ the topologizing system associated to ja/ by the preceding 
proposition. We shall define a functor //:^a-^^a follows: for any 
object X of ^A? we denote by the greatest subobject of in ja/ (the 
existence of A" ^ is assured by the fact that is closed under inductive 
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limits). Consider the Abelian group 

H(X) = limHomA(Q,A^/X,), 
oe^ 

which we make into a right A-module as follows: let meH(X) and 
XeA, Denote by XeA-►A the map defined by x->Xx. Let now 
u:a-^X/Xi be a morphism of which represents the element m 
of the inductive limit. We consider the element {a:A} e ^ and we denote 
by the restriction of 1 to {a:X}. The image of is contained in a. 
We set by definition mX as being the image in the inductive limit H(X) 
of the morphism uX^. Thus H(X) becomes a A-module. 

Let now/:X-► 7 be a morphism in It is obvious that f(Xi) is 
contained in y^.Thus / induces a unique morphism f'\X/X^-> 
/' induces in turn a unique morphism H{f)\H{X)-^H{Y) which is a 
homomorphism of right A-modules. This concludes the construction of 
the functor H. 

The topologizing system ^ ordered by inclusion is a left directed set. 
From the fact that satisfies AB5 and from the construction of H we 
deduce that i/ is a left-exact functor. Moreover, if X is an object of s/, 
H(X) = 0, since = X. 

If is the canonical morphism of HomA(A, X/X^) into the inductive 
limit H{X\ P:X/Xi-►HomA(A, X/X^) is the canonical isomorphism, 
and p:X-^X/X^ is the canonical epimorphism, then i/^(X) = oc/^Pp 
is a A-homomorphism from X into H{X) which defines a functorial 
morphism ij/ from to H. 

Concerning the functorial morphism ij/ we prove the following. 

Proposition 6.20. For any object X of ker il/(X) and coker il/(X) 
are objects of 

Proof. Clearly keri/^(X) contains X^ since H is a left-exact functor. 

We shall prove that the canonical morphism ->HX is a 
monomorphism, or, equivalently, that if X has no non-null subobject 
in ja/, then ^{X) is a monomorphism. Indeed, assume X has no non-null 
subobject in and let x g X be such that i/^(X)(x) = 0. Then there exists 
an element ae^ such that denoting by x:A->X the A-homo- 
morphism defined by x(X) = x2, and by i: a-► A the canonical inclusion, 
X o j = 0 (by using the properties of inductive limits). But this implies 
that a is contained in the annulator of X, which shows that x = 0. (We 
deduce immediately that if b is a right-ideal of A which contains an ideal 
in then b e J^). Thus, ker i/^(X) = X ^. 
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Let now xeH{X). We shall prove that the right-ideal {imil/{X):x} 
= {k/X G A, xA G im il/(X)} is an element of For simplicity, we admit 
that il/(X) is a monomorphism, which does not reduce the generality, 
and we identify X with im il/(X). Let u: a-► X be a A-homomorphism 
which represents x in the inductive limit H(X). 

From the preceding considerations, for any ke A, xk is defined as being 
the image in the inductive limit of the A-homomorphism uoki, where 

:{a:k}-> a/[i(y) = ky,ye {a:k}. 
In order that xk e X, (i.e. ke {X :x}), it is necessary that xk = i/^(X)(x'), 

where x' g X. In this case, we can identify the morphism il/(X) with the 
canonical morphism aA:HomA(A, X)-^H{X). With this observation, 
the relation xk = i/^(X)(x') is equivalent with the existence of the element 
be ^ contained in {a:k} such that the diagram 

{a:k} >Q 

b X 

A 

is commutative, where ij are canonical monomorphisms and x' is 
defined as follows: x'();) = x'y,^gA. We denote by c the ideal {X:x}, 
and let yGa. We shall prove that {c:y}e^. The element zgA is in 
{c:y} if yzGC, i.e. if we have a diagram of the above type where k is 
replaced by yz. But a diagram of this type is valid for any element of a, 
hence {c:y} contains a. Thus {c :y} g for any y g a. From the definition 
of the topologizing system (3) it follows that c g The proof is complete. 

Definition. The A-module X is said to be closed relatively to the 
localizant subcategory if the homomorphism il/(X) is an isomorphism. 

From the above construction we derive the following remarks: 
1. For any object X of the object H(X) has no non-null subobject 

in ja/. This results from the construction of H{X). 
2. If X is a closed object of then any exact sequence 

0-►X—->A-►O 

in where A is an object of js/, is split. To see this, consider the 
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commutative diagram: 

0->X—^—>Y->A->0 

^iX)\ 

0-^ H{X) -^H{Y)-^ H{A) 

where the bottom row is exact and H{A) = 0. We deduce that H{i) is an 
isomorphism. Hence il/{X)~ ^ o H{i)~ ^ o{l/(Y)o i = 

3. For any object X of the object H(X) is closed. 
To see this, notice in the construction of the functor H that for any 

object X of ^A the canonical epimorphism p:X-^X/X^ induces the 
isomorphism H{p). More precisely, we have the commutative diagram 

MX) 

>XIX, 

I Mxix,, 

We consider the commutative diagram 

0- >XIX,- >ii(xy ► coker i/^(X) - 

MX/x,) Mmx)) 

0->H(X/X,) 
ma) 

Mcoker MX)) 

► H{H(X))-► //(coker il/(X)). 

The top row is exact owing to the commutativity of the preceding 
diagram and to the fact that p is an epimorphism. The bottom row is 
also exact and //(coker il/(X)) = 0 according to proposition 6.20, and the 
fact that H is zero on the objects of Thus //(a) is an isomorphism. By 
applying the functor H to the preceding diagram we obtain that 
H{il/{X)) is an isomorphism. 

We denote by the full subcategory of ^ consisting of the objects 
which are closed relatively to (or simply closed). 

j/ is an Abelian category; for, the monomorphisms in js/ are those 
morphisms in ja/ which are monomorphisms in ja/, the epimorphisms in 
j/ are those morphisms /:X-► 7 in ja^ such that Coker /considered 
in ^A is an object in ja/. If / :X-► 7 is a morphism in j/, the kernel of 
/is defined by means of the canonical commutative diagram 

0 

0 

ker/--—  —►y 

'/'(ker/) MX) 

H(kerf)^^H(X) *H(Y) 



INJECTIVE AND PROJECTIVE OBJECTS IN ABELIAN CATEGORIES 143 

where (ker /, i) is the kernel of / in The kernel of / is the couple 
(//(ker /), il/{X)~ ^ o Likewise, from the commutative diagram 

X--—>■¥--—>• coker/ 

MY) i/^(coker /) 

>0 

H(y)-^H(coker/) 

where (coker /, p) is the cokernel of fin the category we deduce that 
(//(coker /), H{p) o il/{Y)) is a cokernel of/in It is left to the reader to 
verify that the canonical homomorphism from coim / to im / is an 
isomorphism in 

We define a functor Ti^a-as follows : if X is an object of ^a? 
T{X) = H{X\ and if/:X->Y is a A-homomorphism, TJ = Hf. The 
functor T is a right-adjoint of the inclusion functor -►^a- 
adjunction arrow of S with T is furnished by the functorial morphism 

= ST constructed above. Moreover, the functor T is 
exact and S is fully faithful. Thus, the couple (T, S) defines s/ as a quotient 
category of ^a- Thus the following proposition is true: 

Proposition 6.21. Let s/ be a localizant subcategory of ^a- There 
exists a quotient category of ^/^,and the canonical functors, T:^^-► 
S :s/-►^A (T exact, S fully faithful and right-adjoint to T) such that 

= ker T 

Proof. It is sufficient by the above considerations to prove that, if 
TX = 0, then X is an object of and this follows from the definition 
of H and the properties of inductive limits. 

It follows from proposition 6.21 that there exists a one-to-one 
correspondence between the quotient categories of ^a and the localizant 
subcategories of ^a- 

By using proposition 5.39, we deduce that any quotient category of ^a 
is a Grothendieck category, with direct products and from corollary 6.17 
and proposition 6.11, we deduce that any quotient category of ^a is with 
injective envelopes. Thus we have 

Corollary 6.22. Let be a quotient category of ^a- Then is a 
Grothendieck category with direct products and injective envelopes. 
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6. Characterization of Grothendieck Categories 

In the present paragraph we shall prove that any Grothendieck category 
is equivalent with a quotient category of a category with a suitable 
ring A. This result is due to P. Gabriel and N. Popescu [1]. 

Before doing this, we make some preliminary considerations which 
have also an intrinsic importance. 

Let ^ be an Abelian category and U an object of We denote by 
A the ring Hom^((/, (/), and by S the functor defined by 

S{X) = Hom{U, X) 

S(f) = 

where X is an object of ^ and / a morphism of % and S{X) has a right 
A-module structure defined as follows: for A e A, A: 1/-► U being a 
morphism in % and x e S{X), x: U-► X being a morphism in % xX 
is the composition of the morphisms x and X in Obviously 5/is a 
A-homomorphism for any morphism/in 5 is a left-exact functor. 

Proposition 6.23. Let ^ be an Abelian category and U an object of ^ 
such that for any set of objects in ^ where Ui is isomorphic with 
U for any i e /, there exists the direct sum @ L/j*. Denote by A the rin^ 

i€l 

Hom^(L/, U) and by S:^-functor defined above. Under these 
conditions the functor S possesses a left adjoint functor T 

Proof. Let M be an object of can construct an exact sequence 

in 

0A,^©A,-^M-►O (*) 
jeJ iel 

where I and J are sets and A^- A^ A for any iefjeJ. (Cf. [3], 
chapter I, section 2.) 

Consider the direct sums in the category where 
jeJ iel 

Ui^ Uj ^ U for any i e IJe J. We have for any object X of % according 
to proposition 3.7: 

Hom^(0 A;, S(X)) = n Hom^(A„ S(Z)) = 
iel iel iel 

where S(X)i « S(X) for any i e I. 
But we have S(A") = Z) and also S{X)i x Honi.g({/„ X), so 

that n S(Z)j « n Hom^(l/i, X) x Hom^ (0 U^, X). 
iel iel iel 
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As easily seen, all these equalities are in fact functorial in X (i.e. they 
are ‘independent of X’). 

Finally, we obtain a functorial isomorphism 

iPo(X): HomA(0 A,, S(^)) ^ Hom^(0 C/,, X) 
iel iel 

and analogously, for any object X of ^ a functorial isomorphism 

il,,(X):Hom^(0 A,, S(A)) Hom^(0 Uj, X). 
jeJ jeJ 

The morphism q enables us to construct the functorial morphism 

IX = iI/qo Uom^iq, )» i/'f':Hom^(0 Uj, )-► Hom^(0 {/;, ). 
jeJ is I 

However, by corollary 1.7, there exists a unique morphism q':@ Uj 
jsJ 

-^0 such that llom<^{q\ ) = a. We define TM = coker 
iel 

We leave it to the reader to check that TM does not depend on the 
free modules from the sequence (*) and T so defined is indeed a functor 
from to 

From the commutative diagram 

^ HomA(M, 5X)-► HomA(0 A^, SX) - •Hom^(0A,.,SZ) 
jeJ 

• Hom^iTM, X)-► Hom^(0 U„ X) ■ •Hom^(0C/,.,X) 
jeJ 

where the top row is induced by the exact sequence (*), the bottom row 
by the exact sequence 

-yTM-►O 
jsJ isl 

and the dotted arrow is constructed so that the diagram be commutative, 
we deduce that T is left-adjoint for 5, the morphism represented by the 
dotted arrow being in fact functorial. 

Proposition 6.24. Let ^ be an Abelian category and U an object of 
Consider the ring A = Hom^(L/, L/) and the functor S:^- 

defined at the beginning of this paragraph. U is a generator of ^ if and 
only if S is faithful. 
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Proof. Assume S is faithful; if i:X'-►X is a monomorphism of ^ 
which is not an isomorphism, and p:X->X/X' is the cokernel of /, 
then, if Si is an isomorphism we deduce Sp = 0, since S is left-exact. 
Thus p = 0, which is a contradiction. 

Conversely, assume 1/ is a generator of ^ and let f:X-► 7 be a 
morphism in ^ such that 5/ = 0. If/ = / o p is the canonical decomposi¬ 
tion of / with i monomorphism and p epimorphism, then Sp = 0 and if 
/ker /->X is the kernel of p, we infer that Sj is an isomorphism. 
Since 1/ is a generator, j is an isomorphism and therefore p = 0, hence 
/=0. 

Theorem 6.25. (P. Gabriel-N. Popescu). Let ^ be an Abelian category 
satisfying condition AB5 and let U be an object of We denote by A the 
ring Hom^((/, U) and by S:^-the functor considered in proposition 
6.24. Let T ^ left-adjoint of S and : TS-► an adjunc¬ 
tion arrow of T with S. The following assertions are equivalent: 

(a) U is a generator of 
(b) S is a fully faithful functor. 
(c) is a functorial isomorphism and T is exact. 
(d) T is exact and induces an equivalence between ^ and ker T, the 

quotient category of relatively to the localizant subcategory ker T. 

Proof. The equivalence (c) (d) is immediate according to proposi¬ 
tions 6.18 and 6.21. Also, by corollary 6.22, the induction (c) => (b) => (a) 
is clear. It remains to show that (a) => (c) and to this end we will first 
show that (a) => (b). 

Indeed, let X, 7 be objects of ^ and S(X, 7):Hom^(X, 7) 

-► Hom^^(SX, S7) the canonical map:/-► Sffe Hom^(X, 7). 
According to proposition 6.24, S(X, 7) is a monomorphism. We shall 
prove that S(X, 7) is also an epimorphism. To do this, let (p :SX->SY 
be a morphism of ^a- We denote by I the set Hom^(L/, X) and let (l//)/e/ 
be a family of objects of % each Uf being isomorphic with U. Denote by 
P'® ^^ fhe canonical morphism which induces / on the 

fei 
summand Uf, i.e. such that the diagram 

f^i 
X 
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is commutative for any f eljf being the canonical injections. Let also 
^ ^ ^ canonical morphism such that the diagram 

fei 

is commutative for any f e 1. 
If we prove that ker q contains ker p, then we deduce that q = ij/o p 

and therefore cp = Sij/ (since p is an epimorphism as follows from 
proposition 5.34). Let J be a finite subset of /, and Kj the kernel of the 
canonical morphism Uf->X induced by p. Since ^ satisfies 

feJ 

AB5, ker p = sup Kj,J running through the family of finite subsets of 
J 

I ordered by inclusion. To finish, it is sufficient to prove that, for any 
J,Kj is contained in k^rq. To do this, let h:Kj-Uf be the 

/e J 

canonical monomorphism (which defines Kj as a subobject of ©(//) and 
a: U-► Kj a morphism in Let also Uf be the canonical projection 

-► Uf; obviously, preserving the notation if: Uf-► 0 Uf 
feJ feJ 

for the canonical injections, we have X where 1 is the 

identity of 0 Uf. We have: 

Pjoho(X = PjoY^ (/^ o TTy o /l o a) = 0 = ^ /o 

/e/ /€/ 

where = Tiy o /i o a is an element of A. 
This implies 

qjoho(x= Y, (qjoif°Ttf°hoc() = ^ </>(/)“A/ 
feJ feJ 

= Z cp(foXf) = cp{Y,foXf) = 0 
feJ feJ 

for any (x:U->Kj. We conclude that qjo h = 0, and therefore Kj is 
contained in kQvq. 

In order to prove that (a) => (c), we shall prove that S induces an 
equivalence between ^ and the full subcategory of consisting of closed 
objects relatively to a localizant subcategory ja/ of ^a? abelianized in 
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conformity with the considerations preceding proposition 6.21 (remark 3). 
To do this, we now introduce a few definitions and lemmas. 

We shall say that the object N of is negligible if for any morphism 
/:A->N and any object X of ^ the canonical morphism 

HomA( A, SX)-► HomA(ker /, SX) 

is an isomorphism. 

Lemma 6.26. A A-module N is negligible if and only if for any morphism 
f :M->N in ^a any object X of ^ the canonical map 

HomA(M, SX)-► HomA(ker /, SX) 

is an isomorphism. 

