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INTRODUCTION 

These notes are based on the course of lectures I gave at 

Harvard in the fall of 1964. They constitute a self-contained account 

of vector bundles and K-theory assuming only the rudiments of point - 

set topology and linear algebra. One of the features of the treatment 

is that no use is made of ordinary homology or cohomology theory. In 

fact rational cohomology is defined in terms of K-theory. 

The theory is taken as far as the solution of the Hopf invariant 

problem and a start is made on the J-homomorphism. In addition to 

the lecture notes proper two papers of mine published since 1964 have 

been reproduced at the end. The first, dealing with operations, is a 

natural supplement to the material in Chapter III. It provides an 

alternative approach to operations which is less slick but more funda¬ 

mental than the Grothendieck method of Chapter III and it relates 

operations and filtration. Actually the lectures deal with compact 

spaces not cell-complexes and so the skeleton-filtration does not figure 

in the notes. The second paper provides a new approach to real K-theory 

and so fills an obvious gap in the lecture notes. 
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CHAPTER I . Vector Bundles 

§1. 1. Basic definitions. We shall develop the theory of 

complex vector bundles only, though much of the elementary 

theory is the same for real and symplectic bundles. Therefore, 

by vector space, we shall always understand complex vector 

space unless otherwise specified. 

Let X be a topological space, A family of vector spaces 

over X is a topological space E , together with: 

(i) a continuous map p : E -* X 

(ii) a finite dimensional vector space structure on each 

E = p ^(x) for x G X , 
x r ' 

compatible with the topology on E^ induced from E . 

The map p is called the projection map, the space E is called 

the total space of the family, the space X is called the base space 

of the family, and if x GX , E^ is called the fiber over x . 

A section of a family p : E - X is a continuous map 

s : X - E such that ps(x) = x for all xGX. 

A homomorphism from one family p : E - X to another 

family q : F -* X is a continuous map (p : E -* F such that: 

(i) q<P = P 

(ii) for each x G X , <p : Ex - Fx is a linear map of 

vector spaces. 
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We say that <p is an isomorphism if (p is bijective and 0 

is continuous. If there exists an isomorphism between E and 

F , we say that they are isomorphic. 

Example 1. Let V be a vector space, and let E = X X V , 

p : E X be the projection onto the first factor. E is called the 

product family with fiber V , If F is any family which is 

isomorphic to some product family, F is said to be a trivial 

family. 

If Y is a subspace of X , and if E is a family of vector 

spaces over X with projection p , p : p ^(Y) -» Y is clearly a 

family over Y . We call it the restriction of E to Y , and 

denote it by E|Y . More generally, if Y is any space, and 

f : Y X is a continuous map, then we define the induced family 

f>,c(p) : f" (E) -* Y as follows: 

f*(E) is the subspace of Y X E consisting of all points 

(y, e) such that f(y) = p(e), together with the obvious projection 

maps and vector space structures on the fibers. If g : Z -* Y , 

then there is a natural isomorphism g*f*(E) == (fg) (E) given 

by sending each point of the form (z,e) into the point (z, g(z), e), 

where z € Z , e G E . If f : Y -* X is an inclusion map, clearly 

there is an isomorphism E (Y = f' (E) given by sending each 

e C E into the corresponding (p(e), e). 



A family E of vector spaces over X is said to be 

locally trivial if every x € X posesses a neighborhood U such 
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that E |U is trivial. A locally trivial family will also be called 

a vector bundle. A trivial family will be called a trivial bundle. 

If f : Y -* X , and if E is a vector bundle over X , it is easy 

to see that f* (E) is a vector bundle over Y . We shall call 

f‘(E) the induced bundle in this case. 

Example 2. Let V be a vector space, and let X be its 

associated projective space, We define E c X X V to be the set 

of all (x, v) such that x G X, v CV, and v lies in the line 

determining x . We leave it to the reader to show that E is 

actually a vector bundle. 

Notice that if E is a vector bundle over X , then dim(Ex) 

is a locally constant function on X , and hence is a constant on 

each connected component of X . If dim(Ex) is a constant on 

the whole of X , then E is said to have a dimension, and the 

dimension of E is the common number dim(Ex) for all x . 

(Caution: the dimension of E so defined is usually different from 

the dimension of E as a topological space. ) 

Since a vector bundle is locally trivial, any section of a 

vector bundle is locally* described by a vector v®lB®d function on 

the base space. If E is a vector bundle, we denote by T (E) the 

set of all sections of E . Since the set of functions on a space 
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with values in a fixed vector space is itself a vector space, 

we see that T(E) is a vector space in a natural way. 

Suppose that V, W are vector spaces, and that 

E = XxV, F = X X W are the corresponding product bundles. 

Then any homomorphism <p : E -* F determines a map 

# : X -* Hom(V, W) by the formula <p(x, v) = (x, <S>(x)v) . Moreover, 

if we give Hom(V, W) its usual topology, then is continuous; 

conversely, any such continuous map X -* Hom(V, W) determines 

a homomorphism <p : E -* F . (This is most easily seen by taking 

bases {e^} and {l} for V and W respectively. Then each 

J 

The continuity of either <p or $ is equivalent to the continuity 

of the functions 4>. 
i, J 

Let Iso(V,W) c Horn (V, W) be the subspace of all 

isomorphisms between V and W . Clearly, Iso(V, W) is an 

open set in Hom(V, W) . Further, the inverse map T -* T * 

gives us a continuous map Iso(V, W) - Iso(W, V) . Suppose that 

<p : E -* F is such that <p : E -* F is an isomorphism for all 
xxx r 

x € X . This is equivalent to the statement that ^(X) c Iso(V,W) . 

The map x -* $(x) ^ defines ^: X -* Iso(W, V) , which is continuous. 

Thus the corresponding map ; F - E is continuous. Thus 
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<p : E -* F is an isomorphism if and only if it is bijective or, 

equivalently, <p is an isomorphism if and only if each <px is 

an isomorphism. Further, since Iso(V,W) is open in Hom(V,W), 

we see that for any homomorphism <p , the set of those points 

x £X for which is an isomorphism form an open subset of 

X . All of these assertions are local in nature, and therefore 

are valid for vector bundles as well as for trivial families. 

Remark: The finite dimensionality of V is basic to the 

previous argument. If one wants to consider infinite dimensional 

vector bundles, then one must distinguish between the different 

operator topologies on Hom(V,W). 
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§1. 2. Operations on vector bundles. Natural operations 

on vector spaces, such as direct sum and tensor product, can 

be extended to vector bundles. The only troublesome question 

is how one should topologize the resulting spaces. We shall 

give a general method for extending operations from vector spaces 

to vector bundles which will handle all of these problems uniformly. 

Let T be a functor which carries finite dimensional 

vector spaces into finite dimensional vector spaces. For 

simplicity, we assume that T is a covariant functor of one 

variable. Thus, to every vector space V , we have an associated 

vector space T(V) . We shall say that T is a continuous 

functor if for all V and W , the map T : Horn (V, W) -* Hom(T (V),T (W)) 

is continuous. 

If E is a vector bundle, we define the set T(E) to be the 

union 

T(E ) 
' x 

x EX 

and, if <p : E - F , we define T(<p) : T(E) - T(F) 

by the maps T((p_^):T(E^) -> T(Fx) . What we must show is that T(E) 

has a natural topology, and that, in this topology, T(<p) is 

continuous. 

We begin by defining T(E) in the case that E is a product 

bundle. If E = X X V , we define T(E) to be X x T(V) in the 



product topology. Suppose that F = X X W , and that 

<p : E -» F is a homomorphism. Let <i> : X -* Hom(V, W) be 

the corresponding map. Since, by hypothesis, T : Hom(V,W) 

- Hom(T(V),T(W)) is continuous, : X -* Hom(T(V), T(W)) is 

continuous. Thus T(<p); X x T(V) -• X x T(W) is also continuous. 

If (f) is an isomorphism, then T<p will be an isomorphism since 

it is continuous and an isomorphism on each fiber. 

Now suppose that E is trivial, but has no preferred 

product structure. Choose an isomorphism (X : E -» X x V , and 

topologize T(E) by requiring T(a) : T(E) -* X x T(V) to be a 

homeomorphism. If $ : E -» X X W is any other isomorphism, 

by letting <p = /3q; * above, we see that T(ck) and T(/S) induce 

the same topology on T(E), since T(cp) - T(f$)T(a) is a 

homeomorphism. Thus, the topology on E does not depend on 

the choice of 0! . Further, if Y c X, it is clear that the topology 

on T(E)|Y is the same as that on T(E | Y). Finally, if <p : E - F 

is a homomorphism of trivial bundles, we see that T(<p) : T(E) -> T(F) 

is continuous, and therefore is a homomorphism. 

Now suppose that E is any vector bundle. Then if 

UcX is such that E|U is trivial, we topologize T(E|U) as 

above. We topologize T(E) by taking for the open sets, those 

subsets V c T(E) such that VD(T(E)|U) is open in T(E|U) 

for all open UcX for which E|U is trivial. The reader can 
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now easily verify that if Y c X, the topology on T(E | Y) 

is the same as that on T(E) | Y , and that, if <p : E F is 

any homomorphism, T(<p) : T(E) -* T(F) is also a homomorphism. 

If f : Y -* X is a continuous map and E is a vector 

bundle over X then, for any continuous functor T , we have 

a natural isomorphism 

f* T(E) = Tf*(E) . 

The case when T has several variables both covariant 

and contravariant, proceeds similarly. Therefore we can define 

for vector bundles E , F corresponding bundles: 

(i) E 0 F , their direct sum 

(ii) E ® F , their tensor product 

(iii) Hom(E,F) 

(iv) E* , the dual bundle of E 

(v) X*(E) , where X1 is the i^1 exterior power. 

We also obtain natural isomorphisms 

(i) E 0 F — F ® E 

(ii) E ® F = F0E 

(iii) E 8 (F1 © F") = (E « Ff) 0 (E ® F") 

(iv) Hom(E,F) — E* ® F 

(v) \k(E ® F) = 0 (X£(E) ® >3(F)) . 

i+j=k 
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Finally, notice that sections of Horn (E, F) correspond 

in a 1-1 fashion with homomorphisms <p : E -» F , We 

therefore define HOM(E,F) to be the vector space of all 

homomorphisms from E to F , and make the identification 

HOM(E,F) = r(Hom(E,F)) . 
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§ 1. 3. Sub-bundles and quotient bundles. Let E be 

a vector bundle. A sub-bundle of E is a subset of E which 

is a bundle in the induced structure. 

A homomorphism <p : F -* E is called a monomorphism 

(respectively epimorphism) if each <Px : -* Ex is a 

monomorphism (respectively epimorphism). Notice that 

# >}C 5^ 

<p : F -• E is a monomorphism if and only if (p : E -• F'1 is 

an epimorphism. If F is a sub-bundle of E , and if <p : F -* E 

is the inclusion map, then (p is a monomorphism. 

LEMMA 1. 3. 1. If_ r F -* E is a monomorphism, then 

cp(F) is a sub-bundle of E , and <p : F -* (fi{F) is an isomorphism. 

Proof; (p ; F -» <p(F) is a bijection, so if <p(F) is a sub¬ 

bundle, <p is an isomorphism. Thus we need only show that 

<p(F) is a sub-bundle. 

The problem is local, so it suffices to consider the case 

when E and F are product bundles . Let E = X X V and 

let x €X; choose c V to be a subspace complementary to 

<P(Fx) . G = X X Wx is a sub-bundle of E . 

Define 9 ; F ® G -• E by 9(a @b) = <p(a) + i(b), where i : G -* E 

is the inclusion. By construction, ©x is an isomorphism. Thus, 

there exists an open neighborhood U of x such that 9|U is an 

isomorphism. F is a sub-bundle of F © G , so 9(F) = <p(F) 

is a sub-bundle of 0(F © G) = E on U . 
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Notice that in our argument, we have shown more than 

we have stated. We have shown that if <p : F - E , then the 

set of points for which cpx is a monomorphism form an open 

set. Also, we have shown that, locally, a sub-bundle is a 

direct summand. This second fact allows us to define quotient 

bundles. 

DEFINITION 1. 3. I, If F is a sub-bundle of E , the 

quotient bundle E/F is the union of all the vector spaces E^/Fx , 

given the quotient topology. 

Since F is locally a direct summand in E , we see that 

E/F is locally trivial, and thus is a bundle. This justifies the 

terminology. 

If <p : F -* E is an arbitrary homomorphism, the function 

dimension(kernel (^x)) need not be constant, or even locally 

constant. 

DEFINITION 1. 3. 2. <p : F - E is said to be a strict 

homomorphism if dimension(kernel(<Px)) is locally constant, 

PROPOSITION 1. 3. 2. If <p : F - E is strict, then: 

(i) kernel(<p) = U kernel(<p>x) is a sub-bundle of F 

(ii) image (<p) = U image(<px) is a sub-bundle of E 

(iii) cokernel (<p) = U cokernel(<Px) is a bundle in the 

quotient structure 
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Proof; Notice that (ii) implies (iii) . We first prove 

(ii), The problem is local, so we can assume F = X X V for 

some V . Given x GX , we choose c: V complementary 

to ker(<Px) in V . Put G = X X ; then <p induces, by 

composition with the inclusion, a homomorphism ip ; G -* E , 

such that ip is a monomorphism. Thus, ip is a monomorphism 

in some neighborhood U of x . Therefore, ip (G)|U is a 

sub-bundle of E | U. However, 0(G) c <p(F) , and since dim(<p(Fy.)) 

is constant for all y , and dim(0(G^ ) = dim(0(Gx)) = dim(<p(Fx)) 

= dim((p(F )) for all y G U, ip (G) | U = <p(F) | U . Thus <p(F) is 

a sub-bundle of E . 

Finally, we must prove (i). Clearly, <p* ; E* -» F* is 

strict. Since F* — coker(<p*) is an epimorphism, (coker(<p* ))* 

"* F** is a monomorphism. However, for each x we have a 

natural commutative diagram 

ker (<px) 

Y 

-> F 

(coker (p*)* ->F 
£ * 

in which the vertical arrows are isomorphisms. Thus 

ker (<p) = (coker (<p* ))* and so, by (1. 3.1), is a sub-bundle of F . 

Again, we have proved something more than we have stated. 

Our argument shows that for any x G X, dim <px(F ) < dim <p (F ) 
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for all y €U, U some neighborhood of x , Thus, rank 

(<PX) is an upper semi-continuous function of x . 

DEFINITION 1. 3. 3. A projection operator P : E — E 

is a homomorphism such that P^ = P . 

Notice that rank (P ) + rank (1 - P ) = dim E so 
X X X 

that, since both rank (P ) and rank (1 - P ) are upper semi- 

continuous functions of x , they are locally constant. Thus 

both P and 1 - P are strict homomorphisms. Since ker(P) 

= (l - P)E , E is the direct sum of the two sub-bundles PE 

and (i - P)E . Thus any projection operator P : E -* E determines 

a direct sum decomposition E = (PE) ® ((1 - P)E) . 

We now consider metrics on vector bundles. We define 

a functor Herm which assigns to each vector space V the 

vector space Herm(V) of all Hermitian forms on V . By 

the techniques of §1. 2, this allows us to define a vector bundle 

Herm(E) for every bundle E . 

DEFINITION 1. 3. 4. A metric on a bundle E is any 

section h : X Herm(E) such that h(x) is positive definite 

for all x G X . A bundle with a specified metric is called a 

Hermitian bundle. 

Suppose that E is a bundle, F is a sub-bundle of E , 

and that h is a Hermitian metric on E . Then for each x G X 
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we consider the orthogonal projection P : E -* F defined 

by the metric. This defines a map P : E -* F which we shall 

now check is continuous. The problem being local we may 

assume F is trivial, so that we have sections f^, **• , fn 

of F giving a basis in each fiber. Then for v € F^ we have 

px(v) = Y hJV> 

i 

Since h is continuous this implies that P is continuous. Thus 

P is a projection operator on E . If F is the subspace of 

which is orthogonal to F^ under h , we see that F = U F^ 

is the kernel of P , and thus is a sub-bundle of E, and that 

~ ■L 

E = F ® F . Thus, a metric provides any sub-bundle with a 

definite complementary sub-bundle. 

Remark: So far, most of our arguments have been of 

a very general nature, and we could have replaced "continuous11 

with "algebraic", "differentiable", "analytic", etc. without any 

trouble. In the next section, our arguments become less general. 
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§ 1* 4. Vector bundles on compact spaces. In order to 

proceed further, we must make some restriction on the sort of base 

spaces which we consider. We shall assume from now on that our 

base spaces are compact Hausdorff. We leave it to the reader to notice 

which results hold for more general base spaces. 

Recall that if f : X -♦ V is a continuous vector-valued function, 

the support of f (written supp. f ) is the closure of f_1(V - {o}) . 

We need the following results from point set topology. We 

state them in vector forms which are clearly equivalent to the usual forms. 

Tietze Extension Theorem. Let X be a normal space, Y c X 

a closed subspace, V a real vector space, and f : Y -4 V a continuous 

map. Then there exists a continuous map g : X -»V such that g|y = f . 

Existence of Partitions of Unity. Let X be a compact 

Hausdorff space, {lb } a finite open covering. Then there exist 

continuous maps f. : X -* R such that: 

(i) f .(x) > 0 all x € X 

(ii) supp (f.) c U. 

(iii) L L(x) =1 all x €X 

Such a collection IT} is called a partition of unity. 
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We first give a bundle form of the Tietze extension theorem. 

LEMMA 1.4.1. Let_ X be compact Hausdorff, YcX a 

closed subspace, and E a bundle over X . Then any section 

s . y - E j Y can be extended to X . 

Proof: Let s € T(E | Y) . Since, locally, s is a vector¬ 

valued function, we can apply the Tietze extension theorem to show that 

for each x CX , there exists an open set U containing x and 

t € r (E | U) such that t|unY = s|unY. Since X is compact, we 

can find a finite subcover by such open sets. Let G T(E I ua) 

be the corresponding sections and let {p^} be a partition of unity 

with supp (p^) c . We define S^ Er(E) 6y 

Sa(x) = Pa(x)ta(*) if x€Ua 

= o otherwise . 

Then ES is a section of E and its restriction to Y is clearly s . 
a 

LEMMA 1.4.2. Let Y be a closed subspace of a compact 

Hausdorff space X , and let E, F be two vector bundles over X . 

If f : E | Y —> F | Y is an isomorphism, then there exists an opet set U 

containing Y and an extension f : E | U —> F | U which is an isomorphism. 
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Proof: f is a section of Hom(E | Y, F | Y), and thus, 

extends to a section of Hom(E, F) . Let U be the set of those 

points for which this map is an isomorphism. Then U is open and 

contains Y , 

LEMMA 1,4.3. Let Y be a compact Hausdorff space, 

ft : Y "* X (0<t<l) a homotopy and E a vector bundle over X . 

Then 

Proof: If I denotes the unit interval let f : Y x I -*X be the 

homotopy, so that f(y, t) = f^(y), and let tt : Y x I -* Y denote 

the projection. Now apply (1.4.2) to the bundles f*E, -n-*f|E and 

the subspace Y x {t} of Y X I , on which the re is an obvious iso- 

morphism s , By the compactness of Y we deduce that f E and 

ir*f*E are isomorphic in some strip Y x 6t where fit denotes a 

neighborhood of {t} in I . Hence the isomorphism class of ftE 

is a locally constant function of t . Since I is connected this implies 

it is constant, whence 

We shall use Vect(X) to denote the set of isomorphism classes 

of vector bundles on X , and Vectn(X) to denote the subset of Vect(X) 

given by bundles of dimension n . Vect(X) is an abelian semi-group 
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under the operation @ . In Vectn(X) we have one naturally 

distinguished element - the class of the trivial bundle of dimension n . 

LEMMA 1.4.4. 

(1) If f : X -» Y is a homotopy equivalence, 

f" : Vect(Y) -> Vect(X) is bijective . 

(2) _If X is contractible, every bundle over X is 

trivial and Vect(X) is isomorphic to the non¬ 

negative integers . 

LEMMA 1.4.5. If E is a bundle over X x I , and 

tt : X x I -* X x {o} is the projection, E is isomorphic to tt * (E |X x{o}). 

Both of these lemmas are immediate consequences of (1. 4. 3) . 

Suppose now Y is closed in X , E is a vector bundle over 

X and a : E | Y Y x V is an isomorphism. We refer to a as a 

trivialization of E over Y . Let tt : Y X V V denote the projection 

and define an equivalence relation on E|Y by 

e ~e' <=> tt a (e) = Tra(e') 

We extend this by the identity on E|X - Y and we let E/a denote the 

quotient space of E given by this equivalence relation. It has a 

natural structure of a family of vector spaces over X/Y . We assert 

that E/a is in fact, a vector bundle. To see this we have only to verify 



19. 

the local trivality at the base point Y/Y of X/Y . Now by (l. 4. 2) 

we can extend a to an isomorphism, a : E | U -* U x V for some 

open set U containing Y . Then a induces an isomorphism 

(E|U)/a = (U/Y) X V 

which establishes the local triviality of E/a . 

Suppose g!q , are homotopic trivializations of E over Y . 

This means that we have a trivialization 0 of E x I over Y x I c X X I 

inducing a^ and at the two end points of I . Let f: (X/Y) x I 

- (X x I)/(Y x I) be the natural map. Then f* (E x 1/0) is a bundle on 

(X/Y) x I whose restriction to (X/Y) x {i} is E/q;^ (i = 0, 1). Hence, 

by (1. 4. 3), 

E/aQ “ E/ax 

To summarize we have established 

LEMMA 1.4.7. A trivialization a of a bundle E over 

Y cX defines a bundle E/a over X/Y . The isomorphism class 

of_ E/a depends only on the homotopy class oX « • 

Using this we shall now prove 

LEMMA 1.4.8. Le^ YcX be a closed contractible subspace. 

Then f ; X -*X/Y induces a bisection f* : Vect (X/Y) - Vect(X) . 
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Proof: Let E be a bundle on X then by (1. 4. 4) E | Y is 

trivial. Thus trivializations oc : E| Y -♦ Y X V exist. Moreover, 

two such trivializations differ by an automorphism of Y x V , i. e. , 

by a map Y -* GL(V) . But GL(V) = GL(n, C) is connected and V 

is contractible. Thus a is unique up to homotopy and so the 

isomorphism class cf E|a is uniquely determined by that of E . 

Thus we have constructed a map 

Vect (X) -> Vect(X/Y) 

$ $ 
and this is clearly a two-sided inverse for f . Hence f is bijective 

as asserted. 

Vector bundles are frequently constructed by a glueing or 

clutching construction which we shall now describe. Let 

x = x1ux2, a = xL n x2 , 

all the spaces being compact. Assume that E^ is a vector bundle 

over X^ and that ip : EjjA -♦ E2|A is an isomorphism. Then we 

define the vector bundle E^ U E2 on X as follows. As a topological 

space E^ U E2 is the quotient of the disjoint sum E^ + E-, by the 

equivalence relation which identifies e^ €E^|A with ^i(e^) GE2|A . 

Identifying X with the corresponding quotient of X^ + X2 we obtain 

a natural projection p : E. U E? -♦ X , and p ^(x) has a natural 

vector space structure. It remains to show that E^ E2 is locally 
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trivial. Since E1 U^E^X - A = (eJXj -A) + (E2|X2 - A) the 

local triviality at points x A follows from that of and E2 . 

Therefore, let a £A and let be a closed neighborhood of a 

in Xj over which E^ is trivial., so that we have an isomorphism 

Bl : E1|v1 - Vj X df . 

Restricting to A we get an isomorphism 

ef: Ei 1 vi n A - (vi n A> x ^ • 

Let : e2 I v1 n a - (Vj n a) x af1 

A 
be the isomorphism corresponding to 9^ under <p . By (1.4. 2) this 

can be extended to an isomorphism 

V2 x (P 

where V2 is a neighborhood of a in X2 . The pair 9^, 92 then 

defines in an obvious way an isomorphism 

h V2:ElUVE2lVlUV2^<VlUV2>x^ , 

establishing the local triviality of E^ E2 . 

Elementary properties of this construction are the following; 



2 2. 

(i) If E is a bundle over X and E^ = E|X^, then 

the identity defines an isomorphism 1^ : E^|A -* E^ |A , and 

E. UT E? = E . 
1 LA l 

(ii) If /3^ : E^ -* E*. are isomorphisms on X^ and (p'= f$2<P 

then 

E. U E? = E, U . E. . 1 <p 2 1 <p 2 

(iii) If (E., (p) and (e! , <p’) are two "clutching data" on the 

X. , then 

<E1 % E2> ® <E1 E^= E, 9 U E2 9 e'2 , 

(E1 U„ E2> ® (E1 E2) = ® E; U E, ® e’2 , 

(E1 U<p E2^ ~ E1 U(<p*)"l E2 

Moreover, we also have 

LEMMA 1. 4. 6. The isomorphism class of E^ U E^ depends 

only on the homotopy class of the isomorphism <p ; E^ | A -» E^ | A . 

Proof; A homotopy of isomorphisms E^|A -♦ E^|A means 

an isomorphism 

ir*E1|A x I - tt*E2|A x I , 
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where I is the unit interval and tt :XxX-X is the projection. 

Let 

ft : X —> X x I 

be defined by fjx) = x x {t} and denote by 

<Pt : E1|A->E2|A 

the isomorphism induced from <i> by ft . Then 

E1 V* = V*E2> • 

Since fQ and f are homotopic it follows from (1.4.3) that 

E, U „ E, = E. u E, 
l (pQ 2 1 u<Pl 2 

as required. 

Remark; The "collapsing" and "clutching" constructions 

for bundles (on X/Y and X^ U X^ respectively) are both special 

cases of a general process of forming bundles over quotient spaces. 

We leave it as an exercise to the reader to give a precise general 

formulation. 

We shall denote by [X, Y] the set of homotopy classes of 

maps X -* Y . 
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LEMMA 1.4.9. For any X, there is a natural 

isomorphism Vectn(S(X)) = [X,GL(n,C)J . 

Proof: Write S(X) as C + (X) U C“(X) , where C + (X) 

= [0, 1/2] x X/{0} X X , C"(X) = [1/2, 1] x X/{l} X X . Then 

C+(X) n C (X) = X . If E is any n-dimensional bundle over S(X), 

E|C+(X) and E|C~(X) are trivial. Let : E | C-(X) = C- (X) X V 

be such isomorphisms. Then (a+ | X)(a |X) ^ : X X V -* X X V is a 

bundle map, and thus defines a map a of X into GL(n, <E) = Iso(V) . 

Since both C+(X) and C (X) are contractible, the homotopy classes 

of both and a are well defined, and thus the homotopy class 

of oc is well defined. Thus we have a natural map © : Vectn(S(X)) 

-* [X, GL(n, <E)] . The clutching construction on the other hand 

defines by (1. 4. 6) a map 

<p : [X, GL(n, C)] -> Vect (S(X)) . 

It is clear that 9 and are inverses of each other and so are 

bijections. 

We have just seen that Vectn(S(X)) has a homotopy theoretic 

interpretation. We now give a similar interpretation to Vectn(X) . 

First we must establish some simple facts about quotient bundles. 

LEMMA 1. 4. 10. Let E be any bundle over X . Then 

there exists a (Hermitian) metric on E . 
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Proof; A metric on a vector space V defines a metric 

on the product bundle X X V . Hence metrics exist on trivial 

bundles. Let {u^J be a finite open covering of X such that 

E I U is trivial and let h be a metric for Elu . Let {p } 
1 a a 1 a 

be a partition of unity with supp. p^ c and define 

k (x) = p (x) h (x) 
Cr *cr or 

= 0 

for x € U 
OL 

otherwise. 

Then is a section of Herm(E) and is positive semi-definite. 

But for any x GX there exists a such that > 0 (since 

Ep = 1 ) and so x G U . Hence, for this a , k (x) is positive 
a « 

definite. Hence E k (x) is positive definite for all x GX and 
a a 

so k = E k is a metric for E . 
a 

A sequence of vector bundle homomorphisms 

-> E -> F -> • • • 

is called exact if for each x GX the sequence of vector space 

homomorphis ms 

is exact. 

i ii 

COROLLARY 1.4.11. Suppose that 0 —> E1 —> E >EM—» 0 

is an exact sequence of bundles over X . Then there exists an 

isomorphism E — E1 ® E" . 
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Proof: Give E a metric. Then E = E © (E1) 

However, (E')"*- = E" . 

A subspace V c T(E) is said to be ample if 

<p : X x V —> E 

is a surjection, where <p(x, s) = s(x) . 

LEMMA 1.4.12. If E is any bundle over a compact 

Hausdorff space X , then T(E) contains a finite dimensional 

ample subspace. 

Proof: Let {U^} be a finite open covering of X so that 

E[ is trivial for each a , and let {p^} be a partition of unity 

with supp p c U . Since ElU is trivial we can find a finite- 

dimensional ample subspace c r(E|Ua) . Now define 

6 : V -> r(E) 
a a x ' 

by 

6 
a 

v (x) 
or ' P (x) 

0 

if x € U 
a 

otherwise . 

The 6 
0! 

define a homomorphism 

6 : TT —> r(E) 

and the image of 0 is a finite dimensional subspace of T(E) ; 

in fact, for each x GX there exists a with p (x) > 0 and 
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and so the map 

9 (V )-> E 
a ct x 

is surjective. 

COROLLARY 1.4.13. If E is any bundle, there exists 

an epimorphism <p : X x Cm —> E for some integer m , 

COROLLARY 1.4,14. If E is any bundle, there exists a 

bundle F such that EOF is trivial. 

We are now in a position to prove the existence of a 

homotopy theoretic definition for Vectn(X) . We first introduce 

Grassmann manifolds. If V is any vector space, and n any 

integer, the set G (V) is the set of all subspaces of V of 

codimension n , If V is given some Hermitian metric, each 

subspace of V determines a projection operator. This defines 

a map Gn(V) - End(V) , where End(V) is the set of endomorphisms 

of V . We give G (V) the topology induced by this map . 

Suppose that E is a bundle over a space X , V is a 

vector space, and <p : X X V - E is an epimorphism. If we map 

X into G (V) by assigining to x the subspace ker(<px) , this 

map is continuous for any metric on V (here n = dim(E)) . We 

call the map X ~ Gn(V) the map induced by (f> . 
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Let V be a vector space, and let F cG^V) X V be 

the sub-bundle consisting of all points (g, v) such that v € g . 

Then, if E = (Gn(V) x V)/F is the quotient bundle, E is called 

the classifying bundle over Gn(V) . 

Notice that if E' is a bundle over X , and (p : X X V -* E1 

is an epimorphism, then if f : X -* G (V) is the map induced by 

(p, we have E' = f* (E), where E is the classifying bundle. 

Suppose that h is a metric on V . We denote by G (V^) 

the set G (V) with the topology induced by h . If h1 is another 

metric on V, then the epimorphism G (V^) X V -» E (where E 

is the classifying bundle) induces the identity map Gn(V^) _‘Gn(V^t) . 

Thus the identity map is continuous. Thus, the topology on 

G (V) does not depend on the metric. 

Now consider the natural projections 

cm -> cm_1 

given by (z^, •••, zm) -* (z^ •••, zm_^) • These induce 

continuous maps 

'm-1 
G (C 

n' 

m-lv 
-> G (Cm) 

nv ' 

If denotes the classifying bundle over Gn(Cr ) it is 

immediate that 
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THEOREM 1.4.15. The map 

----> [X, G (Cm)] -> Vect (X) 
m 1 ’ nv nv ' 

m 
induced by f ->f*(E^^) for f : X -* G n(C ) , is an isomorphism 

for all compact Hausdorff spaces X . 

Proof: We shall construct an inverse map. If E is a 

bundle over X , there exists (by (1.4.13)) an epimorphism 

(p : X X Cm - E . Let f : X - Gn(Cm) be the map induced by cp . 

mi 

If we can show that the homotopy class of f (in Gn(V ) for m' 

sufficiently large does not depend on the choice of (p , then we 

construct our inverse map Vectn(X) -* m > [X, Gn(V )] by 

sending E to the homotopy class of f . 

Suppose that <p£ : X X Cmi - E are two epimorphisms 

( i = 0, 1) . Let gj. : X - Gn(Cmi) be the map induced by tp{ . 

Define 0t : X x Cm0 xCmUE by 4>t(xfV(), Vj) = (1 “ t) cpQ(x, vQ) 

+ ttp^x, vL) . This is an epimorphism. Let ft : X - Gr(C 0 @ C *) 

be the map induced by lpt . If we identify Cm° © C 1 with 

Cm°+ml by (V •••, V0)®(ul- •••■ 

then 

f0 = j0g0 » fl = T jlgl ’ 

where j. : Gn(Cmi) - Gn(Cm0+mi) is the natural inclusion and 
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T:Gn(Cm0+ml) -> Gn(Cm0+ml) 

is the map induced by a permutation of coordinates in Cm0 ml , 

and so is homotopic to the identity. Hence is homotopic 

to and hence to j^gQ as required. 

Remark. It is possible to interpret vector bundles as 

modules in the following way. Let C(X) denote the ring of 

continuous complex-valued functions on X . If E is a vector bundle 

over X then r(E) is a C(X) - module under point-wise 

multiplication, i. e. , 

fs(x) = f(x)s(x) f€C(X), S € r(E) . 

Moreover a homomorphism (p : E -* F determines a C(X) -module 

homomorphism 

Tip: T(E)-> T(F) . 

Thus r is a functor from the category If of vector bundles 

over X to the category !Tl of C(X)-modules. If E is trivial 

of dimension n , then I’(E) is free of rank n . If F is also 

trivial then 

T : HOM (E, F)--> Homc(x)( T(E), T (F)) 

is bijective. In fact, choosing isomorphisms E “= X x V , 
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F = X x W we have 

HOM (E, F) === Homc(V,W)X= C(X) ® Homc(V, W) 

= Homc(x)(r(E), T(F)) . 

Thus r induces an equivalence between the category 3 of 

trivial vector bundles to the category 3 of free C(X)-modules 

of finite rank. Let Proj (3) denote the sub-category of b 

whose objects are images of projection operators in 3 , and 

let Proj (3) c lb be defined similarly. Then it follows at once 

that r induces an equivalence of categories 

Proj (3 ) -> Proj (3) 

But, by (1.4.14), Proj (3) = V . By definition Proj (3) is the 

category of finitely-generated projective C (X)-modules. Thus 

we have established the following: 

PROPOSITION. r induces an equivalence between the 

category of vector bundles over X and the category of finitely- 

generated projective modules over C(X) . 
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§ 1. 5, Additional structures. In linear algebra one frequently 

considers vector spaces with some additional structure, and we 

can do the same for vector bundles. For example we have already 

discussed hermitian metrics. The next most obvious example is to 

consider non-degenerate bilinear forms. Thus if V is a vector 

bundle a non-degenerate bilinear form on V means an element T 

of HOM(V ® V, 1) which induces a non-degenerate element of 

Hom(V^ ® , C) for all x GX . Equivalently T may be 

regarded as an element of ISO(V, V*) . The vector bundle V 

together with this isomorphism T will be called a self-dual bundle . 

If T is symmetric, i. e. , if T^ is symmetric for all 

x GX , we shall call (V, T) an orthogonal bundle. If T is skew- 

symmetric, i. e. , if Tx is skew-symmetric for all x GX, we 

shall call (V, T) a symplectic bundle. 

Alternatively we may consider pairs (V, T) with 

TGISO(V, V) , where V denotes the complex conjugate bundle 

of V (obtained by applying the "complex conjugate functor" to V) . 

Such a (V, T) may be called a self-conjugate bundle. The 

isomorphism T may also be. thought of as an anti-linear isomorphism 

2 2 
V V . As such we may form T . If T = identity 

we may call (V, T) a real bundle. In fact the subspace W c V 

consisting of all v GV with Tv = v has the structure of a real 

vector bundle and V may be identified with W C , the 
K. 
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complexification of W, If = - identity then we may call (V, T) 

a quaternion bundle. In fact, we can define a quaternion vector 

space structure on each by putting j(v) = Tv 

2 2 
the quaternions are generated over R by i, j with ij = -ji, i =j = -1;. 

Now if V has a hermitian metric h then this gives an 

isomorphism V -» V* and hence turns a self-conjugate bundle into 

a self-dual one. We leave it as an exercise to the reader to examine 

in detail the symmetric^” and skew-symmetric cases and to show 

that, up to homotopy, the notions of self-conjugate, orthogonal, 

symplectic, are essentially equivalent to self-dual, real, quaternion. 

Thus we may pick which ever alternative is more convenient at any 

particular stage. For example, the result of the preceeding sections 

extend immediately to real and quaternion vector bundles although the 

extension of (1. 4. 3) for example to orthogonal or sympletic bundles is 

not so immediate. On the other hand the properties of tensor products 

are more conveniently dealt with in the framework of bilinear forms. 

Thus the tensor product of (V, T) and (W, S) is (V®W, T®S) and the 

symmetry properties of T®S follow at once from those of T and 

S . Note in particular that the tensor product of two sympletic 

bundles is orthogonal. ___ 

+ The point is that GL(n,R) and 0(n,C) have the same maximal compact 

subgroup O(n.R). Similar remarks apply in the skew case. 
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A self-conjugate bundle is a special case of a much more 

general notion. Let F, G be two continuous functors on vector 

spaces. Then by an F -* G bundle we will mean a pair (V, T) 

where V is a vector bundle and TGISO(F(V), G(V)). Obviously 

a self-conjugate bundle arises by taking F = identity, G = v . 

Another example of some importance is to take F and G to be 

multiplication by a fixed integer m , i. e. , 

F(V) = G(V) = V ©V 0 ... 0 V (m times) . 

Thus an m -» m bundle (or more briefly an m-bundle) is a pair 

(V, T) where T GAut(mV) . The m-bundle (V, T) is trivial if 

there exists S GAut(V) so that T = mS . 

In general for F - G bundles the analogue of (1. 4. 3) does 

not hold, i. e. , homotopy does not imply isomorphism. Thus the 

good notion of equivalence must incorporate homotopy. For 

example, two m-bundles (Vq, Tq) and (V^, T^) will be called 

equivalent if there is an m-bundle (W, S) on X X I so that 

(V., T.) = (W, S) |X x {i} , i = 0, 1 . 

Rem ark: An m-bundle over K should be thought of as 

a "mod m vector bundle" over S(X) . 
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§ 1. 6. G-bundles over G-spaces. Suppose that G is a 

topological group. Then by a G-space we mean a topological space 

X together with a given continuous action of G on X , i. e. , G 

acts on X and the map G X X -* X is continuous. A G-map 

between G-spaces is a map commuting with the action of G . 

A G-space E is a G-vector bundle over the G-space X if 

(i) E is a vector bundle over X , 

(ii) the projection E -♦ X is a G-map, 

(iii) for each g GG the map E^ -» E^xj is a vector 

space homomorphism. 

If G is the group of one element then of course every space 

is a G-space and every vector bundle is a G-vector bundle. At 

the other extreme if X is a point then X is a G-space for all G 

and a G-vector bundle over X is just a (finite-dimensional) 

representation space of G , Thus G-vector bundles form a natural 

generalization including both ordinary vector bundles and G-modules. 

Much of the theory of vector bundles over compact spaces generalizes 

to G-vector bundles provided G is also compact. This however, 

presupposes the basic facts about representations of compact groups. 

For the present, therefore we restrict ourselves to finite groups 

where no questions of analysis are involved. 

There are two extreme kinds of G-space: 

(i) X is a free G-space if g / 1 => g(x) / x » 

(ii) X is a trivial G-space if g(x) = x for all x G X, gGG, 
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We shall examine the structure of G-vector bundles in these two 

extreme cases. 

Suppose then that X is a free G-space and let X/G be 

the orbit space. Then tt : X -*X/G is a finite covering map. 

Let E be a G-vector bundle over X. Then E is necessarily a 

free G-space. The orbit space E/G has a natural vector bundle 

structure over X/G : in fact E/G -* X/G is locally isomorphic to 

E -* X and hence the local triviality of E implies that of E/G . 

Conversely, suppose V is a vector bundle over X/G* Then tt v \ 

is a G-vector bundle over X ; in fact, n *VcX x V and G acts on 

X x V by g(x, v) = (g(x), v) . It is clear that E -» E/G and 

V -* ir *V are inverse functors. Thus we have 

PROPOSITION 1. 6. 1. If X is G-free G-vector bundles 

over X correspond bijectively to vector bundles over X/G by 

E - E/G . 

Before discussing trivial G-spaces let us recall the basic 

fact about representations of finite groups, namely that there exists 

a finite set Vj,, ••• , of irreducible representations of G so 

that any representation V of G is isomorphic to a unique direct 

sum E n.V\ . Now for any two G-modules (i. e. , representation 

spaces) V, W we can define the vector space Hom^,(V, W) of 

G-homomorphisms. Then we have 
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Homr(V., V.) = 0 
G 1 j 

= C i = J • 

Hence for any V it follows that the natural map 

is a G- isomorphism. In this form we can extend the result to 

G-bundles over a trivial G-space. In fact, if E is any G-bundle 

over the trivial G-space X we can define the 

morphism Av £ END E by 

homo- 

Av(e) 

where J G ( denotes the order of G (This depends on the fact 

that, X being G-trivial, each gGG defines an endomorphism 

of E) . It is immediate that Av is a projection operator for E 

and so its image, the invariant subspace of E , is a vector bundle. 

We denote this by EG and call it the invariant sub-bundle of E . 
Q 

Thus if E, F are two G-bundles then Hom^fE, F) = (Hom(E, F)) 

is again a vector bundle. In particular taking E to be the trivial 

bundle = XxVj with its natural C,-a.ction we can consider 

the natural bundle map 

i= 1 
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We have already observed that for a G-module F this is a 

G-isomorphism. In other words for any G-bundle F over X 

this is a G-isomorphism for all x GX . Hence it is an isomorphism 

of G-bundles. Thus every G-bundle F is isomorphic to a 

G-bundle of the form XV. $ E. where E. is a vector bundle 
11 i 

with trivial G-action, Moreover the E^ are unique up to isomorphism. 

In fact we have 

k 

HomG(Vi , F) = £ HomG(Vi, Vj ®E ) 

j=l 

k 

= 1 H°mG(Vi, Vj ) ® Ej 

j=l 

= E. . 
i 

Thus we have established 

PROPOSITION 1. 6. 2. Let X be a trivial G-space, 

V., ••• , V, a complete set of irreducible G-modules, V; = X X V. 

the corresponding G-bundles. Thus every G-bundle F over X 

is isomorphic to a direct sum 2. , V\ O E. where the E. are 

vector bundles with trivial G-action, Moreover the E^ are unique 

up to isomorphism and are given bv E^ = Hom^Vf, F) . 

We return now to the case of a general (compact) G-space 

X and we shall show how to extend the results of §1.4 to G-bundles. 
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Observe first that, if E is a G-bundle, G acts naturally on 

r(E) by 

(gs)(x) = g(s(g [(x))) s G r(E) . 