Proof. Assume N is negligible and / :M->N a morphism in ^a- 
Consider the commutative diagram 

ker(/ o poll,.) A; 0 A. 

0-ykerf-^-••M— 

where the bottom row is exact, the couple (ker(/op© ij/.)^ y.) is the kernel 
of/o p o p is an epimorphism, A^ A for any i e /, ij/i are the canonical 
injections, and Si are constructed in a canonical way. Let X be an object 
of ^ and u :M->SX a A-homomorphism such that uocp = 0. Then 
no (p o Si = 0 for any i e I. Since N is negligible, we deduce that uo po il/. = 0 
for any i, and therefore w o p = 0, which implies u = 0 since p is an 
epimorphism. Thus the canonical map induced by cp 

HomA(M, SX)-► HomA(ker /, SX) 

is a monomorphism. 
Let now w:ker /->SX be a A-homomorphism. Then uo ^.:ker(/op^il/t) 
->SX. Let AfiAf->SX be such that AjO = uo Si. The morphisms 
Xi induce the morphism 2:0Aj->SX such that 2©^/^. = To 

iel 
finish the proof, it remains to show that 2 is zero on ker p and to this end 
one proves that it is zero on ker(/o p), by using an argument similar to 
that in the above proof of the implication (a) => (b). 

Lemma 6.27. Let be the full subcategory of ^a consisting of all 
negligible objects, is a localizant subcategory of^/^. 
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Proof. Let N be a negligible A-module, N'—a submodule of 
N and / :A->N' a A-homomorphism. Clearly ker(io f) is canonically 
isomorphic with ker /, whence it follows that N' is negligible. 

Let p: N-► N” be an epimorphism. If/: A-► N" is a morphism in 
then there exists a morphism h:A->N such that poh = / since A 

has a base reduced to the unity. Consider the commutative diagram 

0-► ker /' ATlf^-N N 

P" P' P 

0-►ker /-■-►A-j—►A" 

0 

where the rows are exact and p" is an isomorphism. Let X be an object of 
^ and u:A->SX a A-homomorphism such that uoi = 0. Then 
uoio p" = 0 and therefore uop' oi' = 0, which means that uo p' = 0; 
thus u = 0 since p' is an epimorphism. 

There exists a A-homomorphism : A-►AITa-A such that = 1^. 
Then qoio p" = For, if x eker/', from p' o i{x) = 0 it follows that 
X = 0 which shows that im i' is contained in im q. 

If w:ker /->SX is a A-homomorphism, then there exists oc .ATlpf 'N 
-► SX such that ao f = wo p". Then ocoq ;A-► SX and ocoqo io p" 
= (xo i = uo p'\ i.e. oLo qo i = u. 

We have thus proved that a quotient object of a negligible object is a 
negligible object. 

We now consider the exact sequence in ^a 

0-►iV'—^iV—^iV"->0 

where iV', N" are objects of Let /: A-> iV be a A-homomorphism. 
We consider the commutative diagram 

ker/ 

ker(p/)—p^A 

h f 

0->N'-i--►O 

where (ker/, k) is the kernel of h, (ker/, u) is the kernel of/, (ker(p »f)J) 
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is the kernel of p o /, and k, hj are constructed in a canonical manner. 
Let X be an object of ^ and a:A->SX a homomorphism such that 
a o w = 0. Then a o j o k = 0 and hence a o j = 0, i.e. a = 0 since N' and 
N" are negligible. If a:ker /->SX is a A-homomorphism, there exists 
P: ker(p o f)-► SX such that <> k = a and also there exists y: A-► SX 
such that y^j = p. Obviously, you = yojok = pok = (x. 

We have still to show that an inductive limit of negligible modules is a 
negligible module and to do this it is sufficient to prove that a direct sum 
of negligible modules is negligible. This in turn reduces to the fact that a 
finite sum of negligible modules is negligible, which is proved by induction. 

We shall say that a morphism u :M->N in is covering if Coker u 
is a negligible object. 

Lemma 6.28. A morphism u :M->N in covering if and only if 
for any A-homomorphism f: A-► N and any object X of ^ the sequence 

0-► Hom^lA, SZ) —^ HomA(A M, SX)->• HomA(ker u, SX) 

induced by u and f is exact. 

Proof. Consider the commutative diagram 

ker(po/) 

0-►ker m'—^An^M^^A 

/' / 

0-► ker u-► M--—► N —^ coker u-► 0 

where the rows are exact, v is an isomorphism and (ker(p o f\ h) is the 
kernel of p o /, and q is an epimorphism. 

Let X be an object of ^ and a:A-► SX a A-homomorphism with 
aw' = 0. Then oco ho q = 0^ hence a o k = 0, hence a = 0, since coker u 
is negligible. Thus the map 

HomA(A, SX)-► HomA(A M, SX) 

induced by w' is nothing else than cp and it is a monomorphism. 
Let (x '.ATlj^M-► SX be such that a o /' = 0. Since (ker(p o /), q) is 

the cokernel of we deduce that there exists a A-homomorphism 
t:ker(p o f)-► SX such that to q = ol. Since coker w is negligible, there 
exists /: A-► SX such that lo h = t. But then lou' = h hoq = toq = a, 
which completes the proof. 
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Let sii be the full subcategory of consisting of the A-modules which 
are closed relatively to the localizant subcategory is an Abelian 
category according to the considerations preceding proposition 6.21 
(remark 3). Clearly for any object X of ^ SX is a closed object. Thus, 
S induces a functor Si \ ^ 

Lemma 6.29. The functor Si is exact. 

Proof. Si is obviously left-exact. It remains to show that ifu :X-► Y 
is an epimorphism in % then the morphism Su of is covering, i.e. 
according to lemma 6.28, that for any object Z of ^ we have the exact 
sequence: 

0-► HomA(A, SZ)-► HomA(A Usy SX, SZ) 

-► HomA(ker Su, SZ), 

induced by any A-homomorphism /:A->SY. Since S is fully faithful 
and A = S(/, we deduce that there exists a morphism g:U->Y in 
^ such that/ = Sg. Thus we have the commutative diagram 

0-►kerw—U-^^U-►O 

U (2) 

X-j—>Y-►O 

where the rows are exact. Since S is left-exact, we have the exact sequence 

0-► ker Su-► SX Ilsy A-► A. 

The exactness of (1) is deduced from the exactness of the top row of (2) 
and the fact that S is fully faithful. 

Lemma 6.30. Let X be an object of^ and a family of subobjects of 
X directed by the inclusion relation such that X = supXj'. Then 

iel 

SiX = sup SiZi. 
iel 

Proof. It is sufficient to prove that the canonical morphism 

sup SXi->SX 
iel 

is covering, which can be deduced as in lemma 6.29 by using the relation 

(supX,) n;,f/ = sup(X,n;, U), 
iel iel 

valid for any morphism /: U-►X (since ^ satisfies AB5). 
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Lemma 6.30 implies that Si commutates with direct sums indexed by 
sets. In particular, any direct sum ^ A^*, where A for any i s I, 

iel 

is of the form -Si(0) L/^), where Ui ^ U for any i e I. 
iel 

Let now M be an object of Then M can be inserted into the exact 
sequence 

SY-^SX-*M-'•O 

where f:Y->X is a morphism in Clearly M is isomorphic with 
5i(coker /). Thus Si is a fully faithful functor, and any object M of is 
isomorphic with an object of the form SiM\ where M' is an object of 
This means that Si is an equivalence according to proposition 1.15. 

Thus theorem 6.25 is completely proved. 

Corollary 6.31. Any Grothendieck category is a category with direct 
products. 

Proof. The proof follows from theorem 6.25 and proposition 5.39. 

Corollary 6.32. Any Grothendieck category is a category with injective 
envelopes and cogenerators. 

Proof. The first part follows from theorem 6.25 and corollary 6.17. 
Let (/ be a generator of the Grothendieck category ^ and ((/i)ie/ the 

family of all subobjects of U. Let 7^ = U/Ui, and let Qi be an injective 
envelope of Yi(i e I). Then IT = ]^ is a cogenerator of % which is of 

iel 

course injective as a product of injective objects. 
Here is a theorem which will be used in the sequel to study some 

properties of Abelian categories. 

Theorem 6.33 (B. Mitchell). Let ^ be an Abelian category and U a 
projective generator of Let A = Hom^((/, U) and S:^-be the 
canonical functor defined by S{X) = Hom^(L/, X). If X and Y are two 
quotient objects ofU, then S(X, 7) :Hom^(X, 7)-► Hom^(5X, 57) is an 
isomorphism. 

Proof. 5 is an exact and faithful functor (proposition 6.24). To finish 
the proof, let /:SX-^57 be a A-homomorphism. Then we have the 
diagram 

0->SK^^A-^SX-"O 

f 

A^SY-^0 



INJECTIVE AND PROJECTIVE OBJECTS IN ABELIAN CATEGORIES 153 

where the rows are exact and constructed according to the hypothesis 
of the theorem. Let g:A-►A be a A-homomorphism such that 

g = f ° But g = Sg\ where g' e Hom^(f/, U). From q o g' o i = 0^ 
we obtain in ^ a morphism f':X->Y such that f'p = qg'. Hence 
Sf' o Sp = Sq o hence Sf' = f since Sp is an epimorphism. 

Corollary 6.34. Let ^ be a small Abelian category. There exists a 
ring A and a full embedding T 

Proof. According to proposition 5.40 there exists a full embedding 
Ti \ ^where is a Grothendieck category. It remains to notice 
in the constructions preceding proposition 5.40 that contains a 
generator U such that for any object X of TX is a quotient object of U. 
Thus, contains by corollary 6.32 an injective cogenerator V such 
that TX is a subobject of V. The category the dual of contains a 
projective generator (the object ‘dual’ to V). According to theorem 6.33 
there exists an exact functor where A is a suitable ring, 
such that, if D is the functor of passage to the dual, then for 
any objects X, Y of % T2{DTX,DTY) is an isomorphism. In conclusion 
the composition of functors T20D0T0A, where A:^^-is the 
functor of passage to the dual, is a full embedding of into ^a? which 
completes the proof. 

Corollary 6.35. Let ^ be an Abelian category, and consider the 
following diagram in 

X'-►X-►X"-►O 

/' / /" 

0->Y'->Y->Y" 

where the rows are exact. Then there exists a morphism 0:ker/" 
-► coker /' such that we have the exact sequence: 

ker /'-►ker /-►ker /"—^ coker /'-►coker /-► coker/". 

Proof. According to proposition 5.41, there exists a small Abelian full 
subcategory of % which contains the diagram in the corollary. Let 
T -►^A be a full embedding. It is well known that the corollary is 
valid for the category ^a ([3], chapter 3). To finish the proof, it is sufficient 
to notice that a sequence: 

X—►y—►z 
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in is exact if and only if the sequence 

TX-►ry-►TZ 

in is exact. 

Remark. By using the characterization of Grothendieck categories 
given in proposition 6.25, it can be shown that any category of diagrams 
on a Grothendieck category is a Grothendieck category, which generalizes 
a result due to Grothendieck. 

7. The Theorem of Krull-Remak-Schmidt 

Let ^ be an Abelian category and M an object of 

Definition. The subobject AT of M is said to be irreducible in M if the 
following conditions are satisfied : 

(a) AT # M. 
(b) P nQ = N implies that either P = N or Q = N. 

If 0 is irreducible in M then M is said to be coirreducible. 

Definition. An object X of an Abelian category ^ is said to be 
indecomposable if from X = © X2 we deduce X^ = 0 or X2 = 0. 

In the following we shall assume that ^ is a category with injective 
envelopes or that ^ is a Grothendieck category. 

Proposition 6.36. The following assertions are equivalent: 
(a) M is a coirreducible object. 
(b) The injective envelope E(M) is indecomposable. 

Proof, (a) => (b). Let M be coirreducible. Assume that E(M) = Qi® Q2, 
61 # 0 # Q2. Hence Qi n M ^ 0 ^ Q2 ni M. Clearly Qi n M a M, 
Q2 M cz M and {Q^ n M) n {Q2 n M) = 0, which contradicts the fact 
that M is coirreducible. 

(b) => (a). Let E(M) be indecomposable. 
Assume that two subobjects P,Qof M exist such that 

M = PkjQ, P#0#e 

Then E[P) a E{H) and consequently E{P) = E[M) since E{M) is in¬ 
decomposable. We have E{P) r\Q = E{M) n g = g # 0 and therefore 
(E(P) ng)nP = gnP. I claim that Qn P. Indeed if P n g = 0 then 
(£(P) n g) n P = 0 hence E(P) n Q = 0. 
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Corollary 6.37. i/ATi, ^2, • are irreducible subobjects of M and 
i/O = ATi n ^2 n • • • n and 0 is not the intersection of a smaller number 
of objects Ni, then 

E{M) = E{M/Ni) © E{M/N2) © • • • © E(M/N,) 

and the objects E(M/Ni) are indecomposable. 

Proposition 6.38. Let I be an injective object. Then the following 
assertions are equivalent: 

(a) I is indecomposable; 
(b) The ring Hom^(/, I) is a local ring. 

Proof. (a)=>(b). Notice first that wGHom^(/,/) is invertible if and 
only if ker u = 0. For, ker u = 0 implies, since I is injective, that u(I) = I 
by condition (a). It is sufficient to prove that if ker w # 0 and ker t; # 0, 
then ker(w + t;) # 0. But we have ker(w + !;)=> ker u n ker v, so that other¬ 
wise we would have 0 = ker u n ker v, which contradicts proposition 
6.36. 

(b) => (a). If I were not indecomposable, we would have / = /^ © /2. 
But then iiPiJ2P2 ^^e not invertible and their sum is invertible, which 
contradicts (b). 

Remark. In proving the implication (b) => (a) we have not used the 
hypothesis that I is injective. We shall give below conditions under which 
the implication (a) => (b) is also valid without assuming that I is injective. 
The conditions will then refer to the category 

Henceforth we shall again assume that the category ^ satisfies axiom 
AB5. 

Lemma. 6.39. Let M = ® M2 and denote by ii^h^Pi^Pi ^he 
canonical injections and projections. If P—is a subobject of M such 
that piCC '.P->Mi is an isomorphism then M = P © M2. The canonical 
injections are iiPiOC, I2 ^^d the canonical projections (Pia)“ Vi? Pi- 

The proof is immediate. 

Definition. An object M of an Abelian category ^ is said to be 
noetherian if any sequence 

Ml ci M2 ci • • • d Mi ci • • • 

of subobjects of M is stationary, i.e. there exists an integer Wq such that 
Mi = Mi+1 for any i > Wq. 
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Lemma 6.40. Any subobject of a noetherian object is the intersection of a 
finite number of irreducible subobjects. 

Proof. Assume there exist objects which have not the property in the 
lemma; let the set formed by these objects. From the definition of a 
noetherian object it results that has at least one maximal element. 
Let N be such an object. N cannot be irreducible. But then N = n N2 

and AT 1, ^2 have the property in the lemma, which is absurd. 

Proposition 6.41. The injective envelope of any noetherian object is the 
direct sum of a finite number of indecomposable injective objects. 

Proof. Let M be such an object. By lemma 6.40 0 = n N2 

n • n ATy, where AT^, N2, •, AT^ are irreducible subobjects of M. We 
may obviously assume that 0 is not the intersection of a smaller number of 
NiS. Thus we are in the conditions of corollary 6.37. It follows that 

E(M) = E(M/N,) © • • • © E(M/N,) 

and E{M/Ni) are indecomposable injective objects. 
We shall show in the sequel that the decomposition given by proposition 

6.41 is essentially unique. The proof of the uniqueness theorem will be 
preceded by a few lemmas. 

Lemma 6.42. Let M = 0)Mj- and a,b:M-►M be such that 
iel 

a A b = Ij^. Suppose that for each iel the ring of endomorphisms of Mi 

is a local ring. Under these conditions for any finite system ii, I2? * * * ? h Of 
elements of /, there exist subobjects Pi, P2, ', Ps ^ith the following 
properties: 

(1) For each fe g {1,2, • • •, s}, either a or b induces an isomorphism of 
Pk onto Mi^. 