A section s is invariant if gs = g for all g GG . The set of 

Q 
all invariant sections forms a subspace T(E) of r(E) . The 

averaging operator 

Av I g 

Q 
defines as usual a homomorphism F(E) -* F(E) which is the 

identity on F(E)^ . 

LEMMA 1. 6. 3. Let X be a compact G-space Y C X 

a closed sub G-space (i. e. , invariant by G) and let E be a 

G-bundle over X . Then any invariant section s : Y - E | Y extends 

to an invariant section over X . 

Proof: By (1.4.1) we can extend s to some section t of 

E over X . Then Av(t) is an invariant section of E over X , 

while over Y we have 

Av(t) = Av(s) = s 

since s is invariant. Thus Av(t) is the required extension. 
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If E, F are two G-bundles then Hom(E, F) is also a 

G-bundLe and we hare 

I(Hom(E, F))G = HOMg(E, F) . 

Hence the G-analogues of (1. 4. 2) and (l. 4. 3) follow at once from 

(1, 6. 3) . Thus we have 

LEMMA 1.6.4. Let Y be a compact G-space, X a 

G-space, f : Y -* X (0 < t < 1) a. G-homotopy and E a. G-vector 

% * 
bundle over X . Then f ^E and f^ E are isomorphic G-bundles. 

A G-homotopy means of course a G-map F : Y X I -* X 

where I is the unit interval with trivial G-action. A G-space is 

G-contractible if it is G-homotopy equivalent to a point. In 

particular, the cone over a G-space is always G-contractible. By 

a trivial G-bundle we shall mean a G-bundle isomorphic to a product 

X x V where V is a G-module. With these definitions (1. 4. 4) — 

(1. 4. 11) extend without change to G-bundles. We have only to observe 

that if h is a metric for E then Av(h) is an invariant metric . 

To extend (1. 4. 12) we observe that if V c T(E) is ample 

then SgGG gV C T(E) is ample and invariant. This leads at once 

to the appropriate fextension of (1. 4. 14) . 

In extending (I. 4. 15) we have to consider Grassmannians 

k 
V* 

of G-subspaces of m V. for m co , where as before 
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Vj» •** , denote a complete set of irreducible G-modules. 

We leave the formulation to the reader. 

Finally,consider the module interpretation of vector bundles. 

Write A = C(X) . Then if X is a G-space G acts on A as a 

group of algebra automorphisms. If E is a G-vector bundle over 

X then r(E) is a projective A-module and G acts on T(E) , 

the relation between the A - and G- actions being 

g(as) = g(a)g(s) a GA, g GG, s G T(E) . 

We can look at this another way if we introduce the "twisted group 

algebra" B of G over A , namely elements of B are linear 

combinations £ a R with a GA and the product is defined 
gGG ge g 

by 

(ag)(a'g') = (ag(a'))gg' . 

In fact, T(E) is then just a B-module. We leave it as an exercise 

to the reader to show that the category of G-vector bundles over 

X is equivalent to the category of B-modules which are finitely 

generated and projective over A . 
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CHAPTER II . K-Theory 

§ 2. 1. Definitions. If X is any space, the set Vect(X) 

has the structure of an abelian semigroup, where the additive structure 

is defined by direct sum. If A is any abelian semigroup, we can 

associate to A an abelian group K(A) with the following property: 

there is a semigroup homomorphism a : A -* K(A) such that if G 

is any group, y : A -* G any semigroup homomorphism, there is a 

unique homomorphism x : K(A) -* G such that y = xry . If such a 

K(A) exists, it must be unique. 

The group K(A) is defined in the usual fashion. Let F(A) 

be the free abelian group generated by the elements of A, let E(A) 

be the subgroup of F(A) generated by those elements of the form 

a + a' - (a 0 a') , where 0 is the addition in A, a, a' GA . Then 

K(A) = F(A)/E(A) has the universal property described above, 

with <y. : A -» K(A) being the obvious map. 

A slightly different construction of K(A) which is sometimes 

convenient is the following. Let A : A - A X A be the diagonal 

homomorphism of semi-groups, and let K(A) denote the set of 

cosets of A (A) in A X A . It is a quotient semi-group, but the 

interchange of factors in A x A induces an inverse in K(A) so that 

K(A) is a group. We then define aA : A - K(A) to be the composition 

of a - (a, 0) with the natural projection A x A -* K(A) (we assume 
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A has a zero for simplicity). The pair (K(A), cc ) is a functor 

of A so that if y : A -» B is a semi-group homomorphism we 

have a commutative diagram 

aA 
A -—-> K(A) 

V K(y) 

v aR y 
B-?-> K(B) 

If B is a group g?r is an isomorphism. That shows K(A) has the 

required universal property. 

If A is also a semi-ring (that is, A possesses a 

multiplication which is distributative over the addition of A ) then 

K(A) is clearly a ring. 

If X is a space, we write K(X) for the ring K(Vect(X)) . 

No confusion should result from this notation. If E GVect (X) , we 

shall write [E] for the image of E in K(X) . Eventually, to avoid 

excessive notation, we may simply write E instead of [E] when 

there is no danger of confusion. 

Using our second construction of K it follows that, if X 

is a space, every element of K(X) is of th<? form [E] - [F] , where 
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E, F are bundles over X . Let G be a bundle such that F ® G 

is trivial. We write n for the trivial bundle of dimension n . 

Let F ® G = n . Then [E] - [F] = [E] + [G] - ([F] + [G]) = [E 0 G] - [n] . 

Thus, every element of K(X) is of the form [H] - [n] . 

Suppose that E, F are such that [E] = [F], then again 

from our second construction of K it follows that there is a bundle 

G such that E ® G = F ® G . Let G* be a bundle such that 

G 0 G' = n . Then E ® G ® g' = F ® G ® g' , so E ® n = F ® n . 

If two bundles become equivalent when a suitable trivial bundle is 

added to each of them, the bundles are said to be stably equivalent. 

Thus, [E] = [F] if and only if E and F are stably equivalent. 

Suppose f : X -* Y is a continuous map. Then f* : Vect(Y) 

-* Vect(X) induces a ring homomorphism i : K(Y) -* K(X) . By 

(l. 4. 3) this homomorphism depends only on the homotopy class of f . 

§ 2. 2. The periodicity theorem. The fundamental theorem 

for K-theory is the periodicity theorem. In its simplest form, it 

states that for any X, there is an isomorphism between K(X) ® K(S^) 

2 
and K(X x S“) . This is a special case of a more general theorem 

which we shal 1 prove. 

If E is a vector bundle over a space X , and if E^ = E - X, 

where X is considered to lie in E as the zero section, the non-zero 

complex numbers act on E^ as a group of fiber preserving auto¬ 

morphisms. Let P(E) be the quotient space obtained from Eq by 
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dividing by the action of the complex number. P(E) is called 

the projective bundle associated to E . If p : P(E) - X is the 

projection map, p ^(x) is a complex projective space for all 

x € X . If V is a vector space, and W is a vector space of 

dimension one, V and V ® W are isomorphic, but not naturally 

isomorphic. For any non-zero element U)GW the map v -* V ® to 

defines an isomorphism between V and V ® W , and thus defines 

an isomorphism P( o>): P(V) -* P(V ® W) . However, if a)' is any 

other non-zero element of W , to' = Xco for some non-zero 

complex number X . Thus P( to) = P(to') » so the isomorphism 

between P(V) and P(V ® W) is natural. Thus, if E is any 

vector bundle, and L is a line bundle, there is a natural isomorphism 

P(E) = P(E ® L) . 

If E is a vector bundle over X then each point a € P(E)^ 

= P(E ) represents a one-dimensional subspace H;^. c Ex . The 

union of all these defines a subspace H cp E , where 

p : P(E) - X is the projection. It is easy to check that H* is a 

sub-bundle of p*E . In fact, the problem being local we may 

assume E is a product and then we are reduced to a special case 

of the Grassmannian already discussed in § 1. 4. We have denoted 

our line- bundle by H* because we want its dual H (the choice 

of convention here is dictated by algebro-geometric considerations 

which we do not discuss here). 
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We can now state the periodicity theorem. 

THEOREM 2. 2. 1. Let L be a line bundle over X . 

Then, as a K(X)-algebra, K(P(L 0 l)) is generated by [H] , 

and is subject to the single relation ([H] - [l])([L][H] - [1]) = 0 . 

Before we proceed to the proof of this theorem, we would 

2 
like to point out two corollaries. Notice that P(l © l) = X X S 

COROLLARY 2. 2. 2. K(SZ) is generated by [H] as a 

K (point) module, and [H] is subject to the only single relation 

<[HJ - [l])2 = 0 . 

COROLLARY 2. 2. 3. I£ X is any space, and if 

/i : K(X) <S K(SZ) -* K(X X SZ) is defined by [1 (a ® b) = (tt * a)(ir £b) , 

where tt ^ , ir ^ are the projections onto the two factors, then 

/I is an isomorphism of rings. 

The proof of the theorem will be broken down into a 

series of lemmas. 

To begin, we notice that for any x G X, there is a natural 

embedding L^ -* P(L 0 1) given by the map y -* (y, 1) . This 

map extends to the one point compactification of L^ , and gives 

us a homeomorphism of the one point compactification of L onto 

P(L 0 l)^ . If we map X -* P(L0 1) by sending x to the image 

of the "point at infinity" of the one point compactification of L , 
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we obtain a section of P(L 0 I) which we call the "section at 

infinity". Similarly, the zero section of L gives us a section 

of P(L 0 1) , which we call the zero section of P(L 0 1) . 

We choose a metric on L , and we let S c L be the 

unit circle bundle. We write P^ for the part of L consisting 

of vectors of length < 1 , and P°° for that part of P(L 0 l) 

consisting of the section at infinity, together with all the vectors 

of length > 1 . We denote the projections S -* X , P^ -* X , P00 -* X 

by tt , tt o , and tt ^ respectively. 

Since tt^ and tt^ are homotopy equivalences, every 

bundle on P^ is of the form tt'^(E^) and every bundle on P°° 

is of the form tt v (E00) , where E^ and E00 are bundles on X . 
oo 

Thus, any bundle E on P(L 0 l) is isomorphic to one of the form 

(tt q(E^), f, tt'^^E00)) , where f E ISO(tt * (E®), tt r (E°°)) is a 

clutching function. Moreover, if we insist that the isomorphism 

E -> TT 
* 

OO 

coincide with the obvious ones over the zero and infinite sections, 

it follows that the homotopy class of f is uniquely determined by 

the isomorphism class of E . This again uses the fact that the 

0-section is a deformation retract of P^ and the co-section a 

deformation retract of P03 . We shall simplify our notation 

slightly by writing (E^, f, E00) for (tt q (E ), f, tt ^(E )) . 
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Our proof will now be devoted to showing that the bundles 

and E°° and the clutching function f can be taken to have a 

particularly simple form. In the special case that L is trivial, 

S is just X x S* , the projection S -* is a complex-valued 

function on S which we denote by z (here S is identified with 

the complex numbers of unit modulus). This allows us to consider 

functions on S which are finite Laurent series in z whose 

coefficients are functions on X : 

n 

I ak(x)zk 

k = -n 

These finite Laurent series can be used to approximate functions 

on S in a uniform manner. 

If L is not trivial, we have an analogue to finite Laurent 

series. Here z becomes a section in a bundle rather than a 

function. Since tt*(L) is a subset of S x L , the diagonal map 

S->S xScS X L gives us a section of tt * (L) . We denote this 

section by z . Taking tensor products we obtain, for k > 0, a 

section zk of (it'* (L))k , and a section z k of (TT*(L*))k . 

We write L k for (Lv )k . Then, for any k, k' , Lk 0 Lk = Lk+k 

Suppose that ak€(Lk). Then ir * (aR) 0 zk € r(fr * (1)), and 

thus tt v (a^) 0 zk is a function on S . We write a^zk f°r this 

function. By a finite Laurent series, we shall understand a sum 

of functions on S of the form 
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n 

I akzk 
k= -n 

where er(L for all k . 

More generally, if E^, E°° are two vector bundles on 

X, and a^ G T Hom(L^ ® E^ , E°°) , then if we write ajcz^ for 

a^ ® z , we see that any finite sum of the form 

n 
k 

k =--n 

is an element of r^Tr'1* (E^), tr^E00)) . If f G ISO(ir * (E®), tt * (E )) , 

we call f a Laurent clutching function for (E^, E°°) . 

The function z is a clutching function for (1, L). Further, 

(1, z, L) is just the bundle H* which we defined earlier. To 

see this, we first recall that H* was defined as a sub-bundle of 

w*(L®l). For each y € P(L 0 l)x , H* is a subspace of 

(L 0 l)x , and 

L @ 0 , H* = 0 ® l x x 

Thus, the composition 
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induced by the projection L 0 1 1 defines an isomorphism: 

f0:H>:t|P°-> ttq(1) . 

Likewise, the composition 

H* -> tt*(L 0 1)-> ir*(L) 

induced by the projection L 0 1 —> L defines an isomorphism: 

f : H* |P°°-> tt*(L) 
co 1 0 

Hence f = f^ * : tt*(1)—> tt*(L) is a clutching function for H 

Clearly, if y G S , f(y) is the isomorphism whose graph is H* . 
x y 

Since is the subspace of 0 spanned by y 0 1 

(y esxc Lx , ICC), we see that f is exactly our section z . 

Thus 

H* = (1, z, L) . 

Therefore, for any integer k , 

rjk ~ /. -k . -k, 
H = (1, z , L ) 

The next step in our classification of the bundles over P 

is to show that every clutching function can be taken to be a Laurent 

clutching function. Suppose that f G T Hom(Tr * , 7r*E°°) is 

any section. We define its Fourier coefficients 
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by 

ak 0 T Hom( Lk ® E° , E°°) 

/ \ l f , -k-1 j a, (x) = -=—— f z dz 
kv ' 2 iti J x x x 

S 
x 

Here f , z denote the restrictions of f , z to S , and dz 
X X XX 

is therefore a differential on S with coefficients in L . Let 
x x 

be the partial sum 

s„ = i ak*k 
-n 

and define the Cesaro means 

n-1 

= 4- I Sk ■ 
0 

Then the proof of Fejer's theorem on the (C, 1) summability of 

Fourier series extends immediately to the present more general 

case and gives 

LEMMA 2. 2. 4. Let f be any clutching function for 

E°°)> and let f be the sequence of Cesaro means of the 

Fourier series of f . Then fn converges uniformly to f . 

Thus, for all large n , fR is a clutching function for (E , E ) , 

and (E°, f, E°°) S (E°, E00) . 
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Proof: Since ISO(E^, E°°) is an open subset of the 

vector space HOM(E^,EC°), there exists an e > 0 such that 

g GISO(E^,E°°) whenever |f - g | < c , where | | denotes the 

usual sup. norm with respect to fixed metrics in E*^, E°° . 

Since the f^ converge uniformly to f we have | f - ffl | < e 

for large n. Thus, for 0<t<l, |tf + (l-t)f G ISO(E °, E°°) . 
— — n 

f and f^ are homotopic in ISO(E^, E°°), so (E^, f, E°°) 

S (E°, fn, E“) . 

Next, consider a polynomial clutching function; that is, 

one of the form 

n 

k=0 

Consider the homomorphism 

i”(p) : / y 

U=o 
£ Lk ® 

given by the matrix 

Thus, 

1 



53. 

It is clear that £n(p) is linear in z . Now, define 

the sequence pr(z) inductively by 

PQ = p , zpr+1(z) = pr(z) - pr(0) . 

Then we have the following matrix identity: 

1 

or, more briefly 

£n(p) = (1 + NjKp @ 0(1 + n2) 

where Nj and are nilpotent . If N is nilpotent, 1 + tN 

is nonsingular for 0 < t < 1 , so we obtain 

PROPOSITION 2. 2. 5. £n(p) and p 9 l define 

isomorphic bundles on P , i. e. , 

n 

(E#.P.E»,« I I I *>**° 
k=l k=l 

£ / V Lk © E°, £n(p), E00 0 Y Lk ® E° 

\k=0 k=l 
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Remark: The definition of £n(p) is, of course, 

modelled on the way one passes from an ordinary differential 

equation of order n to a system of first order equations. 

For brevity, we write £n(E^, p, E00) for the bundle 

LEMMA 2. 2. 6. Let p be a polynomial clutching 

function of degree < n for (E^, E00) . Then 

/.» m+l, 0 t^oOv ~ ,,n,-_,0 t,oo> /T n+l _ , T n+i _ „u, 
(i) £ (E ,p,E ) = £ (E , p, E ) 0 (L 0 E , 1, L 0E ) 

n+1 ^ ^,0, 

(ii) £n+1(L_1®E°, zp, E°°) == £n(E°, p, E°°) 0 (L l 0 E°, z, E°) 

Proof: We have 

in+I<P) = 

in(P) 

0 0 • • • -z 1 

Multiplying the z on the bottom row by t gives us a homotopy 

between £ (p) and £ (p) 0 1 . This establishes the first part, 

Similarly, 

/ 0 

£n+l(zp) 

aQ aL ... 
n 

- z 1 

*z 1 

- z 

i 
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We multiply the 1 on the second row by t and obtain a 

homotopy between £n+^(zp) and £n(p) ® (-z) . Since -z is 

the composition of z with the map -1, and since -1 extends 

to E°, (L'^E0, -z, E°) = (L_1<8>E0, z, E°) . The second 

part is therefore proved. 

We shall now establish a simple algebraic formula in 

K(P) . We write [E^, p, E®°] for [(E^, p, E00)] . 

PROPOSITION 2. 2. 7. For any polynomial clutching 

function p for (E , E ), we have the identity 

([E°, p, E°°] - [E°, 1, E°])([L][H] - [1]) = 0 . 

Proof: From the second part of the last lemma, together 

with the last proposition, we see that 

(L * ® E^, zp, E°°) ® 

/n n 

® E° J l Lk ® E°, 1, i 
l^k=0 k=0 / 

/ n n 

(E°. P.E00) ® [} Lk ® 
e0,1’ i 

Vk =1 k=l 

0 (L 'l ® E°, z, E ) 

Thus, in K(P), 

[i/1 ®E°, zp, E°°] 0 [E°,1,E°] = [E°,p, E°°] 0 [L-* ® E“, z, E“] 
0 „ooi ■1 „ ^0 
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Since [l, z, L] = [H *], 

In particular, if we put - I, p - z , E -L, we 

obtain the formula 

([H] - [1])([L][H] - [I]) = 0 

which is part of our main theorem. 

We now turn our attention to linear clutching functions. 

First, suppose that T is an endomorphism of a finite dimensional 

vector space E , and let S be a circle in the complex plane which 

does not pass through any eigenvalue of T . Then 

(z - T) ^ dz 
1 

Q 

S 

is a projection operator in E which commutes with T . The 

decomposition E = E+ © E_ , E+ = QE, E_ = (l - Q)E is therefore 

invariant under T, so that T can be written as T = T+ ® T_ . 

Then T+ has all of its eigenvalues inside S , while T has all 

of its eigenvalues outside S . This is, of course, just the spectral 

decomposition of T corresponding to the two components of the 

complement of S . 



We shall now extend these results to vector bundles, but 

first we make a remark on notation. So far z and hence p(z) 

have been sections over S . However, they extend in a natural 

way to sections over the whole of L, It will also be convenient 

to include the co-section of P in certain statements. Thus, if 

we assert that p(z) = az + b is an isomorphism outside S , we shall 

take this to include the statement that a is an isomorphism. 

PROPOSITION 2. 2. 8. Let p be a linear clutching 

function for (E^, E00) , and define endomorphisms Q , Q _of 

E^, E°° by putting 

Q 
0 
x 

1 
Ztt i dP. 

Then and Q°° are projection operators, and 

PQ° = C°°p . 

Write E^ 

Then p is 

Moreover, 

ism inside 

: QiEi , E* = (l - Q1)E1 , i = 0, oo, SO that El = E^ © e\ . 

compatible with these decompositions, so that p = p+ @ p_ • 

p^ is an isomorphism outside S, and p_ is an isomorph- 

S 

Proof: It suffices to verify these statements at each point 

that X is a point, L = C, x GX . In other words, we may assume 
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and z is just a complex number. Since p(z) is an isomorphism 

for |z| = 1, we can find a real number a with a > 1 such that 

p(o:) : E^ —> E°° is an isomorphism. For simplicity of computation, 

we identify E^ with E00 by this isomorphism. Next, we consider 

the conformal transformation 

l - az 
w = - 

z - a 

which preserves the unit circle and its inside. Substituting for z , 

we find (since we have taken p(a) = l) 

P(z) 
w - T 

w + a 

where T E End(E ) . Hence 

Q 1 f -1 
>71 J P dp 

=1 

2tt i 
(- (w + a) ^ dw + (w - T) ^dw) . 

w =1 

2tt i 
[ (w - T) * dw since |g;| > 1 

w r=i 

Similarly, 

Q°° = -g^r- J (dw)(w - T) 1 = Q° , 

I w I —1 

so our assertions follow from the corresponding statements concerning 

a linear transformation T . 