(2) M = (Pi © P2 © • • • © ^s) © (0 y^here we designate by T the 
ier 

set I - 

Proof. Denote by Pi^ :M-the canonical projection of M onto 
Mi^ and by :Mi^->M the canonical injection of into M. Clearly 

Pi, = Pi,(a + b) = pifi + PiJj. 

= Pi.^i, = Pi,a^i, + Pi.boci,. 

This implies, in view of the fact that the ring of endomorphisms of 
is local, that either Pi^aoti^ or PifioCi^ is an isomorphism. Assume that 
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Pi^aoCi/.Mi^->Mi^ is an isomorphism. Denote by the subobject 
It follows evidently that Pi is isomorphic with and the 

restriction of to Pi is an isomorphism of Pi with We may apply 
lemma 6.39. It follows that M = © ( 0) Mi). We now repeat the 

iel-ii 

argument for the index 12 • We thus obtain after a finite number of steps 
the objects Pi, P2, •, with the required properties. 

Lemma 6.43. Assume that M = 0 Mj- and for each index i e I the ring 
iel 

of endomorphisms of is a local ring. Under these conditions if 
f:M-►M is such that f^=f then the following assertions are true: 

(a) There exists at least one i e I such that f induces an isomorphism 
of Mi onto f {Mi) and f (M^) is a direct factor of M. 

(b) Any indecomposable direct factor of M is isomorphic with an Mi. 

Proof. If we set /' = 1 — / then we obviously have the following 
decomposition 

M=/(M)©/'(M). 

Let J be an arbitrary finite subset of /. Then according to axiom AB5 
we have: 

/(M) = sup[/(M)n(0M,.)]. 
J ieJ 

Thus there exists a finite subset {ii, I2? • • • ? Q of I such that 

/(M) n {Mi^ © M,, © ... © Mi) # 0. 

We now apply lemma 6.42 with a = f,b = f and with the set of indices 
We get the decomposition 

M = (Pi©---©P,)©(0Mi) 
iel 

where P = I — {iiJ2r " Js}- As on the other hand /(M)n(Mij© 
... © Mi) belongs to the kernel of /', it follows that /' induces an 
isomorphism between © ... © and Pi © ... © P^. Hence there 
exists at least one index 4 such that / induces an isomorphism between 

and P^, whence the assertion (a). 
To prove the assertion (b), let P be an indecomposable direct summand 

of M:M = P ®Q. There exists an indempotent endomorphism p:M 
->M such that p{M) = P. From the assertion (a) it follows therefore 
that there exists an index i such that p induces an isomorphism of 
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onto p{Mi) cz P. Since p(Mj) is a direct factor of M and P is an indecompos¬ 
able direct factor we infer that p(Mi) = P. Thus the assertion (b) is proved. 

We are now in a position to state and prove the part concerning the 
uniqueness in the theorem of Krull-Remak-Schmidt. 

Theorem 6.44. (Theorem of Krull-Remak-Schmidt). Assume that 

M = ©M, = ©iV, 
iel jeJ 

where the objects M,*, Nj are indecomposable and the rings of endomorphisms 
Hom^(Mi, Mi), Homc^(Nj, Nj) are local rings for any i e I and any j e J. 
Under these conditions there exists a bijection n:I-► J such that Mi is 
isomorphic with Nj^^i^for any i e 1. 

Proof. By applying lemma 6.43 it results immediately that any object 
Mi is isomorphic with an object and conversely. In the set of indices I 
we now introduce the following equivalence relation: We say that i^ is 
equivalent with 1*2 if is isomorphic with An equivalence relation 
is introduced similarly in the set J. Let K, respectively L, be the quotient 
set obtained from the set /, respectively the set J, by this equivalence 
relation. From the above remarks it follows that K and L are equivalent. 
We shall therefore identify L with K. 

Let now ke K. Denote by I(k) all the elements of the set I which belong 
to the class k, and by J(k) all the elements of the set J which belong to the 
class k. It is sufficient to prove that the sets I{k), J[k) have the same 
cardinal for any ke K. Let c[I{k)], respectively c[J(k)] be the cardinal of 
the set I(k), respectively of the set J(k). Since the sets I and J play a 
symmetric role, it is sufficient to prove that c[/(/c)] > c[J[k)\ We distin¬ 
guish two cases: 

1. c[/(/c)] is finite. Let j^eJ{k) and Pj^'.M-►M be such that 
Pjf,M) = Nj^,pj^ = Pj^. By lemma 6.43 there exists i^ e I(k) such that pj^ 
induces an isomorphism of onto Nj^ and by lemma 6.42 we have the 
following decomposition: 

M = M,.. ©(©N,.). (**) 
j^jl 

If Ji is the only element of the set J{k) then the relation c[I(k)] > c[J{k)] 
is evidently proved. If J(k) contains also the element7*2 then by considering 
the projection pj^ in the decomposition (**) it follows that there exists an 
12 e/(k) such that pj^ induces an isomorphism of with Nj^. All now 
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reduces to prove that 1*2 # h- But = 0, which shows that 1*2 # h- 
By continuing in this manner the argument, we clearly achieve after a 
finite number of steps the proof of the relation c[I(k)] > c[J(k)]. 

2. c[I(k)] is infinite. Let jeJ and pj:M-► Nj be the canonical projec¬ 
tion. For any i g / we have the relation 

M, = sup(M,n(0iV,.)) 
^ jeL 

where L runs through the finite subsets of J. Thus M, n ker pj is null 
only for a finite number of/s. 

For a given i there exist only a finite number of/s such that pj induces 
an isomorphism of M, with Nj. Since c[I{k)] is infinite it follows that 
cUik)] > c[J{k)l 

The theorem of Krull-Remak-Schmidt in the form of Atiyah. 

The theorem of Krull-Remak-Schmidt given above regards the- 
existence and uniqueness of decompositions into indecomposable objects 
of injective objects in Abelian categories subject to certain conditions. 
We propose now to prove a Krull-Remak-Schmidt type theorem which 
may be applied to any object of the considered category. The conditions 
we are going to impose to the category ^ are similar to the conditions of 
noetherian and artinian type in the theory of modules. 

Definition. A double chain of an Abelian category ^ is a sequence of 
systems p„) with the following properties: 

(i) A„ are objects of the category 
(ii) ^ An-1 is a monomorphism for any n > 1. 

(hi) 1-> An is an epimorphism for any n > 1. 

A double chain in, p„) is said to be stationary if there exists an 
integer N such that for any n > N, in and are isomorphisms. 

Our aim is to prove the following 

Theorem 6.45. (Krull-Remak-Schmidt). If in the category ^ any 
double chain is stationary then any object M of ^ admits a decomposition 
M = Ml © M2 © • • • © M„, where each Mi is indecomposable. IfM = 
© • • • © Nm is another decomposition where each is indecomposable 
then n = m and there exists a permutation tt : {1,2, • • •, n}-► {1, 2, • • •, n} 
such that for any i g {1,2, • • •, n} M, is isomorphic with 
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Proof. Existence. Assume that we have an unlimited sequence of 
decompositions 

M = = ^2 © ^2) * * * > 1 = • 

and hence the morphisms 

-^^n-l 

Pn'\- 1 

Thus we obtain the double chain p„). But from the hypothesis 
it results that this double chain is stationary, which is in contradiction 
with our hypothesis. 

The uniqueness of the decomposition will follow from theorem 6.44 
if we prove that under our conditions if the object A is indecomposable 
then Hom^(A, A) is a local ring. This fact will follow immediately from 
the following lemmas: 

Lemma 6.46. Let A be an arbitrary object of the category ^ and 
6:A-►A. A double chain (A„, p„) can be associated to the morphism 9 
such that if this double chain is stationary then, for a sufficiently large 
n, A„ is a direct summand of A. 

Proof. The construction of the double chain p„) is as follows: 
Let (AnJn) = im0”. Here ->A is the canonical injection of the 
object A„ into A. From the relation 0” = ^ o 0 we deduce the relation 
im0”c:im0”“\ in other words there exists a monomorphism 
An—^ 1 such that the diagram 

An^An-, 

A 

is commutative: Hence There exist also 
epimorphisms ->An such that Thus we 
have defined the double chain {A„, 

Assume now that this double chain is stationary. Define the epi- 
morphism : A-► by 

9n — PnPn- 1 " ' Pi* 
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We show first that for a sufficiently large n qJn'-An-is an 
isomorphism. This follows from the relation 

qnjn ~ ^n+ l^n + 2 ' ' ' hnPln ' ' ' Pn+ 1 • (*) 

To prove relation (**) we notice that 

jn^njn jniPnPn— 1 ’ ’ ’ Pl)jn ^Jn— l^n — iJn ^ jn 

jrMn+ l^n+2' ’ ' hnP2n * * ’ Pn+ l) = j2nP2n ’ ’ ’ Pn+1 = 

Relation (*) now follows since is a monomorphism. Let (7„ = qj^. 
Wehaveo-" whence it follows that is a direct summand of 

Lemma 6.47. If in the Abelian category ^ any double chain is stationary 
and A is indecomposable then any element 9 e Hom^(^, A) either is an 
isomorphism or is nilpotent. 

Proof. Using the notations and the results of lemma 6.46 it follows 
that for a sufficiently large n j„ and q„ are isomorphisms or are null. In 
the first case 9 is an isomorphism, whereas in the second case 0” = 0. 

Lemma 6.48. Under the conditions of lemma 6.47 if , 02 ^ Hom^(^, A) 
and if 91 + 02 isomorphism then either 0^ or 92 is an isomorphism. 

Proof. We may assume 0i + 02 = 1a- If neither 0^ nor 02 is an iso¬ 
morphism, then it follows from lemma 6.47 that (9^ + 02)^” = 0, which is 
absurd. We have used here the relation 0^02 = 020i which results for 
instance from the relations: 

0102 ~ ~ ^2^1- 

Remark. One should not believe that in the Abelian categories in which 
any double chain is stationary any object is injective. Indeed, in the 
Abelian category of finite Abelian groups there exist objects which are 
not injective. 

8. The Structure of Injective Objects in Locally 
Noetherian Categories 

Let ^ be a Grothendieck category. 

Definition. ^ is said to be locally noetherian if it possesses a family of 
noetherian generators. 
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From this definition it follows immediately that any object of ^ is the 
least upper bound of its noetherian subobjects. As examples of locally 
noetherian categories we can invoke the category M of Abelian groups 
and the category of graded unitary left-modules over a left noetherian 
ring A with a unit element. A more general example is the following. 
Let ^ be a small Abelian category in which any object is noetherian. 
Then the category Sex (^, of contra variant left exact functors from 
^ to is locally noetherian, and conversely, any locally noetherian 
category is of this form. 

In what follows we shall prove a few results which will lead to a charac¬ 
terization of injective objects in locally-noetherian categories. 

Proposition 6.49. Let ^ be a Grothendieck category, M a noetherian 
object of ^ and {Pi)iei a directed family of subobjects of P such that P 
= sup Pi. Then the canonical homomorphism 

iel 

(p: sup Hom^(M, P^)-► Hom^(M, sup P^) 
i i 

is an isomorphism. 

Proof. The fact that cp is a. monomorphism is valid in general. It 
remains to show that cp is an epimorphism. Let /: M-► sup P, be a 

i 

morphism in P[ = imf is a noetherian object, subobject of P. 
{P[ n Pi)iei is a family of subobjects of P which has a maximal element, 
say P[ n But then P[ = P[ n P,^. Indeed, for any iel there exists 
7(0 e/ such that P,(,) P,^, P,(,) id P, and P,(,) n P[ = P,^ n P;. But 
then P; = sup(P; n P,) = sup(Pj^i) n P;) = P,^ n Pj. Thus im/ci p.^. 

i i 

The rest follows immediately. 

Corollary 6.50. In a locally-noetherian category a direct sum of 
injective objects is an injective object. 

Proof. Let (QOie/ ^ family of injective objects of Then the direct 
sum of any finite subfamily of this given family is an injective object. The 
object Q = @Qi is the least upper bound of its subobjects which are 

iel 

direct sums of finite subfamilies, denoted by (S^), where a runs through 
the finite subsets of /. Let X be an object of ^ and {Xj)jgj the family of 
noetherian subobjects of X. Then X = sup Xj and the family (Xj) is 
directed. If 

(.) 0 X' X X‘ 0 
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is an exact sequence of then Xj = X' n X^O'e J)isafamily ofnoetherian 
subobjects of X' and X' = sup Xj . Also {p{Xj))j^j is a family of noetherian 

j 

subobjects of X" and X" = sup p(Xj). Moreover, the exact sequence (*) 
j 

is the inductive limit of the directed family of exact sequences: 

0 —^ z;. —>Xj —>p{Xj) —^0. 

But for any jeJ we have according to proposition 6.49 the exact 
sequence: 

0-^Hom^(p(X,.), Q)-^Hom^(X,., Q)-^Hom^(X}, Q)->0. 

Passing to the inductive limit we obtain the exact sequence 

0-► Hom^(X", Q)-► Hom^(X, Q)-► Hom^(X', Q)-> 0 

which shows that Q is injective. 

Proposition 6.51. Let ^ be a locally noetherian category and Q an 
injective object of^. Then Q is a direct sum of a J'amily {Qi)iei of indecom¬ 
posable injective objects and if {Q'j)jej gives another representation of Q as 
a direct sum of indecomposable injective objects, then there exists a bijective 

map x:I-►J such that Qi ^ Qxii){i^ ^)- 

Proof. Q possesses non-null noetherian subobjects; the injective 
envelopes of these objects are—according to proposition 6.41—^finite 
direct sums of indecomposable injective objects, which are subobjects 
of Q. Let then Qq be a maximal subobject of Q which is a direct sum of 
indecomposable injective objects. Qq is injective and therefore Q = Qo 
© 6i • If 6i is not 0, then it contains a non-null noetherian subobject 
and the injective envelope of Q\ which is of the form R = 0) with 

1 <k<n 

Rk indecomposable injective, is contained in . But 2o ® I^is a subobject 
of Q which contradicts the maximality of Qo/if R is non-null. 

The second part of the proposition results from proposition 6.38 and 
theorem 6.44. 

Definition. Let ^ be a Grothendieck category and Q an indecomposable 
injective object of We call type of Q the class of all objects of ^ which 
are isomorphic with Q. The class of types of C is called the spectrum of 
Notation: Spec(^). 
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Propositions 6.50 and 6.51 show that if ^ is a locally noetherian cate¬ 
gory then there exists a one-to-one correspondence between the types of 
injective objects of ^ and the families of objects of Spec(^). Under this 
correspondence, to the injective envelopes of noetherian objects there 
correspond finite subsets of Spec(^) (cf. proposition 6.41). 

Let ^ be a locally noetherian category and M a noetherian object of 
Let E{M) be the injective envelope of M and E(M) = 0) where 5, 

1 < i < n 

belong to Spec(^) and Q^. are the corresponding indecomposable injective 
objects. We denote by L the subsets {sj 1 < i < n} of Spec(^). 

Proposition 6.52. There exists a map f from L to the set of subobjects 
ofM ’.Si-► Mj., which satisfies the following conditions: 

(a) The injective envelope of M/M^. is a direct sum of indecomposable 
injective objects of type s^. 

(b) n Mj. = 0 and this intersection is reduced, i.e. if we remove a member 
of it it ceases to be null 

Proof. Let i be such that 1 < i < n. We denote by Ji the subobject of 
E{M) which is the direct sum of all subobjects Q^j which are isomorphic 
with Qs-. For distinct ij we have that either J, n Jj = 0 or J, = Jj. Thus 
we obtain a family , • • •, of subobjects of E(M), by making a suitable 
indexing. We denote by M\ = M. The construction of the map /is 
obvious: s^-l<r (in view of the fact 
that any Q^. is a direct summand in a single where M^. = ©M}, such 
that Ji n Jj = 0. Mj. are the desired objects. The verification of conditions 
(a) and (b) is immediate. 

9. Applications to the Decomposition Theories 

In the present paragraph we give a theorem which permits the description 
of all the decomposition theories given on a locally noetherian category. 

Definition. Let ^ be a locally noetherian category and A a fixed object 
of We denote by ^(A) the set of subobjects of A (cf. proposition 5.35). 
We shall say that a decomposition theory has been given on if a ‘function’ 
r has been given which associates to each object M of ^ a subset r(M) of 

such that the following conditions are satisfied: 
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I. If (Mj)je/ is a family of subobjects of M directed by the inclusion 
relation and if M = sup M^, then r(M) = U r(Mj). 

iel 

II. If the sequence 

0->M'->M-►M"-►O 

is exact, then r(M') ci r(M) ci r(M') U r(M"). 
III. r(M) = 0 if and only if M = 0. 
IV. For any noetherian object M there exist the subobjects M^, M2, 
•, such that 
(i) r(M/Mi) = {Pj, i = 1,2, • • •, r, where the P, are subobjects of A. 
(ii) 0 = Ml n M2 n • n M^ and 0 is not the intersection of a sub¬ 

family of (M,X=i 
(iii) r(M/M,) # r(M/M,) if i # j. 
(iv) r(M) = {Pi,P2,- -,P,}. 
We now give a theorem which characterizes completely the decomposi¬ 

tion theories. 

Theorem 6.53. To each function /:Spec(^)-> ^(A) we can associate 
in a unique manner a decomposition theory Tf such that 

TfiX) = fix) 

for any injective indecomposable object X of type x. The correspondence 
f-►Fy thus obtained between the functions f:SpQc{^)->^{A) and 
the decomposition theories is a bijection. 

Proof. Let / :Spec(^)->^(A) and M be an arbitrary object of the 
category Let E{M) be the injective envelope of M. According to proposi¬ 
tion 6.51 there exists a decomposition of E(M). 

£(M) = 0g, 
iel 

where each Qi is an injective indecomposable object. Thus M determines 
a subset P(M) of Spec(^) and we may set 

r/M) = f[P(M)]. 

We have to check that conditions I-IV are satisfied. Conditions I and III 
are clearly satisfied. 

To verify condition II, let 

0->M'->M->M"-►O 

be an exact sequence. It is evident that P(M') ci £(M), hence P(M') ci P(M) 
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and therefore r^(M') c: r^(M). It remains to show that r^(M) ci r^(M') 
u r^(M"). This results from the remark that if N = ® N2 then 
TfiN) = TfiNi) u rf(N2) and from the following 

Lemma. If the sequence 

0->M'->M->M"-►O 

is exact and if Q = E{M') then there exists a monomorphism a: M-► Q 
©M". 

Proof. Let ^: M'-► Q be the canonical injection. Then there exists 
a morphism rj: M-► Q such that the diagram 

0->M'->M->M"->0 

Q 
is commutative. This yields a morphism a: M-► Q © M" such that the 
diagram 

M-►M" 

Q <-M" © Q 

is commutative and it is obvious that ker a = 0. 
Condition IV follows from proposition 6.52. 
Let now F be a decomposition theory. We must show that there exists a 

function / :Spec(^)->^(A) such that F^ = F. It is sufficient to prove 
that if Q is an injective indecomposable object, then F(g) is reduced to a 
single element. To do this, let M be a noetherian subobject of Q. Since Q is 
indecomposable, M is coirreducible. Then condition IV implies that 
F(M) is reduced to a single element since the only decomposition of 0 
which satisfies condition (II) is 0 = 0. 

Let now N be another noetherian subobject of Q. We prove that 
F(M) = r(N). Since Q is indecomposable, we may suppose that N cz M. 
Then condition II implies that r(N) cz F(M), hence r{N) = F(M). Now 
condition I shows that r(Q) is reduced to a single element. 

This concludes the proof of the theorem. 
We now present as examples two classical decomposition theories 

within the framework of the above point of view. 
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Example 1. Primary decomposition theory (Lasker-Noether). Let A 
be a commutative noetherian ring with a unity element. Let ^ denote the 
Abelian category of A-modules. For each aeA wq designate by (Pa'-M 
->M the homothety a->ax of the A-module M. 

Definition. The module M is said to be coprimary if 
(i) M # 0, 

(ii) For each element aeA, the homothety (Pa'^M-►M is either 
injective or nilpotent. 

Lemma. Let M be a noetherian coirreducible module. Then M is co¬ 
primary. 

Proof. Assume there exists aeA such that cp^ is neither injective nor 
nilpotent. Then we can form the sequence of submodules of M 

ker (pa cz ker cp^i ci • • • ci ker cp^p ci • • •. 

Since M is noetherian there exists n such that 

ker (Pan = ker cpan+i = • • •. 

In particular, we have ker cp^n = ker (p^in. Since cp^ is not an injection, 
ker epa 0 and therefore ker cp^n # 0. Since cp^ is not nilpotent, im cp^n # 0. 
But ker cp^n n im cp^n = 0. For, if ker (p^n n im cp^n then epartiO = 0 
and ^ = (Pan(ri). Hence (Pa2n(ri) = 0, i.e. rj e ker cp^in = ker cp^n. This implies 
^ = (pan{rj) = 0, which contradicts the fact that M is coirreducible. 

Definition. The submodule AT of M is said to be primary if M/N is 
coprimary. In this case the set of elements aeA such that cpa'.M/N 
-► M/N is nilpotent is a prime ideal of A which is called the primary 
radical of the submodule N of M and is designated by ^p{N, M). 

Let now Q be an injective indecomposable object of ^ and M a noether¬ 
ian subobject of Q. Then M is coirreducible. ^p(0, M) does not depend on 
M. We may set f{q) = ^^(0, M), where q denotes the type of Q. The 
decomposition theory thus obtained is nothing else than the primary 
theory. 

Example 2. The tertiary decomposition theory {Lesieur-Croisot). Let A 
be a noetherian ring with a unity element. The bilateral ideal p of A is 
said to be prime if 

(i) P ^ A, 
(ii) a - A- b a p implies a e p or b e p. 

Definition. An element aeA is said to be a semiannulator of the 
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module M is there exists a submodule N of M such that AT # 0 and 
a-N = {0}. 

Similarly a left-ideal a of ^ is said to be a semiannulator of the module 
M if there exists a submodule N of M such that AT # 0 and a • AT = {0}. 
A module M is said to be cotertiary if any element of A which is a semi¬ 
annulator of M is a semiannulator of any non-trivial submodule of M. 

Lemma. Let M be a coirreducible A-module. Then M is cotertiary. 

Proof. Let XeA and let AT be a non-nul submodule of M such that 
X - N = {0}. If P is another submodule of M, we must prove that there 
exists a submodule P' of P such that P' # 0 and • P' = {0}. Since M is 
irreducible we can take P' = AT n P. 

Definition. The submodule AT of M is said to be tertiary if M/N is 
cotertiary. In this case the set ^,(Ar, M) of elements of A which are semi- 
annulators of M/N is called the tertiary radical of the submodule N of M. 

Lemma. If the module M is noetherian and coirreducible then ^,(0, M) 
is a bilateral prime ideal. 

Proof, (a) ^,(0, M) is a bilateral ideal. It is evident that ^,(0, M) is a 
left-ideal of A. To prove that ^,(0, M) is a bilateral ideal, notice first that 
^,(0, M) coincides with the set of semiannulators for all monogeneous 
submodules of M. Let now a e ^,(0, M) and peA. We show that for any 
h G A, h # 0, there exists a submodule of Ab which is annuled by ap. But, 
by hypothesis there exists ^eA such that ^b # and (a,X)(^b) = 0 for 
any Xe A. We may therefore conclude that {a, p){X^b) = 0 for any Xe A. 
Thus ap e P,(0, M). Let ^,(0, M). We have to show that ^1+^2 
G ^,(0, M). To this end, let b g M, h # 0 and ^ieA such that # 0 but 
(a^X) • = 0 for any XeA.On the other hand, there exists ^2^^ such 
that # 0 and (a2A)((^2^i^) = 0 for any XeA. This implies [a^ + ^2) 
X = 0 for any XeA and therefore ^1+^26 ^,(0, M). 

(b) ^,(0, M) is a prime ideal. To see this, let Ann(Ar) stand for the 
annulator of AT, for each submodule N of M. The family (Ann(Ar))A^crM,N#o 
possesses a maximal element Ann(Aro) which we denote by A(M). Clearly 
^,(0, M) ci A(M). Conversely, if g A(M) then there exists a submodule N 
of M with N # 0 and X - N = 0. Since M is coirreducible, we may apply 
the preceding lemma to conclude that X e ^,(0, M). Thus A{M) = ^,(0, M). 

Let now a,beA such that aAb a A{M). Assume b e A(M). We show 
that a G A(M). b $ A{M) implies bN^ # 0, hence AbN^ # 0. But the 
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hypothesis aAb a A(M) gives 

aeAnn(AbNo) = Ann(No) = A(M) = ^,(0, M), 

by the maximality property of Nq. Indeed, A{M) is the annulator of any 
submodule of Nq . This completes the proof of the lemma. 

Let now Q be an injective indecomposable object of ^ and M a noether- 
ian submodule of Q. Thus M is coirreducible and ^,(0, M) is a bilateral 
prime ideal. ^,(0, M) does not depend on M. We may set 

/(^) = ^,(0,M), 
where q denotes the type of Q. The decomposition theory thus obtained 
is nothing else than the tertiary theory. 



CHAPTER 7 

Elements of Homological Algebra 

1. Complexes. Homology. Cohomology 

Definition. Let ^ be an Abelian category. A complex K with values in the 
category ^ consists of: 

(i) a sequence {K\^z of objects of the category 
(ii) a sequence (^/x)nez of morphisms such that 

= 0 for any n. 
If L and K are complexes with values in the category a morphism 

from the complex L to the complex K is a sequence f = {f\ez where, 
for every n,/” is a morphism/”:L”-►K” such that the diagram: 

L" — 

-n < (1) 

is commutative for any n, in other words, = /”^ Vj,. 
Thus the class of all complexes with values in the category ^ forms a 

category which we designate by 
Homology (cohomology) functors. Let n be a fixed integer and K a 

complex. We can associate to this complex the following objects of the 
category ^: 

Z”(K) = ker dl 

R”(K) = im dl- K 

Moreover, it is clear that if f = if\ez is a morphism from the complex 
L to the complex K, then there exists a unique morphism Z”(f):Z”(L) 
-►Z”(K) such that the diagram 

Z”( :l) 
z..,j 

Z"(K) 

/" 

K" di 
Kn^l 

170 
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is commutative. Thus we obtain a functor Z”: jr(^)-and similarly 
a functor B”: jr(^)-These functors are additive. 

The object Z”(K) is called, by tradition, the object of the n-dimensional 
cycles of the complex K, and B”(K) the object of the n-dimensional boun¬ 
daries of the complex K. The relation ^ = 0 implies evidently that 
B”(K) ci Z”(K) for any n. If we associate to each complex K the object 
Z”(K)/B”(K) =//”(K) we obtain a new functor the 
n-dimensional homology functor. //”(K) is called the n-dimensional 
homology object of the complex K. 

We shall write sometimes = i/(f), if f = (/”)„ez is a morphism from 
the complex L to the complex K. 

Definition. Let f = (/”)„ez» g = (g”)nez be morphisms from the com¬ 
plex L to the complex K. These morphisms are said to be homotopic if 
there exist morphisms /c”:L”-neZ, such that the relation 

1 1 + 1 (2) 

holds for any n g Z. 

Proposition 7.1. If the morphisms f = (/”)„ez» g = (g”)nez from the 
complex L to the complex K are homotopic then = //”(g) for any 
neZ. 

Proof. Notice that f — g = (/” — g”)„ez is also a morphism from 
L to K. Since the functor is additive it follows that //”(f — g) 
= — i/”(g). Hence it is sufficient to show that i/”(f — g) = 0. From 
the definition it results that //”(f — g) is the unique morphism for which 
the diagram: 

:l) 
S"(h) 

>Z”(L) 

Z"(h)| n"(h)| 

B”(K)-► Z”(K)-► H”(K) 

(3) 

is commutative, where we have set h = f — g. But relation (2) implies 
that Z”(h) factorizes through B”(K), whence it follows that //”(h) = 0 since 
the morphism 0://”(L)-satisfies the condition to make the 
diagram (3) commutative. 

The complex K is said to be positive if = 0 for any n < 0 and 
negative if K” = 0 for any n > 0. A positive complex is also said to be a 
cochain complex, and its homology objects are called cohomology objects. 
A negative complex is also said to be a chain complex. For a chain 
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complex K the following notations are traditionally used: 

= K„ for any n > 0, 

H-”(K) = H„(K) for any n > 0, 

= dn for any n > 0. 

In other words a chain complex can be represented as follows: 

Simplicial complexes. We shall now indicate a convenient procedure 
for constructing chain and cochain complexes. 

Let A„ be the set {0,1, 2, •, n}. We define a category ^ as follows: 
(i) the objects of the category ^ are the sets A„ for n > 0. 

(ii) the morphisms from the object A„ to the object A^ are the increasing 
maps of the set A„ into the set A^. 

Consider in particular the following morphisms in the category 
which will play an important role in the sequel: 

defined by 

diip) = P 

dlip) = p + 1 

(0 < f < n + 1) 

if p < 

of p > U 

defined by 

1 ■ 

Snip) = P 

slip) = P - 1 

(0 < / < n) 

if p < U 

if p > i. 

A simple calculus concerning the composition of maps leads to the 
following relations: 

(I) (» < J) 

(II) ^n'^n+ 1 '^n^n+ 1 (i ^ j) 

(III) Sn+ l^n+ 1 — ^nSn ii<D 

(IV) = 1a„ 
(V) Sn+ l^n+ 1 — S„ (j + I < 0 
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If ^ is an arbitrary category, a simplicial object with values in ^ is a 
contravariant functor If the functor F is covariant we 
obtain a cosimplicial object with values in the category 

Proposition 7.2. A chain complex is associated to every simplicial object 
with values in an Abelian category A cochain complex is associated to 
every cosimplicial object with values in an Abelian category 

Proof. Consider for instance the case of cosimplicial objects. Let 
F\£f-be a covariant functor, where ^ is an Abelian category. 
Set K” = F(A„). It follows that F(d\) are morphisms F(dl) :K^- 
in the category ^ being Abelian we can define for any n the morphism: 

dl:K^- 

by the formula 

i = 0 

We wish to prove that the sequence of objects (K”)„>o together with the 
sequence of morphisms (^/x)„>o define a complex with values in the 
Abelian category To achieve this, it is sufficient to show that 

^d^ = 0. 

But 

dt 'die = [ li-mdL i) ] ["S- m(dl.)j 

= Yli-^y^'F(dUA) 
j=0 i=0 

= X {-iy*^F(du,di,)+ I i-ir^FidUedi) 
0<i<j<n+2 0<j<i<n+l 

= Y. i-iy^WLidi-') 
0<i<j<n+2 

+ Y i-iy^^F(dUA)- 
0<j<i<n+1 

To write the last equality we have used relation (I). In the first sum we 
replace j—1 by i and i by j. Thus we get 

dic^'d^= Y {-n^^-'F(dU,di.)+ Y {-iy^WLA) = o. 
0<j<i<n+l 0<j<i<n+l 
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Examples. The standard complex of Grothendieck. 

Let ^ be a category with direct sums and A an arbitrary object of 
We denote by A*" the direct sum of the family of objects (^i)i<i<r where 
Ai = A for any 1 < i < r. We define a covariant functor 
in other words a cosimplicial object with values in the category ^ as 
follows: 

We set by definition F(Ao) = A and F(A„) = for any n > 1. Let 
(p e Homy.(A^, A^). We have to define F((p) :A'’^^-such that 

Fiikcp) = F(ik)F(cp). (4) 

We denote by ioJir " ^ K the canonical injections of A into ^ and 
by the canonical injections of A into To define the 
morphism F{(p) we use the following construction: There exists F((p) ^ 
-uniquely determined by the condition that the diagram 

^r+ 1 ^s+ 1 

A 

be commutative for any fee A^. With this definition of F{(p) relations (4) 
are obviously fulfilled. 

If is an Abelian category and G:^-is a covariant functor, 
then we can associate to this functor in an obvious manner a cosimplicial 
object with values in and therefore by proposition 7.2 a cochain com¬ 
plex with values in This cochain complex is called the standard complex 
of Grothendieck associated to the functor G and the object A. 