COROLLARY 2. 2. 9. Let p be as in (2. 2. 8), and 

write 

p+ = a+z + b+ , p_ = a_z + b 

Then, if p(t) = p (t) ® p_(t) , where 

p + (t) = a+z + tb+ , p (t) = ta z + b_ , 0 < t < 1 , 

we obtain a homotopy of linear clutching functions connecting p 

with a+z 0 b . Thus 

(E°, p, E°°) = (E° , z, L ®E°) 0 (E° , l, E° ) 

Proof: The last part of the last lemma implies that p + (t) 

and p (t) are isomorphisms on S for 0 < t < 1 . Thus, p(t) is 

a clutching function for 0 < t < l . Thus, 

/„0 _COi ~ /r^0 ^OOi 
(E , p, E ) = (E , p(l), E ) 

= (E^ , a z, E1") 0 (E" , b _, E°° ) 

Since a, : L ® E° - E°° , b : E° - E°° 
T T T 

isomorphisms, we see that 

are necessarily 
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Again, consider a polynomial clutching function p of 

degree < n . Then £n(p) is a linear clutching function for (V , V ) , 

where 

V 
0 I 

k=0 

L ® E 
0 

V°° = E00 0 ^ Lk ® E° 

k=l 

Hence, it defines a decomposition 

V° = V° 0 V°_ 

as above. To express the dependence of V+ on p and n , we write 

V° = Vn(E°, p, E00) . 

Note that this is a vector bundle on X . If p^ is a homotopy of 

polynomial clutching functions of degree < n , it follows by 

constructing Vn over X x I that 

Vn(E°, p0, E°°) = Vn(E°, Pl, E°°) . 

Hence, from the homotopies used in proving the two parts of (2. 2. 6), 

we obtain 

V„+i(EV. P. Ew) = V (E\ p, E°°) , n+1 n' 

Vn+1 ( L_l® E°,zp, E°°) = Vn(E°, p, E°°) 0 (E'1 ^EU) 
■1 _ „0v 

or, equivalently 
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Vn+1(E°, zp, L ® E°°) = LS5Vn(E°, p, E°°)®E° . 

Combining this with the above corollary and (2. 2. 5), 

we obtain the following formula in K(P): 

r 

[Eu, p, E°°] + < 

n 

•°i. X [Lk®E°]>[l] = [VjE°, p, E°°)][H'1] 

k=l 

n' 

n 

+ <£ [Lk®E°] - [Vn(E0,pfE°^] 

k=0 

[1] 

and hence the formula 

[E°,p, E°°] = [Vn(E0,p,E“)]([H-1J-(l])+tE°J(t] 

This shows that [V+] GK(X) completely determines 

We can now prove our theorem. 

[E°, p, E°°] G K(P). 

Let t be an indeterminant over the ring K(X) . Then 

the map t - [Hj induces a K(X)-algebra homomorphism (since 

([H] - [1])([L][H] - [1]) = 0) 

m : K(X)[t]/((t - l)([L]t - 1)) -> K(P) . 

To prove that fj. is an isomorphism, we explicitly construct an 

inverse. 

z 0 <x>\ 
First, suppose that f is a clutching function for (E , E ; . 

Let f be the sequence of Cesaro means of its Fourier series, 
n 

and put p = zn f . Then, if n is sufficiently large, Pr is a 
r n n 
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polynomial clutching function (of degree < 2n) for 

We define 

(E°, Ln ® E00). 

t/n(f) GK(X)[t]/((t - l)([E]t - 1)) 

by the formula 

-nW = [V. (E“, p , Ln@E'"))(t 
,oox ,n-l 

2n n 
- tn) [E°]tn 

Now, for sufficiently large n, the linear segment joining 

and zPn provides a homotopy of polynomial clutching functions 

of degree < 2(n + l) . Hence, by the formulae following (2. 2. 9), 

tt /T,0 T n+1 _ r^oo, ~ ,r /„0 T n+1 „oo> 
V2n+2^E ’ pn+r L ® E ) ~ V2n+z(E - zpn’ L ® E ) 

~ TT / T—.t) T n+1 „COv 

= V2n+1(E ' zpn' L ® E } 

= L®V2n(E°,pn, Ln ® E°°) 0 E° . 

Hence 

pn+1(f) = {[M[V2n(E°.pn, Ln * E“)J + [E °]}(tn - tn+1) + [E°]tn+1 

= *„<f) 

since (t - l)([L]t - 1) = 0 . Thus, 1^(0 independent of n if 

n is sufficiently large, and thus depends only on f . We write it 

as y(f) . If g is sufficiently close to f , and n is sufficiently 

large, the linear segment joining f^ and gn provides a homotopy 
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of polynomial clutching functions of degree < 2n , and hence 

^(f) = l^n(f) = l^n(g) = v(g) • Thus, u(f) is a locally constant 

function of f , and hence depends only on the homotopy class of f . 

However, if E is any bundle on P , and f a clutching function 

defining E , we define t'(E) = v(f) , and l'(E) will be well defined 

and depend only on the isomorphism class of E . Since l'(E) is 

clearly additive for + , it induces a group homomorphism 

V ■ K(P) -> K(X)[t]/((t - l)([L]t - 1)) 

From our definition, it is clear that this is a K(X)-module 

homomorphism. 

First, we check that flu is the identity. With our 

notation as above, 

Me) p{[V2n(E°, pn, Ln®E°°)](tn~l -tn) +[E°]tn} 

[V2n(E°> Pn> Ln E°°)]([H]n'1 - [Hn]) + [E°][H]n 

[E°, pn , Ln ® E°°][H]n 

[E°, fn, E°°] 

[E°, f , Ero] 

Since K(P) is additively generated by elements of the form [E], 

this proves that fiu is the identity. 
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Finally, we show that pp. is the identity. Since v[l 

is a homomorphism of K(X)-modules, it suffices to show that 

Pfi(tn) = tn for all n > 0 . However, 

P/i(tn) = p(Hn) 

= V[l, z~n, L'n] 

= [v2n(i, i, i)](tn_1-tn) + [i]tn 

= tn , since V2 (1, 1, l) = 0 . 
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§ 2. 3. K^,(X) , Suppose that G is a finite group and 

that X is a G-space. Let Vect^,(X) denote tjie set of isomorphism 

classes of G-vector bundles over X . This is an aoelian semi¬ 

group under ® . We form the associated abelian group and denote 

it by K^(X) . If G = 1 is the trivial group then K(_,{X) = K(X) . 

If on the other hand X is a point then KG(X) = R(G) the 

character ring of G . 

If E is a G-vector bundle over X then P(E) is a G-space. 

If E = L 0 1 when L is a G-bundle then the zero and infinite 

sections X -• P(E) are both G-sections. Also the bundle H over 

P(E) is a G- line bundle. If we now examine the proof of the 

periodicity theorem which we have just given we see that we could 

have assumed a G-action on everything. Thus we get the periodicity 

theorem for KG ! 

THEOREM 2.3.1. _If_ X is a G-space, and if L is a 

G-line bundle over X , the map t - [H] induces an isomorphism 

of KG(X) - modules: 

KG(X)[t]/(t[L] - l)(t - l) —> Kg(P(L 0 1)) . 



66. 

§2.4. Cohomology theory properties of K. We next 

define K(X, Y) for a compact pair (X, Y). We shall then be able 

to establish, in a purely formal fashion, certain properties of K . 

Since the proofs are formal, the theorems are equally valid for 

any "cohomology theory" satisfying certain axioms. We leave this 

formalization to the reader. 

Let C denote the category of compact spaces, C the 

2 
category of compact spaces with distinguished basepoint, and C 

the category of compact pairs. We define functors: 

C -> c2 

by sending a pair (X, Y) to X/Y with basepoint Y/Y (if Y / , 

the empty set, X/Y is understood to be the disjoint union of X 

with a point. ) We send a space X to the pair (X, (ft) . The 

composite C — C* is given by X -* X+ , where X+ denotes X/0 . 

+ ~ 
If X is in C , we define K(X) to be the kernel of the 

map i# : K(X) -* K(xq) where i : Xq -* X is the inclusion of the base- 

point. If c : X — Xq is the collapsing map then c* induces a 

splitting K(X) = 5v(X) @ K(xq) . This splitting is clearly natural 

for maps in C . Thus K is a functor on C . Also, it is clear 

that K(X) = K(X+) . We define K(X, Y) by K(X, Y) = K(X/Y) . 

In particular K(X, (fi = K(X) . Since ££ is a functor on C+ it 

follows that K(X j Y) is a contravariant functor of (X, Y) in C . 



67. 

We now introduce the "smash product" operation in C , 

+ 
If X , Y € C we put 

X A Y = XX Y/X v Y 

where XvY = XxyqUxqXY, Xq, yq being the base-points of X,Y 

respectively. For any three spaces X, Y, Z € C+ we have a 

natural homecmorphism 

X A (Y A Z) « (X A Y) A Z 

and we shall identify these spaces by the hcmeomorphism . 

Let I denote the unit interval [0, 1] and let 3l = {o} U {l} 

be its boundary. We take i/sl £ C us our standard model of the 

circle S^ , Similarly if In denotes the unit cube in R we take 

l7*In as our model of the n-sphere Sn . Then we have a natural 

homecmorphism 

Sn « S1 AS1 A*** AS1 (n factors) . 

For X € C+ the space S1 A X G C+ is called the reduced suspension 

of X , and often written as SX . The n-th iterated suspension 

SS • • • SX (n times) is naturally homeomorphic to Sn A X and is 

written briefly as SnX . 
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DEFINITION 2. 4. I. For n > 0 

K"n(X) = K(SnX) XGC+ 

K"n(X, Y) = K"n(X/Y) = K(Sn(X/Y)) for_ (X, Y) € 

K"n(X) = K_n(X, </) = K(Sn(X+)) for_ X € C . 

It is clear that all these are contrava.ria.nt functors on the 

appropriate categories. 

Before proceeding further we define the cone on X by 

CX = I X x/{o} X X . 

Thus C is a functor C : C -* C+ . We identify X with the subspace 

{l} X X of CX . The space CX/X = I X X/al X X is called the 

unreduced suspension of X . Note that this is a functor C -» C+ 

whereas the reduced suspension S is a functor C* -* C+ . If 

X G C+ with base-point then we have a natural inclusion map 

I * Cx0/x0 -> CX/X 

and the quotient space obtained by collapsing I in CX/X is just 

SX . Thus by (1.4.8) p : CX/X - SX induces an isomorphism 

K(SX) = K(CX/X) and hence also an isomorphism K(SX) == K(CX,X). 

Thus the use of SX for both the reduced and unreduced suspensions 

leads to no problems . 
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If (X, Y) € we define X U CY to be the space 

obtained from X and CY by identifying the subspaces Y c X 

and {l} X Y c CY . Taking the base-point of CY as base-point 

of X U CY we have 

X U CY €C+ . 

We note that X is a subspace of X U CY and that there 

is a natural homeomorphism 

X U CY/X m CY/Y . 

Thus, if Y £ C+ , 

K(X U CY, X) S K(CY, Y) 

= K(SY) 

= K_1(Y) . 

Now we begin with a simple lemma 

LEMMA 2.4.2. For (X, Y) € CZ we have an exact 

sequence 

K(X, Y) K(X) —K(Y) 

where i : Y -* X and j : (X , (/ ) - (X, Y) are the inclusions. 
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Proof: The composition i*j* is induced by the 

composition ji : (Y, (/) -> (X, Y) , and so factors through the 

zero group K(Y, Y) . Thus i*j* = 0 . Suppose now that 

£ € Ker i* . We may represent £ in the form [E] - [n] where 

E is a vector bundle over X . Since i* £ = 0 it follows that 

[E | Y] = [n] in K(Y) . This implies that for some integer m 

we have 

(E CP m) | Y = n ® m 

i. e. , we have a trivialization a of (E ® m) J Y . This defines a 

bundle E ® m/a on X/Y and so an element 

ij = [E © m/a] - [n © m] € K (X/Y) = K(X, Y) . 

Then 

j* (v) = [E © m] - [n © m] 

- [E] - [n] = | . 

Thus Ker i* = Im j* and the exactness is established. 

COROLLARY 2.4.3. If_ (X, Y) € C2 and Y € C+ 

(so that, taking the same base-point of X , vve have X £ also) , 

then the sequence 

K(X, Y)-> K(X) -> K(Y) 

is exact . 
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Proof: This is immediate from (2. 4. 2) and the 

natural isomorphisms 

K(X) = K(X) © K(y0) 

K(Y) = K(Y) © K(y0) . 

We are now ready for our main proposition: 

PROPOSITION 2.4.4. For (X, Y) € C+ there is a 

natural exact sequence (infinite to the left) 

K‘2(Y)- k‘‘(X,Y)- 
r,-l 

>K'A(X) -i-»K 1(Y)-a->Ku(X,Y) 

K°(X) 

• ^ A 

3-> K°(Y) 

Proof: First we observe that it is sufficient to show that, 

for (X, Y) € C2 and Y € C+ , we have an exact sequence of five terms 

(* ) K_1(X) —K_1(Y) ——> K°(X, Y) -J—> K°(X) ——> K°(Y) . 

In fact, if this has been established then, replacing (X, Y) by (S X,S Y) 

for n = 1, 2, • • • we obtain an infinite sequence continuing (*) . Then 

replacing (X, Y) by (X+ , Y+) where (X,Y) is any pair in C2 we 

get the infinite sequence of the enunciation. Now (2. 4. 3) gives the 

exactness of the last three terms of (*). To get exactness at the 
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remaining places we shall apply (2. 4. 3) in turn tou the pairs 

(X U CY, X) and ((X UCY) UCX , XU CY) . First, taking the 

pair (X UCY,X) we get an exact sequence (where k, m are the 

natural inclusions) 

K (X U CY, X) ■ m-% K(X U CY) K(X) . 

Since CY is contractible 1. 4. 8) implies that 

p* : K(X/Y)-> K(X UCY) 

is an isomorphism where 

p : X U CY-> X U CY/CY = X/Y 

• & >J< . . 
is the collapsing map. Also the composition k p coincides with 

j* . Let 

0 : K(X U CY, X)-> K_1(Y) 

be the isomorphism introduced earlier. Then defining 

6 : K-1(Y)-> K(X, Y) 

by 6 = m* © ^ we obtain the exact sequence 

K_1(Y) —^—> K(X, Y) —K(X) 
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which is the middle part of (*). 

Finally, we apply (2.4. 3) to the pair 

(X U C Y U c2x, X U cly) 

where we have labelled the cones and C_, in order to 

distinguish between them, (see figure). 

X 

Thus we obtain an exact sequence 

K(X U C^Y U C2X, X U CjY)-> K(X U C^Y U C2X)-> K(X U CjY) 

It will be sufficient to show that this sequence is isomorphic to the 

sequence obtained from the first three terms of (*) . In view of the 

definition of 6 it will be sufficient to show that the diagram 

K(X U CjY U C2X, X U CrY) -> K(X U CjY U C2X) 

II 
(D) K(C2X/X) 

II 
K(CjY/Y) 

K_1(X) K'l(Y) 
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commutes up to sign. The difficulty lies, of course, in the fact 

that i# is induced by the inclusion 

C2Y->C2X 

and that in the above diagram we have C^Y 

deal with this situation we introduce 

the double cone on Y namely C^Y U C^Y . 

This fits into the commutative diagram 

of maps 

and not C£Y . To 

SY 

5> SY 

where all double arrows ==> induce isomorphism in K . Using 

this diagram we see that diagram (D) will commute up to sign 

provided the diagram induced by (E) 

k(cl' 

k(c1 y/y) <- 

K(C 2 Y/Y) <• 

K(SY) 

K(SY) 

commutes up to sign. This will follow at once from the following 
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lemma which is in any case of independent interest and will be 

needed later 

LEMMA 2. 4. 5. Let_ T : S1 -> S1 be defined by T(t) 

= 1 - t, t € I (we recall that S1 = i/gl) and let T A 1 : SY -* SY be 

the map induced by T on and the identity on Y (for Y € C + ) . 

Then (T A l) y = -y for y C K(SX) . 

This lemma in turn is an easy corollary of the following: 

LEMMA 2.4.6. For any map f : Y -»GL(n, C) let E^ 

denote the corresponding vector bundle over SY . Then f -* [E^] - [n] 

induces a group isomorphism 

lim [Y,GL(n,C)] = K (SY) 

n -«co 

where the group structure on the left is induced from that of GL(n,C). 

In fact, the operation (T A 1)* on K(SY) corresponds by 

the isomorphism of (2. 4. 6) to the operation of replacing the map 

y - f (y) by y -» f(y)_1 , i. e., it corresponds to the inverse in the group. 

Thus (2. 4. 6) implies (2. 4. 5) and hence (2. 4. 4) . It remains therefore 

to establish (2. 4. 6). Now (1.4.9) implies that f - [EfJ - [n] induces 

a bijection of sets 

lim [Y, GL(n, C ) j > K(SY) 
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The fact that this is in fact a group homomorphism follows from 

the homotopy connecting the two maps GL(n) X GL(n) -* GL(2n) 

given by 

axB —b) 

AXB _(AB «) 

This homotopy is given explicitly by 

Pt (A X B) 
/A cos * sin fN/^l O'N/'cost sin tN 

y 0 lyV-sint cos tyVO BjVs in t cos tj 

where 0<t<Tr/2 . 

From (2.4.4) we deduce at once: 

COROLLARY 2.4.7. Jf Y is a retract of X , then 

for all n > 0, the sequence K~n(X, Y) - K~n(X) - K~n(Y) is a 

split short exact sequence, and 

K"n(X) = K_n(X, Y) ©K"n(Y) . 

COROLLARY 2.4.8. ^f_X,Y are two spaces with 

basepoints, the projection maps : X X Y -* X, ir„: X X Y -* Y 
-/V J. 

induce an isomorphism for all n > 0 

K~n(X x Y) = K_n(X a Y) © K~n(X) © K_n(Y) . 
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Proof: X is a retract of X X Y , and Y is a retract 

of (X X Y)/X . The result follows by two applications of (2. 4. 7) . 

Since K^(X A Y) is the kernel of i^. © i5^. : K°(X X Y) 

-» K^(X) © K^(Y), the usual tensor product K^(X) 0 K^(Y) -♦ K^(X X Y) 

induces a pairing K°(X) 0 K°(Y) K°(X A Y) . Thus , we have a 

pairing 

K~n(X) 0 K~m(Y)-> K“n_m(X a Y) , 

since SnX A SmY = Sn A Sm A X A Y = Sn+m a X A Y . Replacing 

X by X+ , Y by Y+ , we have 

K"n(X) 0 K_m(Y)-> K~n-m(X x Y) . 

Using this pairing, we can restate the periodicity theorem as follows: 

THEOREM 2. 4. 9. For any space X and any n < 0 , 

the map K‘’Z(point) 0 K~n(X) ->K~n~2(X) induces an isomorphism 

/3 : K~n(X) - K"n"2(X) . 

Proof: K~2(point) = K(S2) is the free abelian group 

generated by [H] - [l] . If (X, Y) € C the maps in the exact 

sequence (2.4.4) all commute with the periodicity isomorphism (3 , 

This is immediate for i* and j* and is also true for 6 since this 

was also induced by a map of spaces. In other words (3 shifts the 

whole sequence to the left by six terms. Hence if we define 
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^ 2 
Kn(X, Y) for n > 0 inductively by K~n = K~n we can extend 

(2.4.4) to an exact sequence infinite in both directions. Alternatively 

using the periodicity f3 we can define an exact sequence of six 

terms 

K°(X, Y)-> K°(X)-> K°(Y) 

A 

y 

K*(Y) <-k\x) 1-KL(X, Y) 

Except when otherwise stated we shall now always identify Kn 

2 
and K , We introduce 

K*(X) = K°(X)©K1(X) . 

We define K*(X) to be K°(X) © KX(X) . Then, for any pair (X, 

we have an exact sequence 

K°(X, Y) -> K°(X)-> K°(Y) 

A 

k\y) <- 

Y 
K!(X) <- Kl(X, Y) 

Y), 

The form of the periodicity theorem given in (2. 4. 9) is 

a special case of a more general "Thom isomorphism theorem" . 

If X is a compact space, and E is a real vector bundle over X , 

jr 
the Thom complex X of E is the one point compactification 
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of the total space of E . Alternatively, if E is a complex 

bundle, = P(E © l)/P(E) . Thus, we see that K (X^) is 

a module over K(X). The Thom isomorphism theorem for 

complex line bundles can now be stated. 

THEOREM 2.4.10. _If_ L is a complex line bundle, 

K(X is a free K(X)~ module on one generator L), and the 

image of /i(L) _m K(P(L © l)) is [H] - [L*] . 

Proof: This is immediate from our main theorem 

determining K(P(L © 1)) and the exact sequence of the pair 

P(L © 1), P(L) (note that P(L) = X) . 

We conclude this section by giving the following extension 

of (2. 4. 5) which will be needed later. 

LEMMA 2.4.11. Let T : SnX - SnX be the map 

nil 
induced by a permutation o of the n factors in S =S A S A • • • A S 

Then (T^)',cx = sgn(cr)x for x € K(SnX) . 

Proof: Considering Sn as the one-point compactification 

of Rn we can make GL(n, R) act on it and hence on K(S X) . 

This extends the permutation actions T^ . Since GL(n, R) has 

just two components characterized by sgn det it is sufficient to 

check the formula T'^x = -x for one T €GL(n,R) with det T = -1 . 

But (2. 4.5) gives this formula for 

T = 
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§2.5. Computations of K*(X) for some X . 

From the periodicity theorem, we see that K(S ) = 0 if n 

is odd, and K(Sn) = Z if n is even . This allows us to prove the 

Brouwer fixed point theorem . 

THEOREM 2,5.1. Let Dn be the unit disc in 

Euclidean n-space. If f : Dn -» Dn is continuous, then for some 

x € Dn , f(x) = x . 

Proof: Since K*(Dn) = 0, and K*(Sn_1)/0, Sn_1 

is not a retract of Dn . If f(x) / x for every x € Dn , define 

g : Dn -* Sn * by g(x) = (1 - a(x))f(x) + a(x)x , where a(x) is 

the unique function such that a(x) > 0, |g(x)| = 1 . If f(x) / x 

for all x , clearly such a function a'(x) exists. If x 6Sn ^ , 

a(x) = 1 , and g(x) = x . Thus g is a retraction of Dn onto 

Sn_1 . 