2. Resolutions 

Definition. Let ^ be an Abelian category and A an object of A right 
resolution of the object A is a positive complex K together with a morphism 
8: A-► (the augmentation morphism) such that the sequence 

0- 

is exact. 
A resolution of the object A is said to be exact if //”(K) = 0 for any 

n > 0; it is said to be injective if the objects K” are injective objects in the 
category 
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Dually one obtains the notions of a left resolution of an object, pro¬ 
jective resolution, and so on. 

In the sequel we shall confine our attention to the statements and 
proofs of the fundamental results concerning injective resolutions, leaving 
to the reader the formulation by duality of the corresponding results 
concerning projective resolutions. 

Proposition 7.3. If the category ^ is with sufficiently many injectives 
then any object of^ possesses at least one exact injective resolution. 

Proof. Let A be an arbitrary object of the category ^ and s:A-► 
a monomorphism of A into an injective object K^. Denote L® = coker e 
and the canonical morphism. Let now be 
a monomorphism of L® into an injective object K^. Let The 
sequence 

0- 

is evidently exact. Let = coker be the canonical 
morphism, and be a monomorphism of into an injective 
object K^. Denote By continuing this process we obtain an 
injective resolution of A. 

Lemma 7.4. If in the diagram 

A,-^A2-^A^ 

Q 

the sequence Ai - > A2 »A^ is exact, Q is injective and cpui = 0, 

then there exists ij/'.A^-such that 1I/U2 = cp. 

Proof. If we consider the canonical factorization of the morphism U2, 
we obtain the diagram: 

im ^ A2 '■ > coim U2 > im U2 —^ A^ 

Q 
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where (pi = 0 and U2 is an isomorphism. Since coim U2 = coker i and 
(pi = 0, there exists 0:coimw2-such that 0/2 = (p. Since U2 is an 
isomorphism, there obviously exists i/^i:imw2-such that 1^2/2 

= (p. Now, because Q is injective and 1*2 is an injection, there exists 
->Q such that 1/^/2 = lAi * ^ is evidently the required morphism. 

Proposition 7.5. Let A and B be two objects of the category (K, 8) an 
exact resolution of A and (L, rj) an injective resolution of B. Ifu :A->B 
is a morphism from A toB, then there exists at least one morphismf = (/”)„> 0 

from the complex K to the complex L such that the diagram 

A—^K^ 

i h 
B-rr^L^ 

is commutative. If g = (g”)„>o is another morphism from the complex K to 
the complex L satisfying the same condition as f, then f and g are homotopic. 

Proof. We define successively the morphisms /®, / \ •• • • such 
that the conditions stated in the proposition are fulfilled. The existence 
of a -► L® such that diagram (5) be commutative results simply 
from the fact that L® is injective and 8 is a monomorphism. Here we do 
not use the fact that is a monomorphism. To define the morphism 
fi .j^i-consider the diagram 

dir 

L' 

and notice that we are under the conditions of lemma 7.4. Thus there 
exists f^:K^-such that f^d^ = d^f^. Using induction, assume 
that we have already constructed the morphisms/^,/\ such 
that f"d^£^ = dif^f'~^ for any 0 < i < n — 1. In particular 
= Thus we can form the diagram 

j^n-2 y j^n- 1 ^ 

dVT-^ 

L” 
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We are again under the conditions of lemma 7.4. The only fact we have 
still to verify is that dL~ = 0. But we have 

dr^r-^di-^ = (dr^dr^)r-^ = o. 

Hence there existssuch that/”^/r^ = Thus 
the first part of the theorem is proved. 

Let now g = (g”)„>o be another morphism satisfying the same conditions 
as f. To show that f and g are homotopic, we must construct morphisms 
k^:K'-> 1, such that 

/'■ - g‘ = dl~^k‘ + 

To define k^:K^-* L°, consider the diagram 

r-fr” 

L® 

and notice that we are again under the conditions of lemma 7.4, since we 
have (/® — g®)8 = f^s — g^s = rju — rju = 0, Thus there exists :K^ 
-►L® such that — g® = k^d%. To define k^:K^-consider 
the diagram 

J^O ) j^2 

r-g^- dik^ 

O 

and notice that we are again under the conditions of lemma 7.4. Indeed: 

[P -g^- dlk^)dl = pdl - g^dl - dlk^dl = dUr - g^) 

- dur - g") = 0. 

Thus there exists k^\K^-such that/^ — g^ = d^k^ + k^d^. 
Assume now that we have constructed /c\ /c^, •, /c” such that 

f' — g' = d'L ^k' + k'^ ^d^ for i + 1 < n. 

In particular we have/”“ ^ — g”“ ^ = di~^k''~ ^ ^ To construct 
/c”^^ consider the diagram 

- 1 ^ ^ y J^n ) J^n + 1 

/" - g" - dl-^k’' 

L” 
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and we again verify that the conditions stated in lemma 7.4 are fulfilled, 
whence the existence of with the desired property. 

Proposition 7.6. Let 

0->’A'-^A-^A"-^0 

be an exact sequence in the category (X', s') an exact and injective 
resolution of A\ (X", s") an exact resolution of A". Under these conditions 
there exists an exact resolution (X, s) of A satisfying the following conditions: 

(a) There exist the morphisms of complexes T: X'-► X, P": X-►X" 
such that the sequence of complexes and morphisms of complexes 

0-►X'—^x—^X"-'•o 
is exact 

(b) For any n > 0, © X". We denote by i'„, i" the canonical 
injections and by p'„, p'j^ the canonical projections. 

(c) The diagram 

is commutative. 

(d)/' = (a^o and P" = ip:)„^o- 
An exact resolution (X, s) satisfying conditions (a), (b), (c), (d) is said to 

be a normal resolution. 

Proof. We shall use for the proof the following lemma. 

Lemma 7.7. If in the diagram 

0 0 

0->A'-^A-^A"- 

e' e" 

P' P" 

L' L" 

0 0 
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the row and columns are exact and P' is injective, then this diagram can be 
completed to obtain the commutative diagram 

0 0 0 

0->A’-^A—^A"->•0 

0->P'-r^P—^P"->•0 

0->L'->L->L"->•0 

0 0 0 

where all the rows and columns are exact and P is the direct sum of the 
objects P' and P" having the canonical injections i\ i” and the canonical 
projections p\ p". 

Proof. Let P = P' 0 P", i" be the canonical injections and p', p" 
the canonical projections. To define the morphism e consider first the 
morphism oq : A-► P' such that (jo^A = ^ • There exists such a Oq 

because P' is injective. We set 8 = i'oo + i"s"(p. With this the upper part 
of the preceding diagram is commutative. We now show that e is an 
injection. Let ->A be such that su = 0. We have p"eu = 0. Conse¬ 
quently s"(pu = 0, hence cpu = 0. Thus there exists u': X->A' such that 
u = ij/u'. From the hypothesis it follows that 

0 = 8W = e\l/u' = (/'(Jo + i"£"(p)il/u' = i'(7oil/u' = i's'u'. 

Thus u' = 0 and therefore u = 0 since i' and s' are monomorphisms. 
Hence e is an injection. 

To complete the diagram we set L = coker w and the morphisms 
indicated by arrows are canonical morphisms. The diagram thus obtained 
is commutative. The exactness follows from the ‘3x3 lemma’ (proposi¬ 
tion 5.25). 
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We are now in a position to prove proposition 7.6. By applying lemma 
7.7 to the diagram 

^0 

zHx') Z\X’ 

0 0 

we obtain the commutative diagram 

where the rows and the columns are exact, X = © X'o, and Iq, Iq are 
the canonical injections and Po, Po are the canonical projections. 
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Now, if we apply lemma 7.7 to the diagram 

0 0 

0-> Z\X')-> coker 8->Z\X")-> 0 

X\ X’[ 

Z^(X') Z\X") 

0 0 

we obtain the commutative diagram 

0 0 0 

0-*Z\\:)-»• coker e-»■ Z^X")->-0 

^2 ^2 ^2 

0---->Xl->0 

0-> Z\X')-> coker S2-^ Z\X")-> 0 

0 0 0 

where = X\® X'^, i\, i'[ are the canonical injections, p\, p'[ are the 
canonical projections and, in addition: d'2S\ = d\>, b”2^\ = d\». We set 
dx = ^2^1- Continuing in the same manner we evidently obtain the exact 
resolution (X, e) with the properties mentioned in the proposition. 

To facilitate the proof of proposition 7.8, we now make a few general 
observations concerning normal resolutions. Let (X, e) be such a resolution. 
Using the notations in proposition 7.6, we introduce the morphisms 
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<7iJ > 0 defined as follows: 

ao:A->Xo, (Jq = Po£ 

<^n = P’ndT^ -in-f 

We now show that the following relations hold: 
(a) 8 = i'oCTo + ios"(p, 
(b) s' = <Jq^, 
(c) dl^Go + G^s"(p = 0, 

(d) dx = ^n+ldx"Pn + C+l<^n+lPn + ^'n+l^X'P'n^ 
(^) ^n-¥\d\» ^ + d!x>Gn = 0. 

Indeed: 

io(^o + = i'oP'o^ + i'oPo^ = {i'oP'o + i'oPo)^ = £• 
(^0^ = Pofi^A = Poi'o^' = e'- 

To prove relation (c) it is sufficient to prove that i'i{d'oGo + Gis"(p) = 0. 
But we have 

i'lid'oGo + (Ti£"(p) = i'ld'op'oS + i'lP'idxi'o = dxi'oP'o^ + (l^i ~ ^''iP''i)dxi'o^''(p 

= d%s - dPx» + d%e"cp - i\p\d%s"cp 

— ~dxi'oP'o^ + d^i'^p'^s — i'^d^^p'^i'^s" (p = i"id^"S"(p = 0. 

To prove relation (d) we show that the two members of this relation are 
equal when composed with and 

p' n+ l{^'n+ ldx"Pn + ^'n+ l^n+ iP'n + ^n+l^Y'Pn) — ^n+lPn + ^X'Pn 

= Pn+ldxi'nPn + = PU “ Pn+ 

= Pn+ldx - Pn+A+ldx'Pn + = PU 

Pn+l(C+l^Y"Pn + ^'n+l^n+lPn + 4+l^Y'Pli) = ^"Pn = p:^id\. 

To prove relation (a) we show that i((j„+ ^dx>> ^ + d\>G^ = 0. 

1 
in+l{(Tn+ldx" + d^x'(^„) = iPU ^ + 4+l^'Pn^X ^ 

= d^^xi'ndx" ^ ~ C+ lPn+ idx^nd^X" ^ + dxi'nPndx 

= d\r'J\-;A - i'^^.dWni'nd^f^ - dKp'nd^x 

= dx^'ndx" ^ — dy^dx" Vn- l^n- 1 = 0. 

^n- 1 



ELEMENTS OF HOMOLOGICAL ALGEBRA 183 

Proposition 7.8. Consider the commutative diagram 

0-yA'^A^A"-►O 

h' h h" 

0-->0 

where the rows are exact. Let (X', s'), (X, 6), (X", s") be exact resolutions of 
A', A, A", and (W', e'), (W, e), (W", e") be exact resolutions of B', B, B". We 
assume that these resolutions satisfy the conditions of proposition 7.6 in 
other words (X, 6) and (W, e) are normal resolutions. In addition, we assume 
that the following conditions are satisfied: 

(a) (W",0 is an injective resolution of B". 
(b) There exist morphisms of complexes 

f':X'—^W', r = (/;)„ a05 ►W" f" = if'X so 

such that the following diagrams are commutative: 

U nder these conditions there exists a morphism of complexes f: X - 
f = (/„)„so SMc/i that the following diagrams are commutative: 

►W, 

A >B X -^X -^X" 

(i) 

^0- W' 
1 

►w 

(ii) 

>W''. 

Proof. We denote by the morphisms similar to the morphisms Oi 
for the resolutions W', W, W". We are going to show that we can determine 
the morphisms /„ under the form: 

fn = fnqnPn + fnf'nP'n + fnfnP'n (6) 

where are morphisms to be determined. We first define 
qo-X'o->W'q such that diagram (i) is commutative. To this end, 
consider the diagram 

A'^A^^X'i. 
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We are under the conditions of lemma 7.4. For, by hypothesis Wq is 
injective and the sequence A' ^ > A > Xq is exact. It remains to show 

that (tq/i — fo(^o)^ = 0- But 

i'^oh -/o^o¥ = ^0# -fos' = e'h' -/qs' = 0. 

To write the last two equalities we have used relation (b) both for Tq 
and for (Jq, and evidently the commutativity of the first diagram in the 
proposition. 

Then it follows from lemma 7.4 that there exists qo-X'o->Wo such 
that qoe''(p = Xoh — foCJo- With this qo, the morphism /q defined by 
relation (6) makes diagram (i) commutative, for 

fo^ — ifoqoP'o A- fofoPo A fofoPo) (i0^0 + 

= /o/o^^o A joqoe''(p +/o/'oe>- 

eh = ifoTo + jle''t])h = foXoh + = foToh + joe"h"(p 

= fo^oh A /o/'oe>. 

Now we will show by induction tjhat the morphisms qn'-X^- 
n > 1 can be determined such that the conditions 

qn+ld^X" ~ diy>qn = — fn+l^n+1 + '^n+lf n ^ 0) (7) 

are satisfied. 
For n = 1 consider the diagram 

dHrqo-f'iffi + tlfo 

w\ 

We may again apply lemma 7.4, because 

{dw'qo -/Wi + = d^iToh -f'oCTo) 

= — Tie"h"(p —f'ldx'CTo A fidx'CTo — Tie'h'cp = 0. 

Thus there exists qiiXi->W'i such that qidx-= Ti/q — f\(Ti 

Ad^^qQ. 
Assume now that the morphisms qi,q2r " ,qn satisfying relation (7) 
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have already been constructed. To define the morphism 
-^ +1) consider the diagram 

Xff ^x" ^ . Y'// ^"x" Y'// 
n- 1 ^ ^n+ 1- 

I ^n+lf'n -f'„ + iO„ + i + d’\^q„ 

w: n+ 1 

We may apply lemma 7.4, since 

i'^n+lfn ~ fn+l<^n+l ^ ^ = i'^n+lfn ~/Ii + ^ 

+ diyr(diyr^qn- I + — fn(^ri) = '^n+lf nd^X" ^ ~ f 'n+l^n+idx" ^ 

-h d!lir>'^nf 'n-1 ~ dw'fn(Tn = (^n+ldw"^ + 1 

~ f 'n+li^n+ld^X" ^ + d^x'^n) = 0. 

Thus the existence of the family of morphisms q„ with property (7) is 
proved. 

It remains to show that the family of morphisms (/„)„> o defined by (6) 
where the q„'s satisfy (7) constitute a morphism from the complex X to 
the complex W and that diagram (ii) is commutative. First, we show that 

fn+ idx — dwfn- 

dwfn = Un+ ldw"7ln + j'ln +fn+ldwO°Un(lnPn 

+ fnfM Jn+ ' [dw'qnPn + fn+ idw'f'nP'n + fn+ 1' 

-^fn+l'^n + j:p: = fn+ idjV'qnPn + 7n+ l/n+ l^X'P 

"b jn + 1 f n H ■ i^k-p 
" i' 'T 
n "1" Jn+ l^n+ iJ nPn • 

fn+ idx = Un-¥ l^n + 
ff 

lPn+ 1 "F jn+lfn+lPn+l jn+if n+lPt 

°(in+ldx"P'n + in+l<^n+lPn + l<fx'Pn) = jn+iqn+ld"x-'Pn 

+ jn+lfn+ldx"Pn + 7n+l/n+l<^ii+iPn + 7n + l/ii + 1^'Pn • 

From the comparison of these relations it follows that relation (7) 

implies d^fn = fn+ idx• 

To verify the commutativity of diagram (ii) it is not necessary to impose 
any condition on the morphisms q^ and this verification is trivial. This 
concludes the proof. 
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3. Derived Functors 

We are in a position to introduce one of the fundamental notions of 
homological algebra, namely the notion of derived functors. 

Let ^ and be two Abelian categories and F :^-an additive 
covariant functor. In addition, we assume that the category ^ is with 
sufficiently many injectives. Under these conditions any object of the 
category ^ possesses at least one exact and injective resolution. We 
suppose that for each object A of ^ we have chosen an exact and injective 
resolution (R^, 6^). (It should be pointed out that the subsequent construc¬ 
tion depends on the choice of these resolutions). It is evident that F(R^) 
is a complex in the category 

We construct a sequence of covariant functors from the category ^ to 
the category •, R^F, • • • called the right-derived functors 
of the functor F and defined as follows: 

(R^F)(A) = H^(F(R^)). 

If u :A-is a morphism in the category ^ we must define the 
morphism (R«F)(w):(R«F)(A)-►(R«F)(R) such that (R®F)(t;w) = {R^F){v) 
o (R^F)(w). According to proposition 7.5 there exists a morphism 
f = (/”)„^o from the complex R^ to the complex Rj, such that the diagram 

A 

£b 

pO_V pO 
/o ^ 

is commutative. Moreover, by the same proposition f is uniquely deter¬ 
mined up to a homotopy. In other words, if g = (g”)„>o is another mor¬ 
phism from R^ to Rjj satisfying the same conditions as f, then f and g are 
homotopic. F(f) = (F(/”))„>o, F(g) = (F(g”))„>o are morphisms from the 
complex F(R^) to the complex F(Rj,) and it is evident that they are homo¬ 
topic. Thus we can define starting from the morphism f a morphism from 
the complex F(R^) to the complex F(Rj,) and, by proposition 7.1, this 
morphism depends only on the morphism u. Consequently we set 

(R«F)(w) = HW)). It is obvious that {R^F){vu) = {R^F){v) fR^F){u). 
Hence R^F:^-is an additive covariant functor. 

We now look closer into the manner in which the functors R^F depend 
on the choice of the resolutions R^. 

Thus, assume that we have chosen for each object A of the category ^ 
the exact and injective resolution (R^, 8^), We denote by R^F, R^F, • • •, 
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-the right-derived functors of the functor F constructed by starting 
from the resolutions R^. We have to compare the functors R^F, R^F. 
We shall prove that there exists a canonical functorial isomorphism 
between these functors. To do this, we define the isomorphisms 
f^:{R^F){A)->{R^F)(A) such that the diagram 

(R‘‘F)(A)^^{R«F){A) 

(R^F){u) (R*F)(u) (8) 

(R^F)(B)^(R^F){B) 

is commutative for any u: A-► B. 
To define the morphism Xi we use again proposition 7.5. Thus there 

exists a morphism f = (/”)„> o from the complex to the complex R^ 
uniquely determined up to a homotopy such that the diagram 

A 

is commutative. SQt = H^F(f)):{R^F){A)-^{R^F)(B), The com¬ 
mutativity of diagram (8) follows immediately by using proposition 7.5. 

The above remark suggests the idea of choosing once for all a resolution 
for each object of the category These resolutions will be said to be 
canonical. 

The following two fundamental properties of right-derived functors of a 
covariant functor F follow from the definition. 

Property 7.9. If Q is an injective object of the category ^ then {R^F)(Q) 
= 0 for any q > 1, 

Property 7.10. IfF is a left-exact functor then R^F is isomorphic with F. 
Iff is exact then {R^F){A) = 0 for any q > 1, 

Proof. Property 7.9 follows from the remark that the sequence 

0->‘Q-^Q->0->0->•->0-»••••. 

is an exact and injective resolution of the object Q. 
Property 7.10 results from the following remarks: 
If (R^, 8a) is an exact and injective resolution of A and if F is left-exact 

then the sequence 

0-► F(A) F(R^) —F(R\) 
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is exact and therefore 

(R^F){A) = K F(A). 

If in addition F is exact then the whole sequence 

0-»• F{A) F{R^) F(R\) > F(R^)-► • • • 

is exact and therefore 

{R^F)(A) = H%F{R^)) = 0 {q> 1). 

Besides these two properties and the general properties of additive 
functors, the derived functors have also other remarkable properties. 
However, to present them we need some other preliminary constructions 
and properties. 

If instead of starting from exact injective resolution we start from exact 
projective resolutions then in the same manner as above we define the 
notion of left-derived functors of a covariant functor F and we denote 
them by L^F, L^F, •, L”F, •. 

Also, we can consider by duality the right- and left-derived functors 
of a contra variant functor. We leave to the reader the formulation of the 
properties dual to those obtained above. 

Let X', X, X" be three complexes with values in the category To 
simplify the writing we shall denote the elements and the differentials of 
these complexes as follows: 

X' = (-—>...) 

x = (...- 

X" = (- 

We now assume that for each i e Z, Xi = X\ © X'l and that the canoni¬ 
cal injections ij'-Xj->Xj © X'pjeZ define a morphism /':X'-►X 
from the complex X' to the complex X. We also assume that the canonical 
projections p'j: Xj © X'j-► XJ, jeZ define a morphism P": X-► X" 
from the complex X to the complex X". Thus we obtain the exact sequence 

of complexes 

0->-X'—^X"->-0. (E) 

Our aim is to show that under these conditions there exists for any 
16 Z a morphism 

H'+HX') 
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such that the sequence 

Hi+ 1(X) Hi+ 1(X") 

is exact. 
To this end, we notice that for any i we have the commutative diagram 

0—►x;-►Xi->x';-►o 
d\ d' d’l 

0->XUi->X,^1->XUi—^0 

which yields the exact sequences (see corollary 6.35). 

0-► ker d'i-► ker di-► ker d'l 

coker d'l-► coker di-► coker d^-► 0. 

We remark that kQvdi = Zi and coker Moreover, 
di+1 induces a morphism from coker di to 2 whose image is precisely 
Bi+2- Thus, we have the commutative diagram 

coker d'l-► coker di-► coker dl'-► 0 

a’i a, aj" 

0 ^ ^i+2 ^ 2 ^ ^r+ 2 • 

To finish, it remains to remark that ker is isomorphic with i(X), 
coker is isomorphic with etc. and to apply corollary 6.22. 

4. Other Properties of Derived Functors 

The results obtained in the previous section enable us to complete the 
list of remarkable properties of derived functors. 

Proposition 7.11. Let ^ be an Abelian category with sufficiently many 
injectives, F :^-a left-exact covariant functor and 

0-->0 (E) 

an exact sequence in Then there exist for any i > 0 morphisms 

di:: {R'F)(A")-► "F){A') 
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such that the sequence 

(R°F)(A')—‘^^^^(R^F)(A) >(R^F)(A")(R^F)(A') 

---- (R'F)(^') > (R*F)(.4) .> (R‘F)(A") 

-^(R'^^F)(A')-»•••• (14) 

is exact. 

If 
0-->•0 (F) 

is another exact sequence in ^ and the morphismsf': A'-► B\f: A-► B, 

f": A"-► B" are such that the diagram 

0->A'^^A^^A"->0 

f f f" 

0->B'^r^B^r^B"->0 

is commutative, then the diagram 

(RT] (A") ^(W^^F)(A') 

{R'F){f") (R‘F)(f') 

iRW')-^{R^^^F)(B') 

(15) 

is commutative for any i > 0. 

Proof. Let (R^., be the canonical exact and injective resolution of 
A' and {Ra",^a'') canonical exact and injective resolution of A". By 
choosing a normal resolution (X, 6) of A and by taking into account the 
considerations at the end of the preceding paragraph, we obtain the 
morphisms 5^ such that the sequence (14) is exact. From the manner in 
which we have defined the morphisms 5^ it would seem that they depend 
on the choice of the normal resolution (X, e). In fact they do not depend 
on the particular choice of the normal resolution (X, 6) as follows im¬ 
mediately from relation (7) in the proof of proposition 7.8. This relation 
is applied here for the case where the morphism f is the identity of the 
complex and f" is the identity of the complex R^-. The same relation 
considered this time in the general case implies the commutativity of 
diagram (15). This concludes the proof of the proposition. 
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5. Homology and Cohomology Functors 

Closely related to the notion of derived functors of a functor are the 
notions of a homology functor and cohomology functor. In this connexion 
there are actually four notions, namely: 

(1) Homology covariant functor, 
(2) Homology contravariant functor, 
(3) Cohomology covariant functor, 
(4) Cohomology contravariant functor. 
The notions (1) and (2) are dual to each other: the same holds for the 

notions (3) and (4). Also, the passage from the notion of a cohomology 
functor to that of a homology functor is immediate, so that, in developing 
the general theory it is sufficient for us to deal, for instance, with the case 
of cohomology covariant functors. 

Definition. Let ^ and be two Abelian categories. A sequence {T%^o 
of covariant functors from the category ^ to the category is said to be a 
cohomology covariant functor defined on ^ and with values in if for any 
exact sequence of objects and morphisms in ^ of the form 

0-->0 (E) 

and for any i > 0 there are given the morphisms 

d^:T\A")->T^\A') 

such that the following conditions are fulfilled: 
(1) . The sequence 

0-»• T^A') > T^{A) > T^{A")T^A')->• • • • 

-»• T\A') T'iA) > T‘iA") r+^ • • • 

(16) 
is exact. 

(2) If 
0-->0 (F) 

is another exact sequence in and if the morphisms f':A-*B', 
f: A-► B, f": A"-► B" are such that the diagram 

0-*A'^^A^^A"-"O 

/ /" 

0 B' 0 
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is commutative, then the diagram 

TH [A") 

(17) 

is commutative for any i > 0. 
Consider now another cohomology covariant functor from the cat¬ 

egory ^ to the category defined by the sequence of functors (-S')i>o 

and the morphisms Se- We say that a functorial morphism has been 
given from the cohomology functor defined by the sequence (T^)i>o and 
the morphisms Be to the cohomology functor defined by the sequence 
{^')i>o and the morphisms 5^ if there is given for any i > 0 a functorial 
morphism (p^: T'-► 5' such that for any exact sequence in ^ 

the diagram 
M'- 

T\A")- 

<p\A") I 

^A"- (E) 

SU") ^S^^\A') 

is commutative. 
A cohomology covariant functor (T\ Be) is said to be universal if for 

any cohomology co variant functor (S\ Se) and for any functorial morphism 
(p:T^-there exists a unique morphism of the first cohomology 
functor to the second one, defined by a sequence of functorial morphisms 
(^A')i>o? such that ij/^ = (p. 

If F: ^is a left-exact co variant functor and {T\ Be) is a universal 
cohomology functor such that T® = F, then the universal cohomology 
functor {T\ Be) is uniquely determined (up to a canonical isomorphism) 
by this condition. In this case the functors T' are said to be the satellites 
of the functor F and are denoted by 5'F. 

For the notion of a cohomology contra variant functor one stipulates 
that to the sequence (E) there correspond the sequence of morphisms 
Be : TXA')-► ^(X") such that the sequence 

0->• T‘^{A") —T^(A) —T°{A') ► • • • 

-► T‘iA")-► TXA)-► riA') —^ ^{A")-► • • • 

be exact and, of course, that a commutativity condition of type (17) be 
satisfied. 
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For the notion of a homology covariant functor the difference consists 
of the fact that the morphisms 5^ decrease the grades. In other words, 
Se^TXA")-and instead of the sequence (16) we have the 
sequence 

-- T{A") T‘-\A') > p- ‘U) —T‘-\A")->• • • • 

->• P{A')-► P{A)-► PiA")-»• 0. 

It is now clear how one defines the notions of a homology contravariant 
functor. 

Assume now that the category ^ is with sufficiently many injectives 
and F: ^is co variant and left-exact. Then it is clear that the right- 

derived functors of F define a cohomology co variant functor. If F is right- 
exact then the left-derived functors of F define a homology covariant 
functor. 

In fact, by means of derived functors we obtain even universal homology 
(or cohomology) functors, as results from the following: 

Proposition 7.12. Assume that the category ^ is with sufficiently many 
injectives and that the cohomology functor {T\ ^) satisfies the condition: 

(a) For any injective object Q of ^ and for any i > 1, TXQ) = 0. 
Under these conditions, the cohomology functor (T*, 5^) is universal. 

Conversely, every universal cohomology functor {T\ Be) satisfies condition 

(ay 

Proof. Let (S', 5^) be another cohomology covariant functor and let 
(p: T®-► S® be a functorial morphism. We must show that there exists 
a morphism (^')i>o from the cohomology functor (T*, 5^) to the co¬ 
homology functor (S', 5^). We set, of course, = (p. The definition of xj/^ 
is as follows: We take an arbitrary object A of the category ^ and imbed 
it into an injective object Q. Thus we obtain the following exact sequence 

0->A->Q->Q/A->0 (E) 

which yields a morphism i//q(A):T^(A) 

P(QIA)^ 

S\QIA) 

S^(A) such that the diagram 

T\A) 

r^A) 

S\A) 

is commutative. Our immediate goal is to prove that ^q(A) does not 
depend on the choice of the injective object Q into which we imbed A, 
which will justify us in writing ij/^iA) rather than iI/q{A). 
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To this end, consider besides the sequence (E) the following sequence: 

0->A->Q,->Q1/A->0, (El) 

Then there exist a: Q-► 6i, jS: Q/A-► Qi/A such that the diagram 

0->A->Q ->Q/A ->0 

h a P 

0-^A->61-^Qi/A->0 

is commutative. We have to prove that iI/q{A) = iI/q^{A). Since is a 
surjection it is sufficient to check that = il/Q^{A)dE. To do this 
we use the commutativity of the following diagrams: 

T\A) T%Q/A) - 

r»(/S) 

T\QJA) 

T\QIA) 

r»(/j) s»(« 

T\QJA)^^S\QJA) 

S\QIA) - 

S»(« 

S\QJA) 

T^iQJA)- 

S\QJA) ■ 

T^{A) 

^c.M) 

We have 

rQiA)d^E = S^EcpiQ/A) = 5lS^{p)cp{Q/A) = 5lcp{QJA)T^{p) 

= rQM)siT\p) = ra.M. 

We now prove that the morphisms ij/^iA) define a functorial morphism 
from to S^, Let u :A->B. We have to check the commutativity of 
the diagram 

T\A) —t\B) 

riA)^ 

S\A) sHu) 

UHb) (18) 

Resuming the definition of the morphisms ij/^iA), il/^(B) we consider 
the commutative diagram 

0->A-->Q/A -►O 

U Uj Uj 

0->B-►Qi->QJB-►O 
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where Q and are injective objects. To verify the commutativity of 
diagram (18) we use the commutativity of the following diagrams 

T^(Q/A) 

T>2)\ 

T\A) 

I THu) 

T\QIA)- 

m/A)\ 

T\QJA)-^T\B) 

■T\A) 

I ^‘M) 

S\QIA) 

n 

S‘(u) 

T^QJB) 

S\QJA)-^S\B) 

T\QIA)- 

miA) 

S^QIA) - S°(U2) 

S\Q/A) -^S\A) 

T\B) 

riB) 

S\QJB) -^S\B) 

•T\QJB) 

mjB) 

>S\QJB). 

Since 5^ is a surjection it is sufficient to prove that \j/^(B)T'^{u)d% 
= S\u)il,\A)dl. 

ilf\B)T\u)dl = iP\B)d°T°(u2) = 3$(p{QJB)T°iu2) 

= d$S<^(u2)m/A) = S\u)5%<p{QIA) = S\u)(pHA)dl 

It remains to show that if 

0-yA'-yA-yA"->0 

is an exact sequence, then the diagram 

T‘^(A")^^T\A') 

<p(A-) 

S°(A"} - 

r(A') 

SHA') 

(U) 

(19) 

is commutative. To do this we consider the exact sequence 

0-yA’-yQ-yQ/A’-^0 

where Q is injective, which we insert into the commutative diagram 

0-yA'-yA-yA"-'•0 

(V) 

►T'- >Q/A’- >0. 
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We use the commutativity of the following diagrams: 

T^(A") 

T» 

T\QIA) 

T^Q/A)- 

(P(Q/A)\ 

SI 
T\A') 

T\A') 

^HA’) 

S^Q/A) -^SHA') 

S^(A") -^S\A') 

S®(.4") 
S°(v) 

We obtain 

il/HA')di = il/\A')dmv) = d^cp(Q/A)T^(v) = d^S^vMA") 

= sicpiA'r 

i.e. precisely the commutativity of diagram (19). 
By continuing in the same manner it is possible to determine the 

functorial morphisms • • •, . Thus the first part of the prop¬ 
osition is completely proved. To prove the second part, we argue as 
follows: Under the conditions of our proposition we can construct the 
right-derived functors of the functor T®; we thus obtain according to the 
first part of the proposition, a universal cohomology functor (R'T®, 5^, 
which is canonically isomorphic with the functor (T', 5^ since = T®. 
Since (R'T^)(Q) = 0 for any injective object Q and any i > 1, the same 
follows for the functors T\ 

Clearly a statement similar to proposition 7.12 holds for the case of 
cohomology contra variant functors as well as for the case of homology 
functors. 