We will say that a space X is a cell complex if there 

is a filtration by closed sets X . c Xn c X. c • • • c X = X such 
-10 1 n 

that each X^. - X^_^ is a disjoint union of open k-cells, and 

x_i = 0 . 

PROPOSITION 2. 5. 2. _If_ X is a cell complex such 

X2k ~ X2k+1 ■ k * 

KL(X) = 0 

K°(X) is a free abelian group with generators in a 

one-one correspondence with the cells of X. 
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Proof: We proceed by induction on n . Since 

^2n^2n~2 *s a u*1*011 2n~spheres with a point in common 

we have: 

Kl<X2n. X2„-2> = 0 

K°<X2„- X2„-2> = 

where k is the number of 2n-cells in X . The result for X-, 
2n 

now follows from the inductive hypothesis and the exact sequence 

of the pair (X^, ^2n 2^ ’ ^5 examP^es spaces to which this 

proposition applies, we may take X to be a complex Grassmann 

manifold, a flag manifold, a complex quadric (a space whose 

homogeneous defining equation is of the form LZ. = 0 ), We 

shall return to the Grassmann and flag manifolds in more detail 

later. 

PROPOSITION 2. 5. 3. Let L}, • • • , be line bundles 

over X , and let H be the standard bundle over P^ © • • • © Lr) . 

Then, the map t -» [H] induces an isomorphism of K(X) -modules 

K(X)[t]/ n (t-[L*J)-> K(P(L1 ©•••©Ln)) . 

/ i=l 

Proof: First we shall show that we may take Lr = 1 . 

In fact for any vector bundle E and line bundle L over X we 
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have P(E ® L) = P(E) and -the standard line bundles G, H over 

P(E ® LG), P(E) are related by G* = H* ® L , i. e. , G = H ® L*1 

Taking E = © • • • © Ln and L = we see that the 

propositions for © • • • © and for © • • • © with 

IVL = ® are equivalent. We shall suppose therefore that 

Ln = 1 and for brevity write 

P = P(L, © • • • © L ) for 1 < m < n 
m ' 1 nv — — 

so that we have inclusions X = P, -* P, -»•••-» P . If LI 
1 c n m 

denotes the standard line bundle over P then H IP , = H , . 
m m1 m-1 m-1 

Now we observe that we have a commutative diagram 

p„-i —5—51 <1®') 

IT 
n-1 

V 
p 

i 

q 
Y 

(tt is the projection onto X = P^ , i is the inclusion, s is 

the zero section) which induces a homeomorphism 

P(H* ©l)/s(P .) -> P /P. . 
' n-1 " ' n-r n/ 1 

Moreover q* (H^) = G , the standard line bundle over P(H^_^ © 1) . 

Now K(P(H'n © 1)) is a free K(Pn_^)-module on two generators 
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[l] and [G] f and [G] satisfies the equation ([G] - [l])([G] - [H ^]) = 0 

Since s*[G] = [l] it follows that K(P(Hn_^ ® 1) , s(Pn ^)) is 

the submodule generated freely by [G] - [l] and that, on this 

submodule, multiplication by [G] and [Hn_^] coincide. Hence 

K(P , P^) is a free K(P^ j,)-module generated freely by ([H^] - [lj) 

and this module structure is such that, for any x £ K(Pn> P^) , 

[Hn-l]x = [HJX ‘ 

Now assume the proposition established for n - 1, so that 

/n-1 

K(Pn_1) = K(X)[ty IJ (t - [L*]) 

with t corresponding to . Then it follows that t -* [H^] 

induces an isomorphism of the ideal (t - l) in 

/ —1 
K(X)[t]/(t - 1) | | (t - [LT]) 

onto K(Pn, P^) . Since 

K(Pn) = K(Pn, Pj) © K(X) 

and since Ln = 1 this gives the required result for K(Pn) 

establishing the induction and completing the proof. 
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COROLLARY 2.5.4. K(P(Cn)) = Z[t]/(t - 1)° under 

the map t -* [H] . 

Proof: Take X to be a point. 

We could again have assumed that a finite group acted 

on everything, and we would have obtained 

n 

Kc(X)[t]/ JT (t- [L .]) = ^(P^ ©'*'© Ln)) . 
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that the multiplication in K(X) can be defined "externally" as 

85. 

follows. Let E, F be two bundles over X, and let E ® F 

be iTj(E) ® it*(F) over XxX. If A : X -• X X X is the diagonal, 

then E ® F = A*(E ® F) . 

If E is a bundle on X, F a bundle on Y, let E ® F 

= ir* (E) ® * *y(F) on X X Y . This defines a pairing 

K(X) ® K(Y)-> K(X x Y) . 

If X, Y have basepoints, K(X A Y) is the kernel of K(X X Y) 

—> K(X) © K(Y) . Thus, we have K(X) 0 K(Y) -* K(X A Y) . 

Suppose that (X, A), (Y, B) are pairs. Then we have 

K(X/A) ® K(Y/B)-> K((X/A) A (Y/B)) . 

That is, 

K(X, A) ® K(Y, B)-> K(X X Y, (X X B) U (A X Y)) . 

We define (X,A) X (Y, B) to be (X X Y, (X X B) U (A X Y)) . 

In the special case that X = Y , we have a diagonal map 

A : (X, A U B) - (X, A) X (X, B) . This gives us K(X,A) ®K(X,B) 

_> K(X, A U B) . In particular, taking B = , we see that 

K(X, A) is a K(X)-module. Further, it is easy to see that 



86. 

K(X, A) K(X)-> K(A) 

is an exact sequence of K(X)-modules. 

More generally, we can define products 

K"n(X,A) ® K~m(Y,B)-> K*"n”m((X, A) X (Y,B)) 

for m, n < 0 as follows; 

K~n(X, A) = K(Sn A (X/A)) 

K"m(Y,B) = K(Sm A (Y/B)) . 

Thus, we have 

K_n(X, A) ®K~m(Y, B) —> K(Sn A (X/A) ASm a(Y/B)) 

= K(Sn A Sm A (X/A) A (Y/B)) 

= K"n"m((X,A) X (Y,B)) . 

Thus, if we define xy € K n m(X, A U B) for x € K n(X, A), 

y € K~m(X, B) to be A*(x®y), where A : (X, A U B) (X, A) x (X, B) 

is the diagonal, then (2.4. 11) shows that xy — (~l)mnyx . 

We define K#(X,A) to be 

co 

£ K"n(X, A) . 

n=0 
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# # 

Then K (X) is a graded ring, and 1\ (X, A) is a graded 

_ 2 
K (X)-module. If jS £ K (point) is the generator, multiplication 

by jS induces an isomorphism K" (X, A) K" ~ (X, A) for all n . 

We define K*(X, A) to be K^(X, A)/(l - /S) . Then K*(X) is 

a ring graded by Z^ , and K*(X, A) is a 2L.,-graded module 

over K*(X) . 

For any pair (X, A), each of the maps in the exact triangle 

K*(X)--> K*(A) 

is a K^Xj-module map. Only the coboundary 6 causes any 

difficulty and so we need to prove 

LEMMA 2.6.0. 6 : K_1(Y) - K°(X, Y) is a K(X)-m'odule 

homomorphism. 

Proof: By definition 6 is induced by the inclusion of pairs 

j : (X X {l} U Y X I, Y X {O}) “* (X X {l} U Y XI, Y X {o} U X X {l}) 

(see figure) 
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Hence 5 = j* is a module homomorphism over the absolute group 

K(X x {l} U Y X I) = K(X) . 

It remains only to observe that the K(X)-module structures of the 

two groups involved are the standard ones. For K (Y) this is 

immediate and for K(X, Y) we have only to observe that the 

projection I -* {l} induces the isomorphisms 

K(X, Y) - K(X x {l} U Y X I, Y x {o}) 

K(X) - K(X X {l} U Y X I) . 

We shall now digress for some time to give an alternative and often 

illuminating description of K(X, A) which has particular relevance 

for products. 

If n > 1 , we define C^X, A) to be a category as follows: 

An object of C (X, A) is a collection E , E ., • • • . E„ of bundles 
n ' n n-1 0 

over X , together with maps 0^ : E^|A - E^ ^|A such that 

0_>En|A—_fL^.Eo|A->0 

is exact. The morphisms <p : E -* F , where E = (E., 0!.) 

F = (F., 0.) , are collections of maps <p. : E. - F. such that 
11 ill 
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= <piml c:. . In particular, (^(XjA) consists of pairs of 

bundles E^, over X and isomorphisms a : E^ | A = | A . 

An elementary sequence in Cn(X,A) is a sequence of 

the form 0, 0, • •• , 0, E , E ., 0, . .. , 0 where E = E . , 
p p-i p p-i 

o: = identity map. We define E ~ F if for some set of elementary 

objects Ql, • ••, Qn, Pj, Pm , 

E©Q.©«»«©Q = F © P, © • • • © P . 
l n l m 

The set of such equivalence classes is denoted by £n(X,A) . 

It is clear that £n(X,A) is a semigroup for each n . 

There is a natural inclusion Cn(X,A) c Cn+^(X,A) which 

induces a homomorphism £n(X,A) -*£n+^(X,A) . We denote by 

Ccc(X,A) the union of all of the Cn(X,A), and by £co(X,A) 

the direct limit of the £n(X,A), 

The main theorem of this section is the following: 

THEOREM 2.6.1. For all n > 1, the maps £n(X,A) 

-» £n+^(X,A) are isomorphisms, and £n(X, A) = K(X,A) . 

We shall break up the proof of this theorem into a number 

of lemmas. 

Consider first the special case A - (ji , n = 1 . Then 

C^X, <f>) consists of all pairs EQ of bundles. We see 
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that (Ej, Eq) ~ (Fp Fq) if and only if there are 

bundles Q, P such that Ej © Q = F^ © P , Eq © Q = Fq © P . 

Then the map X^X, />) - K(X) given by (E^ EQ) -» [Eq] - [E^] 

is an isomorphism. In fact X^(X,/) coincides with one of 

our definitions of K(X) . 

DEFINITION 2. 6. 2. An Euler characteristic xn 

for X is a transformation of functors 
- n -- ——■ - 

Xn : Xn(X, A)-> K(X,A) 

such that whenever A = (f) , x(-^n» E Eq) = £ (-l^fE^.] . 

To begin we need a simple lemma. 

LEMMA 2.6.3. Let A c: X, and let E, F be bundles 

over X . Let cp : E | A -* F | A , j/j : E -* F be monomorphisms 

(resp. isomorphisms) and assume ip j A is homotopic to <p . 

Then <p extends to X as a monomorphism (resp. isomorphism). 

Proof: Let Y = (A X [0, l]) U (X X [0]) . Then, if E*, F* 

are the inverse images of E, F under the projection Y -> X , 

we can define : E’ -» F* which is a monomorphism (resp. 

isomorphism) such that 4>JA X [lj = <p , $|X X [0] = ip . We 

can extend $ to (U X [0, l]) U (X X [0]) for some neighborhood 

U of A . Let f : X - [0, 1] be such that f(A) = 1 , f(X - U) = 0 . 
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Let <px = Then this extends <p to X . 

LEMMA 2.6.4. If A is a point, 

0 -> ^(X,A) -> £l(X)-> £l(A) 

is exact. Thus, if is an Euler characteristic for , 

: <£^(X, A) -«K(X,A) is an isomorphism when A is a point. 

Proof: If (El, Eq) represents an element of X^(X) 

whose image in £^(A) is zero, E^ and Eq have the same 

dimension over A , Thus there is an isomorphism <p: EjJ A-*Eq | A . 

Thus we have exactness for X^(X, A) -» X^(X) -* £^(A) . 

If (Ep Eq, ip) has image zero in X^(X) , there is a 

trivial P and an isomorphism ijj : E^ © P == Eq © P . ip(cp® 1) 

is an automorphism of Eq © p|A . Since A is a point any such 

automorphism must be homotopic to the id entity and hence by 

(2. 6. 3) it extends to c; : EQ © P = EQ © P . Thus, we have a 

commuting diagram: 

(e^ © P) | A -^.©2-> (Eq © p)|a 

0|A 
f 

(Eq © P)|A 

a A 

(Eq ©P)|A 
1 
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Thus (E^ EQ, <p) represents 0 in Xj(X, A). Thus X^(X,A) 

-> ^(X) is an injection. 

LEMMA 2.6.5. X^X/A, A/A) -* X^(X, A) is an isomorphism 

for all (X,A) , Thus, if ^ is an Euler characteristic, x^ • £j(X,A) 

*■* K(X, A) is an isomorphism for all (X, A) . 

Proof: Since the isomorphism Xj(X/A, A/A) — K(X,A) 

factors through X^(X,A), the map Xj(X/A, A/A) -» X^(X, A) is 

injective. 

Suppose that Ej, Eq are bundles on X, a : E^|A -» E^|A 

is an isomorphism. Let P be a bundle on X such that there is an 

isomorphism /3 : E^ © P -» F , where F is trivial. Then (Ej, Eq, a) 

is equivalent to (F, E^ © P, y) where y = (a © 1) /? * . Then, 

(F» Eo ® p» y) is the image of (F, (Eq © P)/y , y/y) . Thus, 

X^X/A, A/A) - X1(X,A) is onto. 

LEMMA 2. 6. 6. H » Xj are two Euler characteristics 

t°L *1» Xi = x[ • 

Proof: x[ Xi1 is a transformation of functors from K to 

itself which is the identity on each K(X) . Since K(X,A) = K(X/A) 

is injected into K(X/A), it is the identity on ail K(X,A) . 
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LEMMA 2. 6. 7. There exists an Euler characteristic 

Xi *££_ ^ • 

Proof: Suppose (E^, Eq, a) represents an element of 

£j(X,A) . Let XQ> Xx be two copies of X, and let Y = Xq X^ 

be the space which results from identifying corresponding points 

of A . Then [Ej, a, Eq] € K(Y) . Let ir^ : Y -*X^ be the obvious 

retraction. Then K(Y) = K(Y, X.) © K(X.) . The map (XQ, A) 

—> (Y, Xj) induces an isomorphism K(Y, X^) -*K(Xq, A) . Let 

Eq, o;) be the image of the component of [Ej, a, Eq] which 

lies in K(Y, X^) . If A = </ , then x(Ei* eq» = " ^El^ * °ne 

can easily verify that this definition is independent of the choices 

made. 

^(X, A) 

COROLLARY 2, 6. 8. The class of (E^, Eq, cc) in 

only depends on the homotopy class of a . 

Proof: Let Y = X X [0, l], B = A X [0, 1] . Then, if cvt 

is a homotopy with G!q = a. , Ct'.j. defines /S : it*(Ej)|B = ir*(EQ)|B . 

(X, A) -» (X X [j], A X [j]) . From the commuting diagram Let i. 
J 

£l(X,A) 

*1 

x0 

. * 
1, 

£j(Y, B) 

Xl 

.* 
xl 

K(X, A) <---K(Y, B) 

^(x,A) 

-> K(X, A) 
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we see that since every map is an isomorphism, and since 

i^O(i*)”* is the identity» (Eq* Eq» ao^ = (El* E0* * 

LEMMA 2.6.9. The map £ (X,A) -£n+1(x»A) _is 

onto for n > 1 . 

Proof; If (En+1* •••, E0J 0!n+1, •••, 0^) represents an 

element of £n+^(X,A), so does 

(E n+1’ 
E ©E 

n n+1* n-I 
© E 

n+I' n-21 ,E0;on+l* an@1' ci} 

The two maps ^ © 0 : En+1 - En © Er+1 and 0 © 1 : En+1 - En ©En+1 

are (linearly) homotopic as monomorphisms. 0 © 1 extends to X, 

and thus by (2. 6. 3) an+^ © 0 extends to a monomorphism 

j8 : E . E © E , on all of X . Thus we can write E © E , 
^ n+1 n n+1 n n+1 

as /3(En+j) ©Q . Then we see that, if y : Q -» En_^ © En+i is the 

resulting map, (E^+^, E^; a ••*, c^) is equivalent to 

(0, Q, En_^ © En-{.]y * ’ * » E0>* y , • * * * 0^) • Tnus £n(X, A) 

-> £ (X,A) is onto. 

LEMMA 2.6.10. The map £n(X,A) -* Tn+^(X, A) is an 

isomorphism for all n > I . 

Proof; It suffices to produce a map £n+^(X,A) -♦1£jL(X,A) 

which is a left inverse of the map £^(X,A) -* £n+^(X,A) . 
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Let (En, • * * , Eq; c:n, • • •, c^) represent an element of 

£n(X»A) • Choose a Hermitian metric on each E^ . Let 

ai • ^i-ilA -’FilA be the Hermitian adjoint of a. . 

Put Fq = £ E2. , Fl = E E2i+L , and define /S : Fj - FQ 

hy ^ = S a2i+1 + S 4i • Then (Fi» F0» # e^(X» A) • This 

gives us a map £n(X,A) -» £^(X,A) . To see that it is well defined, 

we need only see that it does not depend on the choice of metrics. 

But all choices of metric are homotopic to one another, so that a 

change of metrics only changes the homotopy class of /S . Thus 

this map is well defined. It clearly is a left inverse to Xj(X,A) 

~£n(X, A) . 

COROLLARY 2.6.11. For each n there exists exactly 

one Euler characteristic xn ' £n(x> A) K(X,A) , and it is always 

an isomorphism. Thus, there exists X ; £m(x»A) "* K(X,A.) 

isomorphicallv. 
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We next want to construct pairings 

ZJX, y) ® £m(X’» Y’) —-> Vm((X^ Y) X (X’’ Y>)) 

compatible with the pairings 

K(X, Y)®K(X», Y») -> K((X, Y) x (X', Y')) . 

To do this, we must consider complexes of vector bundles, 

i. e., sequences 

0-> E E , ——> ♦ • •-> En->0 
n n-1 0 

where <j.ai+1 = 0 for all i . 

LEMMA 2.6.12. Let E„, •••, E_ be vector bundles on 
- U n - — 

X , and let n. : E. I Y —> E. , I Y be such that 
- i i' i-l' ' ■ —— 

a_ <r i 
0-> E — > E , ■ •> . . . En-> 0 

n n-1 0 

is exact on Y . Then the rr- can be extended to a : E. —> E. , - - Uj-Ai i i-l 

on X such that = 0 for all i . 

Proof: We shall show that there is some open neighborhood 

U of Y in X and an extension f. of to U for all i such 

that 
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0 E 
n 'n-1 

n 'n-1 0 

is exact on U . The extension to the whole of X is then achieved 

by replacing ^ by p 7-. where p is a continuous function on X 

such that p = 1 on Y and supp pcU • 

Suppose that on some closed neighborhood U; of Y in X , 

we could extend <j^, • • •, cr- to 7^ » * * * , such that on U. , 

E. 
1 'i-1 

0 

is exact. Let be the kernel of 7-. on 1L . Then defines 

a section of Hom(E. + j, K.) defined on Y . Thus, this section 

can be extended to a neighborhood of Y in U. , and thus 

(j. , : E. , -.K. can be extended to 7-.: E.,. -K. on this 

neighborhood. + j is a surjection on Y , so 7 j will be a 

surjection on some closed neighborhood lL+j of Y in IT . 

Thus, the lemma follows by induction on i . 

We introduce the set <Jn(X, Y) of complexes of length n 

on X which are acyclic (i.e., exact) on Y . We say that two 

such complexes are homotopic if they are isomorphic to the 

restrictions to X x {°} and to X x {l} of an element in 

$n(X XI , Y xl) • There is a natural map 

* : f)n(X, Y) •£n(X, Y) 

given by restriction of homomorphisms. 
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LEMMA 2.6.13. $ induces a bijection of homotopy 

classes. 

Proof: The last lemma shows that $ is surjective. 

To show that $ is injective we have to show that any complex 

over X x {0} U X x {l} U Y x I which is acyclic over Y x I can be 

extended to a complex on the whole of X x I • We carry out this 

extension in three steps. First we make the obvious extensions 

to X x [0, 1/4] and X X [3/4, l] . Next we apply the preceding 

lemma to the pair Xx[l/4, 3/4], Yx[l/4, 3/4] U V X {l /4} U V x{3/4} 

where V is a closed neighborhood of Y in X over which the given 

complexes are still acyclic. This gives a complex on X X [l/4, 3/4] 

which agrees with that already defined at the two thickened ends 

along the strips V X {1/4} and V X {3/4} . Thus if we now 

multiply everything by a function p such that 

(i) p = 1 on X X {0} U X X {l} U Y X I 

(ii) p = 0 on (X - V) X {l/4} U (X - V) X {3/4} , 

we obtain the desired extension (see figure: the dotted line 

indicates the support of p ) . 
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li E £ ^(X, Y), F £ A»m(X'f Y") then E ® F is a 

complex on X X X’ which is acyclic on (X x Y’) U ( Y x X') . 

Thus we have a natural pairing 

£n(X, Y)®*m(X', Y') —> ^n+m((X» Y)x(X>, Y')) 

which is compatible with homotopies. Thus, by means of $ , 

it induces a pairing 

£ (X, Y)®£ (X\ Y')->£ , ((X, Y) x (X\ Y')) . 
n m n+m" 

LEMMA 2.6.14. For any classes x £ £n(X, Y), 

x- e £m(x*. Y'), 

X(x®x’) = x(x) x(x’) • 

Proof: This is clearly true when Y = Y1 = $ . However, 

the pairing K(X, Y)®K(X', Y') —> K((X, Y) X (X1, Y')) which 

we defined earlier was the only natural pairing compatible with 

the pairings defined for the case Y = Y’ = (ft . 