Corollary 7.13. If the category ^ is with sufficiently many injectives 
and if F :^-is a left-exact covariant functor, then there exists a 
universal cohomology covariant functor (T', 5^ such that = F ; more¬ 
over, (T', 5^) is uniquely determined up to a canonical isomorphism. 

Corollary 7.14. If the category ^ is with sufficiently many projectives 
and if F:^-is a right-exact covariant functor, then there exists a 
universal homology covariant functor (T', 5^) such that = F ; moreover, 
(T', Sjg) is uniquely determined up to a canonical isomorphism. 
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Corollary 7.15. If the category ^ is with sufficiently many projectives 
and if F:^-is a right-exact contravariant functor, then there exists 
a universal cohomology contravariant functor (T', such that = F ; 
moreover, (T\ d^) is uniquely determined up to a canonical isomorphism. 

Corollary 7.16. If the category ^ is with sufficiently many injectives 
and if F:^-is a left-exact contravariant functor, then there exists 
a universal homology contravariant functor (T', 5^) such that = F; 
moreover, (T\ 5^ is uniquely determined up to a canonical isomorphism. 

6. Other Properties of Homology and Cohomology Functors 

To be precise we shall consider the case of cohomology contravariant 
functors. 

Proposition 7.17. Let (T\ Se) be a cohomology contravariant functor 
from the category ^ to the category For any exact sequence of the form 

0--->•0 (S) 

and for any i > 0 there exists a morphism such 
that the following conditions are satisfied: 

(a) If we have another exact sequence of the form 

0---^0 (U) 

and the morphismsf :A->Ai,g:B->Bi,f:Xi-► Yi,i = 0,1, - •• ,n 
such that the diagram: 

0-*B -^X„-^-*Xo-^A ->•0 

g fn fo f 

0 Pi ^*** ^ ^0 ^0 

is commutative, then the diagram 

TXB) 

ng)| 

TXB,)-^ 

j/ + n+l(y) 

is commutative for any i > 0. 
(b) If in the sequence (S) the objects Xi,i = 0,1, - • • ,n are such that 

T\Xi) = 0 for any 7 > 1, then the morphisms Dg are isomorphisms for any 
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i > 1 and in addition the sequence 

T^{X„)->• T°{B) T"+ ^(.4)->-0 

is exact, 

(c) If (R\dE) is another cohomology contravariant functor from ^ to 
and if (p = ((p%>o is a morphism from the cohomology functor (T', to 
the cohomology functor (R\ then for any exact sequence (S) and any 
i > 0 the diagram 

Ti 

RXB) R i + n+ 1 (A) 

is commutative (A^ are the morphisms analogous to the morphisms Dg for 
the case of the functor {R\ Se))- 

Proof. We reason by induction with respect to n. If n = 0, we set 
D's = d's and conditions (a), (b) are obviously fulfilled. 

For an arbitrary n, we decompose the sequence (S) into the following two 
exact sequences: 

0--►O (S,) 

0--*Xo-^A-^0. (S^) 

By the induction hypothesis, the morphisms D'g^: T‘(im i„)-> T‘'*'''{A) 
are defined and fulfil the required conditions. Then we set by definition 
D's = D's^d's^. It remains to check conditions (a)(b). 

For condition (a), we first remark that the diagrams 

0 

0 

0-►im<^„-*X„_i->■--*A ->0 

/' /„-! /o / 
f > r 

0-*im ri„-->•->Yo ->Ai 0 
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are commutative. This implies the commutativity of the diagram 

T‘(B) 

Tig) T^Hf) T^^^”(f) 

TXB,) Him riJ ,) 

whence we deduce immediately the commutativity of the diagram in the 
proposition. 

Condition (b) is evidently satisfied for n = 0. By induction it follows 
immediately that Dg are isomorphisms for i > 0. For the case i = 0 we 
have the exact sequence 

T“(X„)-> r®(B) Ti(im Q-^ 0 

as well as the isomorphism whence clearly 
the exact sequence in the proposition. 

Condition (c) is immediate. 

Definition. If {T\ 5^) is a homology or a cohomology functor, the object 
A is said to be T-acyclic if T^A) = 0 for any i > 1. 

The following proposition shows that if (T\ 5^) is a homology or a 
cohomology functor, then we may use T-acyclic exact resolutions instead 
of projective or injective exact resolutions to determine the objects T\A). 
Since we are primarily concerned with the applications to the theory of 
sheaves, we shall state it for the case of cohomology covariant functors. 

Proposition 7.18. Let (T\ 5^) be a universal cohomology covariant 
functor and let A be an arbitrary object. Let (X, 6) be an exact resolution of A 
such that Xi is T-acyclic for any i. Under these assumptions there exists an 
isomorphism T\A) ^ HXT^{X)) Jor any i. 

Proof. Denote by Z'(X) the i-dimensional cycles of the complex X. We 
have the following exact sequence: 

0---►O. a,) 
By proposition 7.17, we obtain the exact sequence 

r“(A'._ i) > T®(Zj(X)) T'iA)->•0. 

In other words, T^A) ^ T^(Z\X))/im T^(C'd- But since T® is left-exact 
T^(Z\X)) = Z'(T®(X)). On the other hand, if we denote by C" the canon¬ 
ical injection of Z'(X) into X,, it follows that is an injection. 
Since Ci = CK'i and therefore we have im 
= im T® (Cl), whence the relation in the proposition. ^ 



200 GENERAL THEORY OF CATEGORIES AND FUNCTORS 

The following proposition offers a simple procedure for defining certain 
classes of T-acyclic objects. 

Proposition 7.19. Let {T\ 5^) be a universal cohomology covariant 
functor from the category ^ to the category Assume that ^ is with 
sufficiently many injectives. Let Ji be a class of objects of ^ which satisfies 
the following conditions: 

1. For any object A of ^ there exists at least one monomorphism of A 
into an object of Ji. 

2. Any object of^ isomorphic with a direct summand of an object M of Ji 
is an object of M. 

3. If 

0->M'->M->M"-►O 

is an exact sequence in ^ and if M, M' then M" e Ji and the sequence 

0-► T^(M')-► T®(M)-► T^(M")-► 0 

is exact. 
Under these assumptions any injective object of^ belongs to the class Ji 

and any object of Ji is T-acyclic. 

Proof. Let Q be an injective object of ^ and (x :Q->M a mono¬ 
morphism of Q into an object of the class Ji. 2 is a direct summand of M, 
hence, by condition (2), Q belongs to the class Ji. 

Let now M be an arbitrary object of Ji and 

0-*M-^LP ->•- 

be an exact and injective resolution of M. To prove that M is T-acyclic it 
is sufficient to prove that the sequence 

0-► T\M)-► T\L^)-► T\L^)-► • • • (20) 

is exact. 
We show by induction that Z^(L) is an object of Ji and the sequence 

(20) is exact at T^{V). 
The case when i = 0 is clear. Since, by induction, Z'“^(L)g^, it 

follows from the exact sequence 

0-->ZXL)-►O 

that Z'(L) G Ji and the sequence 

0-► T%Z^- ^(L))-► T^{U- -► T®(Z*(L))-►O 
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is also exact. Similarly, the sequences 

0-► T^{Z\L))-► T^(L)-► i(L))-►O 

0-► T^(Z^-^ \L))-► 1)-► T ->0 

are exact, whence clearly the exactness of the sequence (20) at T^(L). 

7. Examples of Homology and Cohomology Functors 

Example 1. The functors Ext^. 

Let ^ be an Abelian category with sufficiently many injectives and let 
A be a fixed object of Consider the functor Hom^(A, ):^- 
This functor is covariant and left-exact. According to corollary 7.8 there 
exists a unique universal cohomology functor (Tj,dE) such that 
= Hom^(A, ). In fact, Tj are the right-derived functors of the given 
functor. We write for each object B of the category ^ T^(B) = Ext^(A, B), 

Assume now that we have fixed an element B in the category ^ and let 
u:Ai-> A be a morphism. We define a morphism 

Ext^(w, B): Ext^(A, B)-► Ext^(A i, B) 

as follows: Consider the exact and injective canonical resolution (R^, Sq) 
of B, where 

Under these conditions, (Hom^(A, Hom^(A, ^/„)), (Hom^(ai, 
Hom^(Ai, are complexes with values in the category of Abelian 
groups and it is evident that u induces a well-defined morphism from the 
first complex to the second one, hence a well-defined morphism from 
ExVcg(A,B) to Ext^(Ai,B) for any L We denote this morphism by 
Ext^(w, B). 

We have thus defined a sequence of contra variant functors from the 
category ^ to the category This sequence depends obviously on the 
object B. We now show that we can define for any exact sequence 

0->A'->A->A"-►O 

the morphisms : Ext^(A', B)->Exti^^(A'\ B) and that we obtain a 
cohomology contravariant functor. Since the resolution is injective, 
the sequence (E) generates an exact sequence of complexes 

0-► Hom^(A'', Rb)-► Hom^(A, R^)-► Hom^(A', R^)-► 0 
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in the category of Abelian groups. This obviously yields the morphisms 
Se with the desired properties. In particular we have the exact sequence: 

0-► Hom^(A", B)-► Hom^(A, B)-► Hom^(A', B) 

Ext^iA", B)-^ ExtiU, B)-►-^ ExtU^", B) 

-^ Ext^A, B)-► Ext^(^', B) Ext^+ \A", B)-► • • •. 

If A is a projective object of ^ then the functor Hom^(A, ) is exact 
and therefore Ext^(A, B) = 0 for any object B of 

It follows that if ^ is with sufficiently many projectives then the 
sequence of contravariant functors Ext^(A, B) for a fixed object B, 
together with the morphisms Se coincides with the universal cohomology 
contravariant functor associated to the functor Hom^( ,B):^- 

As an example of a category which satisfies the above conditions we 
can take the category of right or left A-modules over the ring A with a 
unity element. The fact that the categories are with sufficiently 
many injectives results from the general theory of injective objects since 
each of these categories possesses generators and satisfies axiom AB5. 
In view of the importance of these categories we have exposed in 
chapter 6 (proposition 6.5) a special proof for this case. 

Assume now that the ring A is commutative. In this case we can 
introduce in a natural way a A-module structure on ExtX(A, B) as follows: 
Any element AgA induces an endomorphism of the A-module B as 
follows: b->Xb, This defines a functorial morphism of the functor 
A-► HomA(A, B) into itself and hence a morphism of the cohomology 
functor defined by the sequence ExtX( , B) into itself. It is easy to check 
that a A-module structure is thus introduced on the Abelian groups 
ExtX(A, B). Also, it is proved immediately that the structure induced by 
starting from the endomorphisms of A defined by the elements of A 
coincides with the preceding one. 

Example 2. The functors Tor^ 

Let A be a ring with a unity element and the category of left A- 
modules. The category a^ is with sufficiently many projectives. Let A be 
a fixed right A-module and the functor which associates 
with every left A-module B the abelian group A (x)^ B. This is a right-exact 
covariant functor. By corollary 7.14 there exists a unique universal 
homology covariant functor (T'^^Se) such that T^ = F^. We shall use 
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the notation = Torf B). Of course the functors are the 
left-derived functors of the functor F^, 

Example 3. Cohomology of topological spaces. 

Let X be an arbitrary topological space (No separation axiom is 
assumed!) If ^ is an Abelian category with a generator and satisfying 
axiom AB5, we denote by ^{X) the Abelian category of presheaves on X 
with values in Obviously, there exists an exact covariant functor 
y:^(X)-which assigns to each presheaf ^ its value ^{X). We 
denote by ^(X) the category of sheaves on X with values in the category 
^{X) is a full subcategory of ^{X) and y induces a left-exact functor 

r :^(X)-This is the functor of sections over the whole space X. 
As we have shown, the category ^{X) is with sufficiently paany injectives. 
Thus there exists a universal cohomology covariant functor d^) such 
that = r. This functor is said to be the functor of the ‘good cohomol¬ 
ogy’ of the space X. 

The value of the functor for the sheaf ^ is designated usually by 
H\X, and is called the i-dimensional cohomology object of the space X 
with values in the sheaf H\X, is an object of the category In 
practice one considers frequently the particular case when ^ is the 
category of right or left A-modules over the ring A. In this case H\X, 
is a A-module. 

For the special case when ^ we shall give a proof independent of 
the general theory of injective objects and of localization for the fact that 
the category ^(X) is with sufficiently many injectives. We shall lean 
heavily on the fact that is with sufficiently many injectives. Denote for 
each sheaf ^ (in the present case of A-modules) by the fiber of the 
sheaf ^ at the point x g Jf. is a A-module. If s g ^{U) we denote by 
s(x) the element associated to x in (of course, x g U). Since the category 
of A-modules is with sufficiently many injectives, the A-module can 
be imbedded into an injective A-module Q^. Consider now the sheaf J 

defined by: 

m) = n e., 
xeU 

the restrictions being defined in an obvious manner. There exists a 
monomorphism of the sheaf ^ into the sheaf J which associates to each 
se^(U) the family (5(x))j,ei/ in ^{U). It remains to show that 1 is an 
injective object of the category a^(A'). To this end, we define for each 
xeX the sheaf as follows: 
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= if xeU 

^^{U) = {0} if x^U; 

the restrictions are defined in an obvious manner. It is immediately 
proved (without using the fact that the A-modules are injective) that 
^ = Yl From this we deduce that for any sheaf ^ of A-modules 

xeX 

we have the canonical isomorphisms 

xeX 

By using now the fact that each is an injective A-module it follows 
that the sheaf J is injective. 

8. The Homological Dimension of Abelian Categories 

Let ^ be an Abelian category and A an object of We say that the 
projective dimension of A is smaller than n if A possesses at least one 
exact projective resolution: 

--^0 

such that = 0 for i > n. In this case we write dp A < n. If there exists 
no such n then we say that the projective dimension of A is infinite. 

By dualization we obtain the notion of injective dimension of an object 
A of the category we denote it by di A, 

Proposition 7.20. If the category ^ is with sufficiently many projectives, 
then the following assertions are equivalent: 

(a) dp A < n 
(b) Ext^^ \A, C) = 0 for any object C of the category 
(c) Ext^(A, ) is a right-exact functor. 
(d) If in the exact sequence 

0--^0 (S) 

the objects Xj^ (k < n) are projective then the object is also projective. 

Proof. The implications (a) => (b) and (b) => (c) are evident. 



ELEMENTS OF HOMOLOGICAL ALGEBRA 205 

(c) => (d). If y :C-► C" is a morphism, then the diagram 

Hom^(A'„ _,, C)-> nom^{X„, C) —^ Ext^A, C)-► 0 

«| >i\ cl 

Hom<g>(Jf„, C ) i^o Ext^A, C") 0 

is commutative, where the vertical morphisms are induced by the 
morphism y. The rows of this diagram are exact according to proposition 
7.17. Assume now that y is an epimorphism. It is sufficient to prove that 
rj is also an epimorphism. But ^ is an epimorphism since is by 
hypothesis projective. C is an epimorphism since Ext^{A, ) is right-exact 
by (c). It follows then that rj is also an epimorphism. 

(d) => (a). Since ^ is with sufficiently many projectives there exists an 
exact sequence of the form 

0--^A-^0 

such that Xi (i < n) are projective. But this implies by virtue of (d) that 
Xn is projective, hence dp ^ < n. 

Corollary 7.21. In order that the object A be projective it is necessary 
and sufficient that Ext4(^, Y) = 0 for any object Y of the category 

By dualization of proposition 7.20 and corollary 7.21 we obtain: 

Proposition 7.22. If the category ^ is with sufficiently many injectives 
then the following assertions are equivalent: 

(a) di ^ < n. 
(b) Ext^^ ^(C, A) = 0 for any object C of the category 
(c) Ext^( , A) is a right-exact functor. 
(d) If in the exact sequence 

0->A->Y^-► •->Y^-^-►Y”-►O 

the objects (fe < n) are injective then the object Y^ is also injective. 

Corollary 7.23. In order that the object A be injective it is necessary 
and sufficient that Ext4(Y, A) = 0 for any object Y of the category 

Definition. We say that the homological dimension of the category ^ 
is smaller than n and we write dh ^ < n if dp ^ < n for any object A 
of the category 

If A is a ring with a unity element and if dh < n then we say that the 
left global homological dimension of the ring A is smaller than n and we 
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write Igl dim A < n. Similar definition for the right global homological 
dimension of the ring A. 

Proposition 7.24. If the category ^ is with sufficiently many injectives 
and with sufficiently many projectives then the following assertions are 
equivalent 

(a) dh ^ < n. 
(b) dp ^ < n for any object A of the category 
(c) di ^ < n for any object A of the category 
(d) Ext|(A", y) = 0 for any k > n and any pair (X, Y) of objects of^. 
(e) Ext^^ y) = 0 for any pair (X, y) of objects of 

Proof. The equivalence between (a) and (b) follows from the definition 
of dh The equivalence between (b) and (c) follows from propositions 
7.20 and 7.22(a) and 7.22(b). The equivalence between (c) and (d) follows 
from proposition 7.22(a) and 7.22(b), and the equivalence between (d) and 
(e) is evident. 

Proposition 7.25. If the category ^ is with sufficiently many injectives 
and if^ possesses a generator A then the following assertions are equivalent: 

(a) di ^ < n. 
(b) Ext^(A/a, A) = 0, for any i > n + 1 and for any subobject a of the 

generator A. 

Proof. The implication (a) => (b) is clear. To prove the implication 
(b) => (a) we use induction with respect to n. Consider first the case 
n = 0, We must show that the relation Ext4(A/a, A) = 0 for any subobject 
a of the generator A implies that A is injective. To this end it is sufficient 
to prove that the morphism 

Hom^(A, A)-► Hom^(a, A) 

induced by the inclusion of a into A is an epimorphism. But this follows 
immediately by considering the exact sequence: 

0-► a-► A-► A/a-► 0 

and the associated exact sequence 

0-► Hom^(A/a, A)-► Hom^(A, A)-► Hom^(a, A)-► Ext4(A/a, A) 

which by the hypothesis yields precisely the desired result. 
Assume now that n > 1. We can imbed A into an injective object Q 
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and we obtain the exact sequence 

0->A->Q->Q/A-►O. 

From this it follows that Ext^(A", g/^) ^ A) for any object 
X of In particular Ext^(A/a, Q/A) = 0 for any i > n and any subobject 
a of the generator A. By induction, we have di (Q/A) < n — 1, But clearly 
di ^ = (di {Q/A) +1), whence the desired result. 

Corollary 7.26. If A is a ring with a unity element then Igl dim A 
= sup dp M, where M runs through the class of cyclic A-modules. 

Proof. For each pair (M, N) of A-modules we denote by d(M, N) 

the upper bound of the numbers p for which ExtX(M, N) # 0. By proposi¬ 
tion 7.24 we have 

Igl dim A = sup d (M, N) = sup(sup d (M, N)) = sup(di N). (21) 
M,N N M N 

On the other hand, we may apply proposition 7.25 to the category 
tf€. We obtain 

di N = sup d (M', N) (22) 
w 

where M' runs through the class of cyclic A-modules, since A is a generator 
of the category From relations (21), (22) we infer 

Igl dim A = sup(sup d (M', N)) = sup(sup d (M', N)) = sup dp M'. 
N M' M' N M' 

9. Minimal Projective Resolutions 

The notion of a projective envelope is dual to the notion of an injective 
envelope. We shall use the following definition, which is evidently 
equivalent to the one given before. 

Definition. The epimorphism P—is said to be a projective 
envelope of the object Q if the following conditions are satisfied: 

(a) P is a projective object. 
(b) If P' is a subobject of P such that the restriction of (p to P' is also an 

epimorphism, then P' = P. 
It may happen that a category ^ is with sufficiently many projectives 

and nevertheless there exist objects of ^ which do not possess any 
projective envelope. 
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Example. Let ^ The object Z2 does not possess any projective 
envelope. 

We shall indicate below examples of categories in which each object 
possesses at least one projective envelope. 

Proposition 7.27. If cp .P->Q is a projective envelope of Q, if 
(Pi '.Pi-is an epimorphism and Pj is projective then there exists an 
epimorphism x ' Pi-^P such that the diagram 

is commutative. 

(23) 

Proof. The existence of x such that diagram (23) is commutative 
results from the fact that Pj is projective. Since cp^ is an epimorphism 
im X = P. Otherwise the subobject im % of P would contradict condition 
(b). 

Proposition 7.28. If P^ P2~^Q tire two projective envelopes 
of the object Q, then there exists an isomorphism x ' ^i-^^2 swc/i that 
the diagram 

Pi 

X I 

P2 

(24) 

is commutative. 

Proof. By proposition 7.27 there exists an epimorphism x such that 
diagram (24) is commutative. We prove that x is an isomorphism. The 
sequence 

0-►kerx->’Pi^^P2->^0 

is exact. Since P2 is projective, it follows that Pj = P2 © ker x Pi being a 
projective envelope of Q it follows that ker x = 0, hence x is injective. 

Corollary 7.29. If oc'Qi-^62 is tin isomorphism, (Pi '.Pi-^Qi 
a projective envelope of Qi and -^62 ti projective envelope of 
Q2, then there exists an isomorphism x 'Pi-^Pi ^^t:h that the diagram 
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is commutative. 

Proof. It is sufficient to notice that occpi :Pi->Q2 is a projective 

envelope of 22- 

Remark. The isomorphism x is not in general uniquely determined by a. 

Definition. A resolution 

is said to be a minimal projective resolution if: 
(a) Xq —^ g is a projective envelope of Q. 
(b) The canonical surjections 

X„->imd„ {n > 1) 

are projective envelopes. 

Proposition 7.30. Two minimal projective resolutions of the same object 
are isomorphic. 

The proof is immediate by using proposition 7.28. 
Clearly there may exist objects which do not possess any minimal 

projective resolution. Also, it is evident that if any object possesses a 
projective envelope, then any object possesses at least one projective 
resolution. 

Examples of categories in which any object possesses at least one 
projective envelope. 

1. Let A be a local ring, not necessarily commutative, but noetherian 
and let nx be the maximal ideal of A. As usually stands for the category 
of left A-modules. We denote by the full subcategory of the category 

whose objects are the finitely generated A-modules. 

Proposition 7.31. In the category a^' each object possesses at least one 
projective envelope. 

Proof. Let M be a finitely generated A-module and k = A/nx. fe is a 
field. M/ttxM has a natural structure of finite dimensional vector space 

over k. Let ^i, ^2? * * * ? be a base of it. Let yi, ^2? * * * ?^ ^ be such 
that ei = yi mod xxxM, i = 1,2, • ♦ •, n. 
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The family yi,y2r " ,yn is a system of generators for M (Lemma of 
Nakayama). 

Let be the free A-module generated by the family of elements 
Xi, X2, ♦ • •, x” and let cp: A^”^-► M be the homomorphism defined by 

= yn I = 1,2, 

It is obvious that (p is an epimorphism and that A^”^ is projective. 
Let now T be a submodule of A^”^ such that (p{r) = M. We show that 

r = A^”\ Notice first that in the commutative diagram 

A(”)-^->M 

A(")/TnA(")-^^M/TnM 

^ is an isomorphism. It follows that in the commutative diagram 

r—^—►A^”^ 

r/nxr-^^A^^V-mA^”^ 

y is an isomorphism. 
In particular the composition T —^ A^”^ —^ A^”VnxA^”^ is a surjec¬ 

tion. Hence 

TnA(”> + r = A(”>, 

and therefore, by the Lemma of Nakayama, T = A^”l 
The proof of proposition 7.31 together with proposition 7.30 lead 

immediately to the following 

Proposition 7.32. In order that the morphism cp.P->Q in the 
category be a projective envelope of Q the following conditions are 
necessary and sufficient: 

(a) P is projective, 
(b) The homomorphism (p :P/mP-^Q/^Q is an isomorphism. 

Proposition 7.33. Let 

X = ...-^-yX.-^Xo-^Q-^0 

be a minimal projective resolution of a finitely generated left A-module Q, 
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Then the differentials of the complex 

X/mX-• • 

-‘•Xi/mXi -^Xo/mXo 

are zero. 

Proof. The hypothesis implies that the morphism 

d„.X„— 

can be factorized into an essential epimorphism/\X^-and an 
injection g:Z„_i-It is sufficient to prove that the morphism 

g: Z„_ i/mZ„_ 1-»• X„_ i/ntX„_ i 

is zero. However, the composition 

^n-1 ^ ^n-1 ^ 2 

is zero. Since -^^n-i is a projective envelope it follows that the 
last morphism in the preceding sequence is an isomorphism, by proposi¬ 
tion 7.32. But this implies g = 0, which completes the proof. 

Let A be a local ring (noetherian), m its maximal ideal and k = A/m. 

Proposition 7.34. Let 

X = ...-->X,^Xo^Q-^0 

be a minimal projective resolution of the finitely generated left A-module Q. 
We have the isomorphisms: 

I) TorA(fe, Q) - XjmXi 
II) Extk(g, k) ^ Hom,(Torf (fc, Q), k). 

Proof. Torf(fc, Q) ^ H^iX ® ^ k) = Hi(X/ntX) 
Since by proposition 7.33 the differentials of the complex X/mX are 
zero, it results that 

Hi{X/mX) ^ Xf/m^i 

Ext^iQ, k) ^ H‘(Hom^(X, k)) ^ //'(Hom^CX/ntX, k)) 

= Hom(Xj/ntA',, fe) Hom*(Xi/mX,, fc) ^ Hom^(Toif (fc, Q), fc). 

Definition. Let M he a left ^-module and n an integer >0. We shall 
say that the weak homological dimension of M is less than n and we shall 
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write wdh^(A/) < n, if for any right ^-module N we have 

Tor(N, A/) = 0 for any m > n. 

Proposition 7.35. If A is a local ring and M is a finitely generated left 
A-module, then we have 

wdh^(A/) = dp(A/). 

Proof. Let 

...-->0 

be a minimal projective resolution of M and suppose that Tor„+j(L, M) 
= 0 for every i > 0 and every right A-module L. We shall prove that 
Pn+i = 0 for every i > 0, i.e. dp(M) < n. But we have the relations 
(proposition 7.34) 

0 = Tor„+,(fe, M) ^ P„+ilmP„+i (i > 0). 

It follows that Pn+i = hence (Lemma of Nakayama) P^+i = 0. 
Thus we have proved the relation dp(A/) < wdh(A/). The converse in¬ 
equality is obvious. 

10. Relative Homological Algebra 

We consider the following classical example: 
Let (p:A-►T be a homomorphism of rings with unity elements. 

(p defines a functor cp*: According to chapter 6, (/>♦ possesses a 
right-adjoint functor and a left-adjoint functor. We call the mono¬ 
morphism i :X->Y in cp-split if (p*(i) defines (p*{X) as a direct 
summand of (p*{ Y). We denote by ^ the class of all (/)-split monomorphisms 
in Let also be the class of all epimorphisms p:X-► Y in 
such that the kernel of p is in ^ It can be readily seen that ^ and 
verify the following properties: 

(i) ^ = ^(^(^)). 
(ii) If poi = lx, then i e ^ (hence also p e 

(iii) If a, f e ^ and ocf is defined, then 
(iii') If y, ^ G and yd is defined, then yd e 
(iv) If a, f are monomorphisms, then implies 

(iv') If y, d are epimorphisms and y^ g then y g 

In this manner we can speak about the following notions which will be 
said to be relative to the class ^ or to the triple [cp, A, T): An object P 
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of is said to be .^projective (i.e. projective relatively to 3r) if for any 
diagram 

P 

g 

A-^A"->0 

where the row is exact and pe^{^) there exists f :P->A such that 
pf = g. Thus we can construct the derived functors of a functor by using 
.^projective (.^injective) resolutions. 

Another method is given in [9], chapter 9, sections 6 and 8. We do not 
give the details, but content ourselves to show that the relative homo- 
logical algebra can be reduced to the ‘absolute’ one. 

To do this, we make the following considerations. 
Let ^ be a small Abelian category. Assume that in ^ a family ^ of 

monomorphisms has been given. We associate to the family ^ the 
family ^ consisting of the epimorphisms formed by the cokernels 
of the monomorphisms belonging to We denote by ^ the family of 
morphisms w of ^ such that u = u''u\ where u' e u" e We suppose 
that the following conditions are satisfied 

(i) ^ 
(ii) if pi =1^, then i e 

(iii) if a, G and ajS is defined, then 
(iii') if y, 5 G and yd is defined, then yd g 

(iv) if a, are monomorphisms and then 
(iv') if y, d are epimorphisms and y^ g then y g 

By means of the class ^ we define a Grothendieck topology t on ^ 
which is ‘less fine’ than the canonical topology (chapter 5, section 10) 
as follows: 

We shall say that a morphism p\A-► in ^ is covering if pg 
We denote by {A, p) a covering in this topology. 

Using the properties of the reader can verify that, by defining for 
any object X of ^ Cov{X) as being the family of all couples {A, p) where 
p is covering, we get a Grothendieck topology t on ^ (cf. chapter 2, 
section 3). 

Denote by the category Fonct(^®, consisting of all contra- 
variant additive functors from ^ to and by h the canonical 
functor (chapter 5, section 10). Also, denote by ^ the category of sheaves 
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relatively to the Grothendieck topology t, and by S:^-the 
inclusion functor. By reproducing the construction of chapter 5, section 10, 
we obtain an exact functor R which is a right-adjoint of 5. 
This is done as follows: Let F be an object of and X an object of 
For any (A, p) e Cov(A") we consider the exact sequence 

0-►kerp->A—-►O, 

whence we obtain the commutative diagram 

0-► F{A, p)-► F{A)-► F(ker p) 

F{X) 

where the row is exact. The assignment X-► lim F{A, p) defines 
(A,p)eCov(X) 

an additive left-exact functor 
Now, the propositions 5.36,5.37, can be adapted to the present situation 

with the necessary alterations. 
The functor Rohis not exact, but we have the following 

Proposition 7.34. If the sequence 

0->A'-^^A-^^A"-►O 

is exact in ^ and a" e then the sequence 

0-► R o hiA') R o h{A) r o hiA")->•0 

is exact in 

Proof. We first notice that any left-exact functor from ^ to is a 
sheaf in the topology t, which is immediate by the definition of Cov(Jf). 
Thus it remains to prove that {R o h(A''), R o /i(a")) is the cokernel of 
R o h{(x'). To do this, let F be an arbitrary object of ^ and (p :Ro h{A)-► F 
a morphism such that cp o Rh{oi') = 0. 

There exists a g F{A) such that for any object X of ^ and morphism 
u: X-► A we have 

cp{X){u) = {F{u)m 

For, Rh{A) is isomorphic—according to the above remark—^with h^ 
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and ^ is given by theorem 1.6. Thus for any morphism v:X->A' we 

have {F{(x'v)){0 = 0. 
From the commutative diagram 

A 

A 

which is constructed in a canonical way, we obtain the exact sequence 

0->• F(A")->• F(A) F(A A), 

since F is a sheaf. 
We claim that F{pi){^) = F{p2){0- For, from the construction of the 

fibered product, we have the exact sequence 

0—>An^.- A—^An A ~>a” 

where tcj and 7t2 are the canonical projections, Pi = Uip {i = 1,2). This 
implies that Pi — P2 can be factorized through a', because a"(Pi — P2) = 0. 
Hence Pi — P2 = oc'v, where v:X->A\ Thus there exists eF(A") 
such that (F(a"))((^") = (^. 

We deduce, since Rh{A'') is representable, that defines a functorial 
morphism il/:Rh(A'')-► F such that ij/ o Rh(oi'') = cp. From the construc¬ 
tion it follows that ij/ is unique. 

Remark, It can be shown that any ^-projective object of the category 
^ becomes projective in the category of sheaves. 
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