With this lemma we now have a very convenient description 

of the relative product. As a simple application we shall give a 

new construction for the generator of K (S ) , 

Let V be a complex vector space and consider the exterior 

algebra A*(V) . We can regard this in a natural way as a complex 
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of vector bundles over V . Thus we put = V x A (V), and 

define 

V x A^V) x Ai+1(V) 

by 

(v, w) (v, v A w) . 

If dim V = 1 the complex has just one map and this is an isomorphism 

for v / 0 . Thus it defines an element of K(B(V), S(V)) = K(S ) 

where B(V), S(V) denote the unit ball and unit sphere of V with 

respect to some metric. Moreover this element is, from its 

definition, the canonical generator of K(S ) except for a sign -1 , 

Since 

A* (V © W) ^ A* (V) <8> A* (W) 

it follows that for any V , A*(V) defines a complex over V 

acyclic on V - {o} , and that this gives the canonical generator of 

T£(B(V), S(V)) = K(S ^n) except for a factor (-1)° (where n = dim V) , 

More generally the same construction applies to a vector 

bundle V over a space X . Let us introduce the Thom space 

y 
X defined as the one-point compactification of V or equivalently 

as B(V)/S(V) . Then K(B(V, S(V)) =K(XV) and the exterior algebra 

of V defines an element-of K(X ) which we denote ky Ay. It has the 

two properties 
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(A) Ay restricts to a generator of K(PV) for each 

point P € X . 

(B) ^V©W = * where this product is from 

K(XV) x K(XW) to K(XV@W) . 

A very similar discussion can be carried out for projective 

spaces. Thus if V is a vector bundle over X let P = P(V © 1) 

and let H be the standard line-bundle over P . By definition we 

have a monomorphism 

H* -> tt*(V © 1) 

when tt : P -* X is the projection. Hence tensoring with H we 

get a section of H ® tt^V © 1) . Projecting onto the first factor 

gives therefore a natural section 

s € T(H ® tt*V) . 

Consider the exterior algebra A*(H ® ir*V) . Each component is 

a vector bundle over P and exterior multiplication by s gives us 

a complex of vector bundles acyclic outside the subspace where 

s = 0 . But this is just the image of the natural cross-section 

X -* P . If we restrict to the complement of P(V) in P(V © 1) 

then H becomes isomorphic to 1 and we recover the element 

which defines Xy (identifying P(V © 1) - P(V) with V in the usual 

way). This shows that the image of Xy under the homomorphism 
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K(xv) = K(P(V © 1), P(v))-5> K(P(V e 1)) 

is the alternating sum 

S(-l)i[H]i[XiV] . 

We conclude this section by remarking that everything 

we have been saying works equally well for G-spaces, G being 

a finite group. We have only used the basic facts about extensions 

of homomorphisms etc. which hold equally well for G-bundles. 

Thus elements of K<-,(X, Y) may be represented by G-complexes 

of vector bundles over X acyclic over Y . In particular the 

exterior algebra of a G-vector bundle V defines an element 

Xv € Kg(XV) 

as above. 
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§2. 7. The Thom isomorphism. If E = £ L^ is a 

decomposable vector bundle over X (i. e. , a sum of line-bundles) 

then we have (2. 5. 3) determined the structure of K(P(E)) as a 

K(X)-algebra. Now for any space X we have a canonical isomorphism 

K*(X) = K(X X S1) . 

Also, if it : X X -* X is the projection, we have 

P(E) X S1 = P(tt*E) 

and so 

K*(P(E)) £ K(P(tt *E)) . 

Thus replacing X by X xS* in (2. 5. 3) gives at once 

PROPOSITION 2. 7. 1. Let E = £ L. be a decomposable 

vector bundle over X . Then K* (P(E)), as a K'* (X)-algebra, 

is generated by [H] subject to the single relation 

H ([L.][H] - 1) = 0 . 

Remark: As with (2. 5. 3) this extends at once to G-spaces 

giving K^,(P(E)) as a K^,(X)-algebra. 

Now the Thom space XE may be identified with P(E © 1)/P(E), 

and at the end of § 2. 6 we saw that the image of \E in K(P(E © 1)) 
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is 

£ (“l)i[H]i[XiE] = 0(1 - [L.][H]) . 

Since this element generates (as an ideal) the kernel of 

K*(P(E©1)) -> K*(P(E)) 

we deduce 

PROPOSITION 2. 7. 2. Let E be a decomposable 

vector bundle over X , Then K*(X ) is a free K (X) -module 

on Xjp as generator. 

Remark: This "Thom isomorphism theorem" for the 

decomposable case also holds as before for G-spaces. We now 

show how this fact can be put to use. 

COROLLARY 2. 7. 3. Let X be a G-space such that 

Kji(X) = 0 and let E be a decomposable G-vector bundle. Then, 

if_S(E) denotes the sphere bundle, we have an exact sequence 

Ki(S(E)) K°(X) -> K°(X)-> K°(S(E)) -> 0 

where <p is multiplication by 

X_1[E] = S(-l)1 XX[E] . 
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Proof: This follows at once by applying (2. 7. 2) in the 

exact sequence of the pair (B(E), S(E)). 

In order to apply this corollary when X = point we 

need to verify 

LEMMA 2. 7.4. kJ, (point) = 0 . 

Proof: It is sufficient to show that 

K^S1)-> Kg (point) 

is an isomorphism. But, since G is acting trivially on S , we 

have 

K^S1) = K(SL) ® R(G) 

= K (point) ® R(G) 

= Kg (point) . 

Thus we can take X = point in (2. 7. 3) . Moreover if we 

take G abelian then E is necessarily decomposable. Thus we 

obtain 

COROLLARY 2. 7.5. Let G be an abelian group, E a 

G-module. Then we have an exact sequence 

0-> l£(S(E))-> R(G) -2-> R(G) kg(s(e)) 
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where <p is multiplication by 

XjE] = 2 (-D1 xfa] . 

Suppose in particular that G acts freely on S(E) 

(it is then necessarily cyclic), so that 

K*g(S(E)) = K*(S(E)/G) . 

Thus we deduce 

COROLLARY 2. 7. 6. Let G be a cyclic group, E a 

G-module with S(E) G-free. Then we have an exact sequence 

0  > K1(S(E)/G)-> R(G) —2-> R(G)  > K°(S(E)/G) —> 0 

where <p is multiplication by X ^[E] 

Remark: A similar result will hold for other groups 

acting freely on spheres once the Thom isomorphism for K^. has 

been extended to bundles which are not decomposable. However, 

this will not be done in these notes. 

As a special case of (2. 7. 6) take G = , E = Cn with 

the (-1) action. Then 

S(E)/G = P2n-1(R) 
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is real projective space of odd dimension . 

R(Z2) = z[p]/p2 - i 

XJE] = (1 - p)n 

Putting cr = p - 1 so that a2 = -2ct and = (-cr)n we see 

that fc^(P2n ^(R)) is cyclic of order 2n ^ while K^(P2n_j(R)) 

is infinite cyclic. If we compare the sequences for n and n + 1 

we get a commutative diagram 

0 -> K1(P2n+1)-> R(Z2) -> R(Z2) 

-CT 1 

V v / ^n v 
o-» Kl(P2n-1)-> r(z2) » r(z2) 

Butin R(Z2) the kernel of (-a)n (for n > 1) is (2- ct) and so 

coincides with the kernel of -ct . Hence the map 

K‘<p2n+1> 

is zero. From the exact sequences of the pairs (P2n+i» ^>2n^’ 

(P_ , P_ .) we deduce that 
v 2n’ 2n-l 

K'<P2n+l> —K‘(P^ 



is surjective, while 

Kl(P2n) —> 

is injective. Hence 

Kl(P2n) = 0 

The exact sequence of the pair (P^ *^en shows that 

K°<P2„+1> —» K°(PZ„> 

is an isomorphism. Summarizing we have established 

PROPOSITION 2.7.7. The strucutre of K*(Pn(R))_is 

as follows 

K’<P2„+1> " Z 

K‘(P2n) = 0 

K°'P2„+1> = KV,J = Z,n • 2n' 

We leave it as an exercise to the reader to apply (2. 7. 6) to 

other spaces. 

We propose now to proceed to the general Thom isomorphism 

theorem. It should be emphasized at this point that the methods 

to be used do not extend to G-bundles. Entirely different methods 
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are needed for G-bundles and we do not discuss them here. 

We start with the following general result 

THEOREM 2. 7. 8. Let ir : B -* X be a map of compact 

spaces, and let • ••, be homogeneous elements of K'‘‘(B). 

Let M* be the free (Z^) graded group generated by /in . 

Suppose that every point x € X has a neighborhood U such that 

for all VcU, the natural map 

K*(V) ® M* -> K*(tt _1(V)) 

is an isomorphism. Then, for any YcX , the map 

K*(X, Y) ® M* -> K*(B, u -1(Y)) 

is an isomorphism. 

Proof: If UcX has the property that, for all VcU, 

K* (V) ® M* = K* ( tt -1(V)) (1) 

we shall say that U is good. If U is good then, using exact 

sequences and the fact that ®M* preserves exactness (M* being 

torsion free) we deduce 
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K*(U, V) *8> M* = K*(Tr 1 (U), ^ 1 (V)) (2) 

Here we use of course the compatibility of o with products 

(Lemma 2. 6. 0). What we have to show therefore is 

X locally good ^ X good. 

Since X is compact it will be enough to show that 

Uj , U2 good U U2 good. 

Now any VcUjU U2 is of the form V = V ^ U V2 with c 

(and so is also good). Since 

it follows that (2) holds for the pair (V, V2 ). Since (1) 

holds for V2 the exact sequence of (V, V9 ) shows that (1) 

holds for V. Thus U U2 is good and the proof is complete. 

COROLLARY 2. 7. 9. Let n :E -* X be a vector bundle. 

and let H be the usual line bundle over P(E) . Then K*(P(E)) 

is a free K*(X)-module on the generators 1, [H], [H] , • • • , [H]n 

[H] satisfies the equation L (-1)1 [H]*[\XE] = 0 . 



no. 

Proof: Since E is locally trivial it is in particular 

locally decomposable. Hence , by (2. 7.1), each point x € X 

has a neighborhood U so that for all V c U, K*(P(E | V)) is 

a free K*(V)-module on generators 1, [H], *•*, [H]n ^ . Now 

apply (2. 7. 8). The equation for [H] has already been established 

at the end of §2. 6. 

COROLLARY 2. 7.10. If n : E "* X is a vector bundle, 

and if F(E) is the flag bundle of E with projection map p:F(E)"*X , 

then p* : K*(X) - K*(F(E)) is injective. 

Proof: F(E) is the flag bundle over P(E) of a bundle 

of dimension one less than dim (E) . We proceed inductively 

on dim(E) using (2. 7. 9) . 

COROLLARY 2.7.11. ( The Splitting Principle). If 

E.. ••• . E are vector bundles on X, then there exist a space 
1 n--— -—- 

F and a map tt: F X such that 

1) it* : K*(X) - K*(F) is injective 

2) Each w*(E.) is a sum of line bundles. 

Proof: We take F to be the flag bundle of © E. . 

The importance of the Splitting Principle is clear. It enables 

^Remark: This is the argument which does not generalize 

to G-spaces. 
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us to reduce many problems to the decomposable case. 

COROLLARY 2.7.12. (The Thom Isomorphism Theorem). 

If it : E -* X is a vector bundle 

<*: K*(x)-> K*(XE) 

defined by $(x) = X^-x is an isomorphism. 

Proof: This follows from (2. 7. 9) in the same way as 

(2,7.2) followed from (2.7. l). 

We leave the following propositions as exercises for the 

reader 

PROPOSITION 2.7,13. _If_ ir : E - X is a vector bundle, 

Lj, ***, L^ the usual line bundles over F(E), then the map 

defined by t. -* [L^] defines an isomorphism of K*(X) modules 

K*(X)[tr tn]/l-> K*(F(E)) 

where I is the ideal generated by elements 

CT^tl' ** *» tn) - E, a2(tj, 

a1 being the i-th elementary symmetric function. 
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PROPOSITION 2.7.14. Let tt : E - X be an 

n-dimenaional vector bundle and let Gk(E) be the Grassmann 

bundle (of k-dimensional subspaces) of E . Let F be the 

induced k-dimensional bundle over G^(E), F* the quotient 

bundle p*(E)/F . Then the map defined by t. -* A1(F), 

si -* X1(FI) defines an isomorphism of K*(X)-modules 

K*(X)[tr * • ♦, sy •••, snk]/l - K*(Gk(E)) , 

where I is the ideal generated by the elements 

(Hint: Compare Gk(E) with the flag bundle of E) . 

In particular, we see that if G^ k is the Grassmann 

manifold of k-dimensional subspaces of an n-dimensional vector 

space, K*(G ,) is torsion free. This also follows from its 

cell decomposition. By induction we deduce K* is torsion free 

for a product of Grassmannians. 

THEOREM 2.7.15. Let X be a space such that K (X) 

is torsion free, and let Y be a (finite) cell complex, Y' c Y a 

subcomplex. Then the map 

K*(X) ® K*(Y, Y')-> K*(X X Y, X X Y') 

is an isomorphism. 
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Proof: The theorem holds for Y a ball, Y' its 

boundary as a consequence of 2.7.2. It thus holds for any 

(Y, Y') by induction on the number of cells in Y . 

COROLLARY 2.7.15. (The Kiinneth Theorem). 

Let X be a space such that K*(X) is a finitely generated 

abelian group, and let Y be a cell complex. Then there is a 

natural exact sequence 

0-> Y KX(X) ® Kj(X)-> Kk(X X Y) 
i+j=k 

-> £ Tor(K* 1(X), K^(Y)) —> 0 

i+j=k+l 

where all suffixes are in • 

Proof: Suppose we can find a space Z and a map 

f : X -* Z such that K*(Z) is torsion free, and f* : K*(Z) -♦ K*(X) 

is surjective. Then from the exact sequence K*(Z/X) is torsion 

free. From the last theorem, K*(Z X Y) = K*(Z) ® K*(Y) , 

K*((Z/X) X Y) = K*(Z/X) ® K*(Y) . The result will then follow 

from the exact sequence for the pair (Z X Y, X X Y) . 

We now construct such a map g : SX — Z 

generate K^(X) , and let b,, • • • , b generate K 
1 m 

Then each a. determines a map a : X -* G 
i l r., s. 

l l 

. Let a^, * • * , a 

-1(X) = K(SX) . 

for r., s. 
i l 
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suitable, and each b. a map 0. : SX G . Let 
1 ui’ i 

a : X - G x • • • x G = G1 be a, x • • • x « , and 
rysl r_,s. 

n n 
1 

jS : SX -* G u.,v. X-XGU v = G» be 
11 mm 

Then 

a* : K°(G')-> K^(X) is surjective 

0* : K°(G")-> K°(SX) is surjective. 

Thus, if f : (Sa) x /3 : SX - (SG*) x G" = G 

f*; K*(G) -> K*(SX) is surjective, 

and K*(G) is torsion free as required. This proves the formula for 

SX and this is equivalent to the formula for X . 

We next compute the rings K*(U(n)), where U(n) is 

the unitary group on n variables. Now for any compact Lie 

group G we can consider representations p : G GL(m, C) as 

defining elements [p] € KX(G) : we simply regard p as a map 

and disregard its multiplicative properties. Suppose now that 

a, 0 are two representations G - GL(m. C) which agree on the 

closed subgroup H. Then we can define a map 

y : G/H - GL(m, C) 
« 

by y(gH) = a(g)0(g)_1 . This is well-defined because of the 

.. _ o, a The map V defines an element 
multiplicative properties of a, p • 1 ne ' 
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[y] € k\g/H) whose image in K*(G) is just [a] - [0] . As 

a particular case of this we take 

G = U(n), H = U(n - l), G/H = S2n_1 

For Ot, 0 we take the representations of G on the even and 

odd parts of the exterior algebra A*(Cn) , and we identify these 

two parts by exterior multiplication with the n-th basic vector 

e^ of Cn . Since U(n - l) keeps en fixed this identification 

is compatible with the action of U(n - 1). We are thus in the 

situation being considered and so we obtain an element 

M e k‘(s2”'') . 

If we pass to the isomorphic group K(S2n) we see from its 

definition that [y] is just the basic element 

Xcn € R(S2n) 

constructed earlier from the exterior algebra. Thus [y] is a 

generator of K^S2”*1), and its image in K^Uin)) is 3D(-l)i[\i] , 

where the X1 are the exterior power representations. With 

this preliminary discussion we are now ready to prove: 
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THEOREM 2.7.17. K*(U(n)) is the exterior algebra 

generated by [X ], ** *» [X ] . where X is the i-th exterior 

power representation of U(n) . 

Proof: We proceed by induction on n . Consider the 

mapping 

U(n) U(n)/U(n - l) = S2n_1 . 

Since the restriction of X* to U(n - 1) is p © p » where p 

denotes the i-th exterior power representation of U(n - 1) , the 

inductive hypothesis together with (2. 7. 8) imply that K (U(n)) 

is a free K*(S2n_1)-module generated by the monomials in 

[X1], * ’ ', [Xn l] • But K*(S2n-1) is an exterior algebra on one 

generator [y] whose image in K* (U (n)) is 

\ (- uVj . 
i=0 

as shown above. Hence Klu(n)) is the exterior algebra on 

[X1]. *•*. [Xn] as required. 
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CHAPTER III . Operations. 

§1 . Exterior Powers. By an operation F in K-theory, 

we shall mean a natural transformation : K(X) -* K(X) . That 

is, for every space X , there is a (set) map F^ : K(X) -» K(X) , 

and if f : X -♦ Y is any continuous map, F^f* = f*Fy • 

Suppose that F and G are two operations which have 

the property that F([E] - n) = G([E] - n) whenever E is a sum 

of line bundles and n is an integer. Then F(x) = G(x) for all 

x € K(X) , as we see immediately from the splitting principle of 

the last chapter. 

There are various ways in which one can define operations 

using exterior power operations. The first of these which we shall 

discuss is due to Grothendieck . 

If V is a vector bundle over a space X , we define 

^[V] € K(X)[[t]J to be the power series 

\ tVcv)] . 

i =0 

\k(V © W) = Y, ® ^(W) 

i+j=k 

The isomorphism 
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gives us the formula 

xt[v©w] = xjvjxjw] 

for any two bundles V, W . For any W the power series X^[W] 

is a unit in K(X)[[t]J, because it has constant leading term 1 . 

Thus we have a homomorphism 

X* : Vect(X) -> 1 + K(X)[[t]]+ 

of the additive semi-group Vect(X) into the multiplicative group 

of power series over K(X) with constant term 1 . By the universal 

property of K(X) this extends uniquely to a homomorphism 

Xt : K(X) - 1 + K(X)[[t]]+ . 

Thus, taking the coefficient of t1 we have operations 

X1 : K(X) —> K(X) . 

Explicitly therefore 

Xt([V]-[W]) = xjvlxjw]-1 . 

In a very similar way we can treat the symmetric powers 

S*(V) . Since 

Sk(V © W) = £ S1(V)®Sj(W) 

i+j=k 
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we obtain a homomorphism 

St : K(X) 1 + K(X)[[t]]+ 

whose coefficients define the operations 

S1 : K(X) —> K(X) . 

Notice that if L is a line bundle, 

Xt(L) = 1 + tL 

St(L) = 1 + tL + t2L + • • • 

= (1 - tL)"1 . 

Thus 

\_t(L)St(L) = 1 . 

Thus, if V is a sum of line bundles, X_^.[V]S^[V] = 1 

for any x € K(X), \_t(x)St(x) = 1 , and so 

Xt([V]-[W]) = \[V]S _t[W] 

that is, 

Xk([v] - [W]) = Y (-l^x^v^fw] 
i+j=k 

This gives us an explicit formula for the operations X 

of operations on bundles. 

Therefore, 

in terms 
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Now recall that, for any bundle E , dim is a 

locally constant function of x . Since X is assumed compact 

dim E = Sup dim E 

xGX 

is finite. The exterior powers have the basic property that 

X*E = 0 if i > dim E . 

Let us call an element of K(X) positive (written x > 0) if it is 

represented by a genuine bundle, i. e. , if it is in the image of 

Vect (X) . Then 

x > 0 => ^(x) € K(X)[t] . 

For many problems it is not dim E which is important 

but another integer defined as follows. First let us denote by rank E 

the bundle whose fibre at x is where d(x) = dim Ex : if 

X is connected then rank E is just the trivial bundle of dimension 

equal to dim E . Then E -* rank E induces an (idempotent) ring 

endomorphism 

rank: K(X) —> K(X) 

which is frequently referred to as the augmentation. The kernel of 

this endomorphism is an ideal denoted by K^(X) . For a connected 

space with base-point we clearly have 
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Kj(X) = K(X) . 

For any x € K(X) we have 

x - rank x 6 K^(X) . 

Now define dim^x, for any x € K(X) , to be the least integer n 

for which 

x - rank x + n > 0 

since every element of K(X) can be represented in the form [V] - n 

for some bundle V it follows that dim^x is finite for all x £ K(X) . 

For a vector bundle E we clearly have 

dimK[E] < dim E . 

Notice that 

dim^ • x = dim^x^ 

where Xj = x - rank x , so that dim R is essentially a function on 

the quotient K^(X) of K(X) . 

It is now convenient to introduce operations y which 

have the same relation to dimK as the have to the dimension 

of bundles. Again following Grothendieck we define 

yt(x) = Xt/l_t(x) € K(X)[[t]] 
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so that yt(x + y) = yt(x)yt(y) . Thus for each i we have an 

operation 

y1 : K(X) - K(X) . 

The y1 are linear combinations of the X-5 for j < i and vice- 

versa, in view of the formula 

= '>'s/i+s(x) 

obtained by putting s = t/l - t, t = s/l + s . Note that 

yt(l) = (1 - t)"1 

and for a line-bundle L 

yt([L] - 1) = 1 + t([L] - 1) . 

PROPOSITION 3. 1. 1. Let_ x € K^X) , then y (x) _is 

a polynomial of degree < dim^x . 

Proof: Let n = dim^x , so that x + n > 0 . Thus x + n 

= [E] for some vector bundle E . Moreover dim E = n and so 

XX(E) = 0 for i > n 

Thus \j.(x + n) is a polynomial of degree < n . Now 
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yt(x) = yt(x + n)yt(l) 

= Vi-t(x + n)(1"t)n 

n 

= Y, ^(x + n)tl(i ■ t)n 1 
1=0 

and so is a polynomial of degree < n as stated. 

that 

We now define dim x to be the 
y 

- rank x) / 0 , and we put 

largest integer n such 

dim^X = sup dim„x 
K x€K(X) K 

dim X = sup dim x 
v x€K(X) y 

By (3.1. 1) we have 

dim^x < dim^x , dim^X < dim^X 

We shall show that, under mild restrictions, dim^X 

is finite. For this we shall need some preliminary lemmas on 

symmetric functions. 

LEMMA 3.1.2. Let Xj, *n be indeterminates. 

Then any homogeneous polynomial in Z[x{, • • • , of degree 

> n(n - 1) lies in the ideal generated by the symmetric functions of 

(Xj, • • • , xn) of positive degree . 
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Proof: Let cr.fr^ .xj be the i-th elementary 

symmetric function. Then the equation 

x11 - a^x11 * + cr^x11 ^ + • • * + ("1) crn = 0 

has roots x = x^ . Thus x^1 is in the ideal generated by <7^, • • • > Cn . 

But any monomial in x^, • • • , x of degree > n(n - 1) is divisible 

by x^1 for some i and so is also in this ideal. 

LEMMA 3. L 3. Let x{, • • • , xn , • • • , Ym be_ 

indeterminates and let 

a. = <j.(Xl, xn) b. = CTi(yv Ym) 

be the elementary symmetric functions. Let I be any ideal in 

Z[a,b], J its extension in Z[x,y], Then 

J n Z[a,b] = I . 

Proof: It is well-known that 7.[x] is a Zfa]-module. 

with basis the monomials 

r 
x— ° < r. < n - i . 
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Hence Z[x,y] = Z[x] ® Z[y] is a free module over Z[a,b] = Z[a] © Z[b] 

with basis the monomials x— y— . Then the ideal J c Z[x, y] 

consists of all elements f of the form 

with f € I . 
r, s_ 

Since the x—y— are a free basis f belongs to Z[a,b] if and only if 

f =0 for £,s_/(0,0) in which case 

f = f0,0€I ‘ 

Thus J 0 Z[a,b] = I as stated. 

Remark: This lemma is essentially an algebraic form 

of the splitting principle since it asserts that we can embed Z[a,b]/l 

in Z[x,y]/J . It is of course purely formal in character and it 

seems preferable to use this rather than the topological splitting 

principle whenever we are dealing with formal algebraic results. 

The topological splitting principle depends of course on the periodicity 

theorem and should only be used when we are dealing with properties 

that lie at that depth. 

JLEMMA 3.1.4. Let K be a commutative ring (with 1) 

and suppose 
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are elements of K[t] such that 

a(t)b(t) = 1 . 

Then there exists an integer N = N(n, m) so that any monomial 

of weight £ jr. > N vanishes 

Proof: Passing to the universal situation it is sufficient 

to prove that if a^, • «• , a^, b^t • ••, b^ are indeterminates, 

then any monomial o: in the a^ of weight > N lies in the ideal 

I generated by the elements 

Ck = I aibj k = 1, ... ,mn(aQ =bQ = l) . 

i+j=k 

By (3. 1. 3), introducing indeterminates x^, • • * , xn , y^, .. . , y^ , 

it is sufficient to prove that a belongs to the extended ideal J . 

ck is just the k-th elementary symmetric function of the 

(m + n) variables x^, • •« , xn , y^, •«• , ym . The result now 

follows by applying (3. 1. 2) with N = (m + n)(m + n - l) . 

Remark: The value for N(m,n) obtained in the above proof 

is not best possible. It can be shown by more detailed arguments 
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that the best possible value is mn . 

We now apply these algebraic results: 

PROPOSITION 3. 1. 5. Ret x € K^x) . Then there 

exists an integer N , depending on x , such that any monomial 

y*l(x) y^2(x) • • • y*Mx) 

of weight 
Ir 

E. . i. > N is equal to zero. 
J=1 J -a- 

Proof: We apply (3. 1. 4) to the polynomials yt(x), yt("x) • 

Note therefore, that N depends on dim x , dim^(-x) . 

Since y^(x) = x we deduce: 

COROLLARY 3.1.6. Any x G K^X) is mlpotent. 

If we define the degree of each y1 to be one , then for 

any monomial in the y we have 

weight > degree . 

In view of (3.1. 5) , therefore, all monomials in yX(x) of sufficiently 

high degree are zero if x € K^X) . Thus we can apply a formaT 

nower series* in the / to any x € K^X) . Let us denote by 

-* As USual a formal power series means a sum f = £ *n where fn 

is a homogeneous polynomial of degree n (and so involves only a finite 

number of the variables). 
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Op(Kj, K)the set of all operations -> K . This has a ring 

structure induced by the ring structure of K (addition and 

multiplication of values). Then by what we have said we obtain 

a ring homomorphism 

<p : Z[[yl , ynf .. . ]]-> OpfKj, K) . 

THEOREM 3. 1. 7. 

<P : ztty1, • •• > yn, • • • ]] —> Op(Kr K) 

is an isomorphism. 

Proof: Let m be the product of n copies of P (C) , 

Using the base point P (C) of P (C) the Y form a direct 
u m n, m 

system of spaces with inclusions 

n, m 
Y , 

n , m for n' > n m1 > m 

Then K(Yn m) is an inverse system of groups with 

K(Y ) = 
n, nv Zfxj, • • • , *nVb?*1. 

lim 
< 

K(Y ) = 
v n, m Zffxj, • • • , 

m 
lim K(Y ) = 

' n, m7 lim Zffxj, ' * * ’ xj] . 
m, n 'n 
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Any operation will induce an operation on the inverse limits. 

Hence we can define a map 

ip : Op(K^, K)-> lim Z[[xj, ...» xnJ] 

n 

by ip(f) = lim f(x^ + + • • * + x^) . Since, in K(Yn m) we have 

n 

yt(xi + x2 + * * *+ xn) = TT (l + x^) 
i=l 

it follows that 

pcfiy1) = lim cr^Xj, • • • , xn) 

n 

where denotes the i-th elementary symmetric function. In 

particular, therefore tpcp is injective and so <p is injective. Moreover 

the image of ipcp is 

• • • , crj] 

which is the same as 

lim Z[[x,, • • * , x_]]Sn 
<_ 1 

n 

where [ ]Sn denotes the subring of invariants under the symmetric 

group Sn . But, for all f € Op(K^, K) , 
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ijj(f) = lim f(x1 + • * * + xn) 

lies in this group. In other words 

Im )/)</?= Im 0 . 

To complete the proof it remains now to show that tp is injective. 

Suppose then that tp(f) = 0 . Since any line bundle over a space X 

is induced by a map into some P (C) it follows that 

f([E] - n) = 0 

whenever E is a sum of n line -bundles. By the splitting principle 

this implies that 

f(x) = 0 for all x € , 

i. e. , f is the zero operation, as required. 

Let us define H^(X, Z) to be the ring of all continuous 

maps X -» Z . Then we have a direct sum decomposition of groups 

K(X) = KL(X) ©H°(X,Z) 

determined by the rank homomorphism. It is easy to see that there 

are no non-zero natural homomorphisms 

H°(X, Z) -> K (X) 
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and so Op(K) = Op(K,K) differs from Op(K^, K) only by Op(H^(Z)) 

which is the ring of all maps Z -• Z . Thus (3. 1. 7) gives essentially 

a complete description of Op(K) . 

We turn now to a discussion of finiteness conditions on K(X). 

First we deal with H^(X, Z) . 

PROPOSITION 3. 1. 8. The following are equivalent 

(A) H°(X,Z) is a Noetherian ring 

(B) H^(X, Z) is a finite Z-module . 

Proof: (B) implies (A) trivially. Suppose therefore that 

H°(X, Z) is Noetherian. Assume if possible that we can find a 

strictly decreasing infinite chain of components (open and closed 

sets) of X 

X = X„ 3 X, z> ■ DX 3X 
n n + 1 

Then for each n we can find a continuous map fn : X - Z so that 

f„<x„ - x„«> = 1 • 

Consider the ideal I of H°(X, Z) consisting of maps f:X-z 

such that f(X ) = 0 for some n . Since H°(X, Z) is Noetherian 
v n 

I is finitely generated and hence there exists N so that 
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f(XN) = 0 for all f € I . 

But this is a contradiction because 

£N€I • fN(V^° • 

Thus X has only a finite number of components, so that 

n 

X = l X. 
1 

i= 1 

X. connected. Hence H^(X, Z) is isomorphic to Zn 

Passing now to K(X) we have 

PROPOSITION 3. 1. 9. The following are equivalent 

(A) K(X) is a Noetherian ring 

(B) K(X) is a finite Z- module . 

Proof; Again assume (A), then H^(X,Z) which is a quotient 

ring of K(X) is also Noetherian. Hence by (3. 1. 8), H^(X, Z) is a 

finite Z-module. Now K^(X) is an ideal of K(X) consisting of 

nilpotent elements (3. 1. 6). Since K(X) is Noetherian it follows 

that Kj(X) is a nilpotent ideal. For brevity put I = K^(X) . Then 

In = 0 for some n and the Im/lm+*, m = 0, 1, •••, n-1 are 

all finite modules over K/l = H^(X, Z) . Hence K(X) is a finite 
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H^(X, Z)-module and so also a finite Z-module. 

Examples of spaces X for which K(X) is a finite Z-module 

are cell-complexes. 

Let us now define a filtration of K(X) by the subgroups 

K^(X) generated by all monomials 

/Hxj) y12(x2) *“ /k(xk} 

with i. > n and x. £ K.(X) . Since y (x) - x> 
J=1 j - 1 1 

we have = Kj . If x f K^(X) we say that x has y-filtration > n 

and write F (x) > n . 
y ~ 

PROPOSITION 3. 1. 10. Assume K(X) is a finite Z-module. 

Then for some n 

Ky(X) = 0 . 
n 

Proof: Let Xj, • • • , xg be generators of K^X) and let 

N. = N(x.) be the integers given by (3. 1. 5). Because of the formula 

J J 

y (a + b) = yt(a) yt(b) 

it will be sufficient to show that there exists N so that all —Hal, 

in the yi(xj) of total weight >N are zero. But taking N = =1 Nj 

we see that any such monomial must, for some j , have weight > N. 
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in the y (x.) . Hence by (3. 1. 5) this monomial is zero. 

COROLLARY 3. 1. 11. Assume K(X) is a finite Z-module. 

Then dim X is finite. - y - 

We call the reader's attention to certain further properties of 

the operations y1 . 

PROPOSITION 3. 1. 12. 21 V is a bundle of dimension n, 

X_1[Vr] = (-l)n yn([V] - n) . Thus K*(XV) is a free K*(X) module 

generated by yn([V] - n) . 

PROPOSITION 3. 1. 13. There exist polynomials P^, 

such that for all x, y 

y*(xy) = Pi(y1(x), yL(y), y2(x), y2(y) , • • •, y1(x), yx(y)) 

v^r^x)) = Q.j(y1(x), y1 + j(x)) . 

We leave these proofs to the reader, who may verify them easily 

by use of the splitting principle. 
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§2. The Adams Operations. We shall now separate 

out for special attention some operations with particularly pleasing 

properties. These were introduced by J. F. Adams. We define 

0°(x) = rank (x) . In the ring K(X)[[t]] we define 0t(x) = Si=0 *V^X) 

by 

lpt(x) = lp° (x) ~ t (log X_t(x)) . 

Notice that since all of the coefficients of this power series are 

integers, this definition makes sense. 

PROPOSITION 3. 2. 1. For any x, y € K(X) 

1) ipk(x + y) = 0k(x) + !pk(y) for all k 

k/ i k 
2) If x is a line bundle, ip (x) = x . 

3) Properties 1 and 2 uniquely determine_the^operations_ 

. k 
!/) . 

= + (l>t(y). »o that A* + y) = *kM ' *k<y> Proof: 0t(x + y) 

for each k . 

If x is a line bundle, X_t(x) " 1 " tx' so that 

dt 
(log(l - tx)) = 

2 4.2 3 
-x - tx - t x • • • 
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Thus l/)j.(x) = 1 + tx + tV + • • • . 

The last part follows from the splitting principle. 

PROPOSITION 3. 2. 2. For any x, y € K(X) 

1) !/)k(xy) = 0^(x) j/jNy) for all k 

2) 0k(/(x)) = i/)ki(x) for all k, i . 

3) If p is prime , ^(x) = x13 mod p 

4) If u € K(S2n), ipk(u) = knu for all k . 

Proof: The first two assertions follow immediately from 

the last proposition and the splitting principle. Also, from the 

splitting principle, !/)^(x) = x*3 + pf(\^(x), • •• , X^(x))> where f 

is some polynomial with integral coefficients. Finally, if h is 

the generator of K(S2), 0k(h) = kh . Since S2n = S2 A • • • A S2 , 

2n 
and K (S ) is generated by h 0 h ® • •» ® h , the last assertion 

follows from the first. 

We next give an application of the Adams operations 0 . 

Suppose that f : S^n * -♦ S2n is any map. We define the Hopf 

invariant H(f) as follows. Let be the mapping cone of f . 

2n 4n 
Let i : S -» X^ be the inclusion, and let j : X^ -• S collapse 

S2n . Let u be the generator of K (S^n) . From the exact 

sequence we see that there is an element x 6 K(X^) such that i (x) 

generates K(S ). K(X^) is the free abelian group generated by 
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x and y = j* (u) . Since (i*(x))2 = 0, x2 = Hy for some H . 

This integer H we define as the Hopf invariant of f . Clearly, 

up to a minus sign, H(f) is well defined. The following theorem 

was first established by J. F. Adams by cohomological methods. 

THEOREM 3. 2. 3. _If H(f) is odd, then n = 1, 2, ojr 4 . 

Proof: Let 0 (x) = 2nx + ay, i!j (x) = 3nx + by. Since ip (x) 

= x2 mod 2, a is odd. i/)k(y) = j* (i/)k(u)) = k2ny . Thus,we see 

that 

ip^(x) = (ip** (x)) = 6nx + (2nb + 32na)y 

ip^(x) = i/>2($2(x)) = 6nx + (22nb + 3na)y . 

Thus 2% + 32na = 22nb + 3na , or 2n(2n - l)b = 3n(3n - l)a . 

Since a is odd, 2n divides 3n - 1, which by elementary number 

theory can happen only if n = 1, 2, or 4. 

If n = 1, 2, or 4, the Hopf maps determined by considering 

S4n_1as a subspace of the non-zero vectors in 2-dimensional 

2n 
complex, quaternionic, or Cayley space, and S as the complex, 

quaternionic, or Cayley projective line all have Hopf invariant 

one. We leave the verification to the reader. 

PROPOSITION 3. 2. 4. Let x € K(X) be such that F^(x) > n. 

Then for any k we have 

F^(0k(x) - knx) > n + 1 . 
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Proof: If n = 0 we have 

0k(x) = 0k(rank x + x^) = rank x + 0kx^ 

Here x^ and so 0 x^ are in Kj(X) . Thus 

0kx - x = 0kxL- xx 6 Kj(X) = Kj'(X) . 

k . • • 
Consider now n > 0 . Since 0 is a ring homomorphism it is 

sufficient to prove that the composition )/)k * y11 - kn yn (where 

k n 
0 G Op(K), y € Op(K^, K)) is equal to a polynomial 

in the y1 in which each term has weight > n + 1 . As in (3. 1. 7) 

we have isomorphisms 

zL[yL, • * • ]] = Op(Ki> K) = lim Z[xL, • • ♦ , xm]Sm 

m 

in which y1 corresponds to i-th elementary symmetric function 

a- of the x . Now 
1 j 

0k(x.) = (1 + x.)k - 1 

and so 

0k(°n(xl» ‘ * )) = an((1 + xi)k " l> ‘ * * ) 

= knan(x) + f 

where f is a polynomial in the cr of weight > n + 1 . Since 
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1c 
ip o y corresponds to tp (<xn) by the above isomorphisms the 

proposition is established. 

Iterating (3. 2. 4) we obtain: 

COROLLARY 3. 2.5. I_f KX+1(X) = 0 , 

for any sequence of non-negative integers k^, , • • • , k^ . 

By (3. 1. 10) we can apply 3. 2. 5 in particular whenever K(X) is 

a finite Z-module. 

Notice that ipk acts as a linear transformation on the vector 

space K(X) ® Q . Taking km = k for all m in (3. 2.5) we see 

that 

TT (4>k - km) = 0 on K(x) ®Q * 
m=0 

Thus the eigenvalues of each ipk are powers of k not exceeding u . 

Let Vk . denote the eigenspace of tpk corresponding to the 

eigenvalue k1 (we may have VR> . = 0). Then if k > 1, we have 

an orthogonal decomposition of the identity operator 1 of K(X) ®Q : 
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1 = X IL , nj = TT (lSk - - km) . 
m/ i 

Thus K(X) ® Q is the direct sum of the . . Now put in 

(3. 2.5), 

k. = i , k = k 
i m 

for m / i 

and we see that 

(/ - /)vkj i = 0 

and so V . c V . . . Hence we deduce 
k, i l,i 

PROPOSITION 3. 2. 6. Assume K(X) has finite y-filtration 

and let V, . denote the eigenspace of ip on K(X) ® Q correspond- 
- K, i - — - 

ing to the eigenvalue k1 . Then if k, l > 1 we have 

Since the subspace V, . does not depend on k (for k > 1) we K, 1 
may denote it by a symbol independent of k . We shall denote it by 

H 1(X; Q) and call it the 2i-th Betti group of X . From (3. 2.4) 

it follows that the eigenvalue k^ = 1 occurs only in H^(X, Z) <S> Q . 

Thus our notation is consistent in that 

H°(X, Z) ® Q = H°(X ; Q) . 

We define the odd Betti groups by 
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H2m+l(X;Q) = H2m+2(SX+;Q) 

where X+ = X U point and S denotes reduced suspension. If 

the spaces involved are finite-dimensional we put 

Bk = dimQ Hk(X ; Q) 

and the Euler characteristic E(X) is defined by 

E(X) = S(-l)kBk = dimQ(K°(X) ®Q) - dimQ(Kl(X) ®Q) . 

Note that the Kunneth formula (when applicable) implies 

E(X X Y) = E(X)E(Y) . 

The following proposition is merely a reformulation of (3. 2. 4) 

in terms of the notation just introduced: 

PROPOSITION 3. 2. 7. 

KX(X) ® Q = Y, H2m(x>'Q) 

m>n 

and so 

jKy(x) /Ky+1(X)} ® Q = H2n(X ; Q) . 
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Since tp^u = ku for the generator u of K(S ) it follows 

that 

!p^/3(x) = k0i/)K(x) 

— 2 
where p: K(X) -» K (X) is the periodicity isomorphism. Thus 

/3 induces an isomorphism 

H2m(X;Q) = H2m+2(S2X+; Q) . 

From the way the odd Betti groups were defined it follows that, 

for all k 

(3.2.8) Hk(X ; Q) = Hk+1(SX + ; Q) . 

If we now take the exact K-sequence of the pair X, A, tensor 

k 
with Q, decompose under ip and use (3. 2. 8) we obtain: 

PROPOSITION 3. 2. 9. If Ac X, and if both K*(X), K*(A) 

are finite Z-modules the exact sequence 

... -> K1_1(A) ->K1(X,A) -> KX(X) -> KX(A) > • 

induces an exact sequence 

...  > H1_l(A;Q) —§-> H1(X,A;Q) —> Hl(X;Q)—> H1(A;Q)~> ' 
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We next give a second application of the operations i/j . 

2n 
Since Pn(C)/Pn ^(C) is the sphere S , we have an inclusion 

of S2n into pn+k(C)/pn_i(C) for a11 k • We should like to 

know for which values of n and k,S2n is a retract of p„+k<c>/p„-i<c>- 

That is, we should like to know when can there exist a map 

f : P , (C)/P .(C) - S2n which is the identity on S2n . We shall 
n+k' n-1 

obtain certain necessary conditions on n and k for such an f 

to exist. 

THEOREM 3. 2. 10. Assume a retraction 

* : Pn+k<C>/P„-l<C> Pn<C>/Pn-l<C> = 3 

2n 

exists . Then the coefficients of x1 for i<k in 

are all integers. 

Proof; Let £ be the usual line-bundle over Pn+k and 

let x = % - 1 . Then K (Pn+k) is a free abelian group on generators 

xS, 0<s<n + k, and we may identify K(pn+k» Pn-P wlth the 

subgroup generated by XS with n < s < n + k . In K(Pn+k) ® Q 

put y = log (1 + x), so that £ = • Then 

ery = f = £,r(ey) = e*r(y) . 

so that £>r(y) = ny . Thus H2s(Pn+k/Pn.,«). ■> 5 5 i " + k 
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is a one-dimensional space generated by y . Now let u 

generate K(S^n), and let 

n+k 

f*(u) = £ aixl • 
i=n 

Since f is a retract we have an = 1 , Since u = knu, f (u) 

n 
must be a multiple of y , so that 

n+k 

I v1 = x'r" • 
i=n 

2n 
Restricting to S we see that \ = 1 , and so 

y11 = (i°g(i + x))n 

has all coefficients from x11 to xn+^ integral as required. 

Remark: It has been shown by Adams and Grant-Walker 

(Proc. Camb. Phil. Soc. 61(1965), 81-103) that (3. 2. 10) gives a 

sufficient condition for the existence of a retraction. 

r, . , - _2in+2n-l „2ni 
Suppose once more that we have a map f : S -^5 

Then we can attach to f an invariant e(f) 6 Q/Z in the following 

fashion, 
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Let X be the mapping cone of f , i = S^m -» X the 

inclusion, j : X -* g^n+2m the map which collapses S^m . Let 

u generate K®(S2n+^m), v generate K°(S^m), and let x € K°(X) 

be such that i" (x) = v . Let y = j*(u) . Then for any k , 

0 (x) = kmx + aky . 

As before, we know that , so that 

Thus 

. n/, m _ „n,„i 
k (k - l)a - H (i l)s 

e(f) € Q 

is well defined once x is chosen. If x is changed by a multiple 

of y, e(f) is changed by an integer, so that e(f) <E Q/Z is well 

defined. We leave to the reader the elementary exercise that 

* : n 2„«m-t<S > - C/Z is a group homomorphism. It turns 

out that this is a very powerful invariant. 
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§3. The Groups J(X) . In this section we assume, 

for simplicity, that X is connected. One can introduce a notion 

of equivalence between vector bundles, known as fibre homotopy 

equivalence, which is of much interest in homotopy theory. Let 

E, E' be two bundles over a space X , and suppose that both E, 

E' have been given Hermitian metrics. Then E and E' are said 

to be fibre homotopy equivalent if there exist maps f : S(E) — S(E'), 

g : S(E') -* S(E), commuting with the projection onto X , and such 

that gf and fg are homotopic to the identity through fibre-preserving 

maps. Clearly this is an equivalence relation defined on the set 

of equivalence classes of vector bundles over X . 

Fibre homotopy equivalence is additive; that is, if E, E* 

are fibre homotopy equivalent to F, F' respectively, then E © E' 

is fibre-homotopy equivalent to F © F' . This follows from the fact 

that S(E © E') may be viewed as the fibre-join of the two fibre 

spaces S(E), S(E') : in general the fibre-join of it : Y -• X , 

tt 1 : Y* -* X is defined as the space of triples (y, t, y') where 

t € I , it (y) = ir 1 (yT) and we impose the equivalence relations 

(y» 0, yj) ~ (y, 0, y^) 

(y2* l> y) ~ (y2» y') 

We say that two bundles E, E» are stably fibre-homotopy 

equivalent if there exist trivial bundles V, V» such that E © V is 
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fibre-homotopy equivalent to E' © V1 . The set of all stable 

fibre-homotopy equivalence classes over X forms a semi-group 

which we denote by J(X) . Since every vector bundle E has a 

complementary bundle F so that E © F is trivial it follows that 

J(X) is a group and hence the map 

Vect(X)-> J(X) 

extends to an epimorphism 

K(X) -> J(X) 

which we also denote by J . 

If we have two bundles E, E* and if v ! S(E) -♦ X, 

•tt * : S(E') -* X are the projection maps of the respective sphere 

bundles, the Thom complexes XE , X are just the mapping 

cones of the maps tt , n 1 respectively. Thus, we see that if E 

and E' are fibre homotopy equivalent, X and X have the 

same homotopy type. However, if E is a trivial bundle of 

dimension n , XE = S2n(X+) . Thus, to show that J(E) / 0 , it 

suffices to show that XE does not have the same stable homotopy 

type as a suspension of X 

We shall now show how to use the operations i/j of §2 

to give necessary conditions for J(E) = 0 . By the Thom isomorphism 

(2. 7.12) we know that K(XE) is a free K(X)-module generated by 
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Xg . Hence , for any k , there is a unique element pk(E) € K(X) 

such that 

ipk(\E) = XE Pk(E> • 

The multiplicative property of the fundamental class X^. , established 

in §2, together with the fact that ip preserves products, shows that 

pk(E ©E») = pk(E) • pk(E’) . 

Also, taking E = 1, and recalling that 

ipk o 13 = k/3 ° ij)k 

where ft is the periodicity isomorphism, we see that 

Pk(l) = k . 

Now let Qj^ = Z[l/k] be the subring of Q consisting of fractions 

with denominators a power of k . Then if we put 

a (E) = k P^^E) n = dim E 

we obtain a homomorphism 

ak : K(X) - Gk 

where Gk is the multiplicative group of units of K(X) ® Q 
K 

Suppose now E is fibre-homotopically trivial, then there exists 



u £ K(XE) so that lpk u = knu . Putting u = a we find that 

,k ,k , n. 
ip XE * ip a = k XEa 

and so 

CTk(E) • lpk( a) = a . 

Moreover, restricting to a point, we see that a has augmentation 

1 so that a and 0k(a) are both elements of Gk . Hence v/e may- 

write 

Ck(E) 
0k (a) 

€ G, 

Since (jk(E) depends only on the stable class of E , we have 

established the following 

PROPOSITION 3. 3. 1. Let HR c GR be the subgroup 

generated by ail elements of the form a/^k(a) with a a unit of_ 

K(X) . Then 

ak : K(X) —> Gk 

maps the kernel of J into Hk , and so induces a homomorphism 
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In order to apply (3. 3.1) it is necessary to be able to 

k k 
compute cr or equivalently p . Now 

pke opK 

is an operation. Its augmentation is known so it remains to determine 

its value on combinations of line-bundles. Because of its 

multiplicative property, it is only necessary to determine p (L) 

for a line-bundle L . 

LEMMA 3. 3. 2. For a line-bundle L, we have 

k-1 

pk[L] = £ [L]j . 

j=0 

Proof: By (2. 7.1) and (2. 7. 2) we have a description of 

K(X ) as the K(X) sub-module of K(P(L © 1)) generated by 

n = 1 - [LJ[H] . The structure of K(P(L © 1)) is of course given 

by our main theorem (2. 2. 1). Hence 

*k(u) = l-[Lk][Hk] 

k-i 

= (1-[L][H]){ l [Lj][H-’]} 

j=0 

k-1 

= UI [lJ] . since (1 - [L][H])(l - [H]) = 0 . 

j=0 
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Thus 

k-1 

proving that 

k-1 

flV) = Y, tLj] 
j=o 

as required. 

As an example we take X = P2n(R), real projective 

2n-space. As shown in (2. 7. 7) K(X) is cyclic of order 2 with 

generator x = [L] - 1 , where L is the standard line-bundle. 

The multiplicative structure follows from the relation [L] = 1 

(since L is associated to the group Z^) . Now take k = 3 , then 

J|)3(x) = [L3] - 1 = x , 

and so the group defined above is reduced to the identity. 

Using (3. 3. 2) we find 

a3(mx) = p3(mx) = (p3(x))m = (p3[U])m • 3_m 

= 3"m(l + [L] + [L]2)m 

= (l + x/3)m 

1 + Y (. l)i-1 -A-r^1') x (since x2 = -2x) 

r. 31 Vl y 
i«l 

- 1 + tO • 0 • f)m> 

. • ♦ . 



Thus if J(mx) = 0 we must have 3 - 1 divisible by 2 

1 

This happens if and only if 2 divides m . Thus the kernel of 

J : K(P2n(R)) - J(P2n(R)) 

is at most of order 2 . This result can in fact be improved by 

use of real K-theory and is the basis of the solution of the vector- 

field problem for spheres. 

The problem considered in (3. 2. 10) is in fact a special 

case of the more general problem we are considering now. In fact, 

the space pn+ic(c)/pn_1(c) is easily seen to be the Thom space of 

the bundle nH over P^(C) . The conclusion of (3. 2. 10) may 

therefore be interpreted as a statement about the order of 

J[H] <E J(P^(C)) . The method of proof in (3. 2. 10) is essentially 

the same as that used in this section. The point is that we are now 

considering not just a single space but a whole class, namely Thom 

spaces, and describing a uniform method for dealing with all spaces 

of this class. 

For further details of J(X) on the preceding lines we 

refer the reader to the series of papers "On the groups J(X)" by 

J. F. Adams (Topology 1964-). 
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APPENDIX 

The space of Fredholm operators. In this appendix we shall 

give a Hilbert space interpretation^ of K(X) . This is of interest 

in connection with the theory of the index for elliptic operators. 

Let H denote a separable complex Hilbert space, and 

let G(H) be the algebra of all bounded operators on H . We 

give G the norm topology. It is well-known that this makes G 

into a Banach algebra. In particular the group of units G of G 

forms an open set. We recall also that, by the closed graph theorem, 

any T € G which is an algebraic isomorphism H - H is also a 

topological isomorphism, i. e. , T exists in G and so T <E G . 

DEFINITION: An operator T € G(H) is a Fredholm operator 

if Ker T and Coker T are finite dimensional. The integer 

dim Ker T - dim Coker T 

is called the index of T . 

We first observe that, for a Fredholm operator T, the 

image T(H) is closed. In fact, since T(H) is of finite codimension 

in H we can find a finite dimensional algebraic complement P . 

Then T©j:H©P-H (where j : P - H is the inclusion) is 

These results have been obtained independently by K. Janich 

(Bonn dissertation 1964). 
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surjective, and so by the closed graph theorem the image of 

any closed set is closed. In particular T(H) = T © j (H © 0) 

is closed. 

Let JcG be the subspace of all Fredholm operators. 

If T, S are two Fredholm operators we have 

dim Ker TS < dim Ker T i dim Ker S 

dirn Coker TS < dim Coker T + dim Coker S 

and so TS is again a Fredholm operator. Thus 5 is a 

topological space with an associative product 3 X 3 - 3 • Hence 

for any space X the set [X, 3] of homotopy classes of mappings 

X - 3 is a semi-group. Our main aim will be to indicate the 

proof of the following: 

THEOREM Al. For any compact space we have a natural 

isomorphism 

index : [X, 3] -» K(X) . 

Note: If X is a point this means that the connected components 

of 3 are determined by an integer: this is in fact the index which 

explains our use of the word in the more general context of 

Theorem Al . 
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Theorem A1 asserts that 3 is a classifying or representing 

space for K-theory. Another closely related classifying space 

may be obtained as follows. Let KcC denote all the compact 

operators. This is a closed 2-sided ideal and the quotient 

(B = G/X is therefore again a Banach algebra. Let (B^ be the 

group of units of © . It is a topological group and so, for any 

X, [X, (B*] is a group. Then our second theorem is: 

THEOREM A2. ffi* is a classifying space for K-theory, 

i. e. , we have a natural group-isomorphism 

[X, ffl*] = K(X) . 

We begin with the following lemma which is essentially 

the generalization to infinite dimensions of Proposition 1. 3.2. 

LEMMA A3. Let T € 3 and let V be a closed subspace 

of H of finite codimension such that V f| Ker T = 0 . Then_there_ 

exists a neighborhood U of T in_ G such that, for all S £ U , 

we have 

(i) V fl Ker S = 0 

(ii) U H/S(V) topologized as a quotient space of U x H 

S€U 
is a trivial vector bundle over U . 
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Proof: Let W = T(V)1 (the orthogonal complement of T(V) 

in H. ) Since T 6 3 and dim H/V is finite it follows that dim W 

is finite. Now define, for S € G , 

ips : V © W -» H 

by cpg(V © W) = S(V) + W . Then S -» <pg gives a continuous linear 

map 

<p : G -* £(V © W, H) 

where £ stands for the space of all continuous linear maps with 

the norm topology. Now <p,p is an isomorphism and the isomorphisms 

in £ form an open set (like G"' in G) . Hence there exists a 

neighborhood U of T in G so that <pg is an isomorphism for 

all S £ U . This clearly implies (i) and (ii) . 

COROLLARY A4. 3 is open in G • 

Proof: Take V = (Ker T)X in (A3) . 

PROPOSITION A5. Let T : X -* 3 be a continuous map 

with X compact. Then there exists VcH, closed and of 

finite codimension so that 

(i) V 0 Ker Tx = 0 for all x £ X . 

Moreover, for any such V we have 

(ii) U H/T (V) , topologized as a quotient space of 

xGX X 

X x H, is a vector bundle over X . 
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Proof: For each x 6 X take V = (Ker T )S' and let 
- x x 

be the inverse image under T of the open set given by (A3). 

.Let IL = be a finite sub-cover of this family of open sets. 

Then V = n* V satisfies (i) . To prove (ii) we apply (A3) to 
1 xi 

each T , and deduce that (J H/T (V) is locally trivial near 
x y y 

x , and hence is a vector bundle. 

For brevity we shall denote the bundle Ux^-^ H/T^(V) , 

occurring in (A4), by H/T(V) . Just as in the finite-dimensional 

case we can split the map p, : X x H - H/T(V) ; more precisely we 

can find a continuous map 

<p : H/T(V) -> X x H 

commuting with projection on X and such that 

p,(p = identity 

One way to construct <P is to use the metric in H and map H/T(V) onto 

the orthogonal complement T(V)X of T(V). This is technically in¬ 

convenient since we then have to verify that T(V)X is a vector bundle. 

Instead we observe that, by definition, p, splits locally and so we can 

choose splittings <p. over U. , where U. is a finite open covering 

of X . Then <p. - Q. = 0^ is essentially a map H/T(V)|U. Pi U. 

_ U. n U. x V . If p- is a partition of unity subordinate to the 
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covering we put, in the usual way 

0. = p ■ 0 • • 
i ij 

so that is defined over all U. , and then <p = <p^ - 0^ is 

independent of i and gives the required splitting. 

We can now define index T for any map T : X -» 3 (X being 

compact). We choose V as in (A5) and put 

index T = [K/Vj - [H/T(V)] € K(X) , 

where H/V stands for the trivial bundle X x H/V . We must 

show that this is independent of the choice of V . If W is 

another choice so is V (1 W, so it is sufficient to assume W c V . 

But then we have the exact sequences of vector bundles 

0 - -> v/w h/W — -> H/V-■> 0 

0 > v/w -> H/T(W) -> H/T(V)-> 0 

[H/V] - [H/W] = [V/W] = [h/t(v)] - [h/t(w)] 

as required. 

It is clear that our definition of index T is functorial . 

Thus if f : Y -* X is a continuous map then 



159. 

index Tf = f* index T . 

This follows from the fact that a choice of the subspace V for 

T is also a choice for Tf . 

If T : X x I -*3 is a homotopy between Tq and T^ then 

index T € K(X X I) restricts to index T. £ K(X X {i}) , i = 0, 1 . 

Since we know that 

K(X X I) -*-> K(X X {i}) = K(X) 

is an isomorphism, it follows that 

index Tq = index T^ . 

Thus 

index : [X , —> K(X) 

is well-defined. 

Next we must show that "index" is a homomorphism. Let 

S • x -3 , T:X-3 be two continuous maps. Let WCH be a choice 

for T. Replacing S by the homotopic map tt S (ir denoting projection 

onto W) we can assume S (H)cW. Now let VCH be a choice for S 

then it is also a choice for TS and we have an exact sequence of vector 

bundles over X 

H/TSV H/TW 0 -> W/SV 
T 
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Hence 

index TS = [H/V] - [H/TSV] 

= [H/V] - [W/SV] - [H/TW] 

= [H/V] - [H/SV] + [H/W] - [H/TW] 

= index S + index T 

as required. 

Having now established that 

index : [X, 3] —> K(X) 

is a homomorphism the next step in the proof of Theorem (Al) is 

PROPOSITION A6. We have an exact sequence of semi¬ 

groups 

[X, G*]-> [X, 3] —--n —- > K(X) -> 0 . 

Proof: Consider first a map T : X -* 3 of index zero. This 

means that 

[H/V] - [H/TV] = 0 in K(X) . 

Hence adding a trivial bundle P to both factors we have 

H/V © P = H/TV © P . 



Equivalently replacing V by a closed subspace W with 

dim V/W = dim P , 
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H/W = H/TW . 

If we now split X x H -* H/TW as explained earlier we obtain a 

continuous map 

<p : X x H/W -> X x H 

commuting with projection on X , linear on the fibres. If 

: X —> £ (H/W, H) 

is the map associated to (p , it follows from the construction 

of <p that 

x —> <£ + T 
X X 

gives a continuous map 

X-> G* . 

But if 0 < t < 1 , T + t 3> provides a homotopy of maps X -» 5 

connecting T with T + * . This proves exactness in the middle. 

It remains to show that the index is surjective. Let E 

be a vector bundle over X and let F be a complement so that 

E © F is isomorphic to the trivial bundle X X V . Let 1TX <= End V 
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denote projection onto the subspace corresponding to . 

Let T^. € 3 denote the standard operator of index k , defined 

relative to an orthonormal basis {e^} (i = 1, 2, • • • ) by 

T, (e.) = e. . if i - k > 1 
k l i-k — 

= 0 otherwise . 

Then define a map 

S : X - 3(H ® V) = 3(H) 

by S = T . ® tt + Tn ® (1 - it ) . We have Ker S =0 for all x , 
X * i. X vJ X X 

and H ® V/S(H ® V) = E . Hence 

index S = -[E] . 

The constant map T^_ : X -* 3 given by T^(x) = T^ has index k 

and so 

index T^S = k - [E] . 

Since every element of K(X) is of the form k - [E] this shows 

that the index is surjective and completes the proof of the proposition. 

Theorem (Al) now follows from (A6) and the following: 

PROPOSITION A7. [X, G*] = 1 . 
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This proposition is due to Kuiper and we shall not 

reproduce the proof here (full details are in Kuiper’s paper: 

Topology 3 (1964) 19-30). In fact, Kuiper actually shows that 

G'‘ is contractible. 

We turn now to discuss the proof of (A2). We recall first 

that 

1 + K c 3 . 

This is a standard result in the theory of compact operators: the 

proof is easy. 

PROPOSITION A8. Let tt : G - © = C/K be the natural 

map. Then 

3 = tt’V*) . 

Proof: (a) Let T 6 3 and let P, Q denote orthogonal 

projection onto Ker T, Ker T respectively. Then T T + P 

and TT* + Q are both in G* , and so their images by it are 

in®*. But P, Q € K and so tt (T*) • tt (T) € ®* , tt (T)tt(T*) € 

This implies that tt (T) £ ® . 

(b) Let T € tt_1(®*), i. e. , there exists S € G with 

ST and TS € 1 + K c 3 . Since dim Ker T < dim Ker ST 

dim Coker T < dim Coker TS 

it follows that T € 3 . 
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Theorem (A2) will now follow from (Al) and the following 

general lemma (applied with L = G , M = (B , U = (B'1') . 

LEMMA A9. Let tt : L - M be a continuous linear 

map of Banach spaces with tt(L) dense in M and let U be an 

open set in M . Then, for any compact X 

[X, tt _1(U)] -> [X,U] 

is bijective. 

Proof: First we shall show that if 

tt : L —> M 

satisfies the hypotheses of the lemma, then for any compact X, 

the induced map 

X 
IT M 

X 

also satisfies the same hypotheses. Since L , M“^ are Banach 

spaces the only thing to prove is that it (L ) is dense in M 

Thus, let f : X -> M be given. We have to construct g : X -» L 

so that 11 tt g(x) - f(x) || < e for all x € X , Choose a^, • • • , a^ 

in f(X) so that their -neighborhoods {u.} cover f(X) and 

choose b^ so that || tt (b^) - a. || < f/3 . Let m (x) be a partition 

of unity of X subordinate to the covering {f and define 
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g : X -* L by 

g(x) = y, ui^x^ bi • 

This is the required map. 

X X 
Hence replacing tt by it and U by U (which is 

open in jvt*) we see that it is only necessary to prove the lemma 

when X is a point, i. e. , to prove that 

tt-1(U) —> U 

induces a bijection of path-components. Clearly this map of 

path-components is surjective: if P € U then there exists 

Q £ir(L)nU such that the segment PQ is entirely in U. To 

see that it is injective let Pq, P^ G tt ^(U) and suppose f : I -• U 

is a path with f(0) = tt(P0) , f(l) = tt^) . By what we proved at 

the beginning there exists g : I -* it *(U) such that 

j| tt g(t) - f(t) || < <f for all t € I . 

If <f is sufficiently small the segments joining rrg(i) to f(i) , 

for i = 0, 1, will lie entirely in U . This implies that the 

segment joining g(i) to P^ , for i = 0, 1, lies in tt ( U) . 

Thus PQ can be joined to P1 by a path in tt (U) (see figure) 

and this completes the proof. 
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POWER OPERATIONS IN A-THEORY 

By M. F. ATI YAH (Oxford) 

[Received 10 January 1966] 

Introduction 

For any finite ClF-complex X we can define the Grothendieck group 

K(X). It is constructed from the set of complex vector bundles over X 

[see (8) for precise definitions]. It has many formal similarities to the 

cohomology of X, but there is one striking difference. Whereas co¬ 

homology is graded, by dimension, K(X) has only & filtration: the sub¬ 

group Kq(X) is defined as the kernel of the restriction homomorphism 

K{X) -> K(XQ_1), 

where is the (<7— 1)-skeleton of X. Now K(X) has a ring structure, 

induced by the tensor product of vector bundles, and this is compatible 

with the filtration, so that K(X) becomes a filtered ring. There are also 

natural operations in K(X), induced by the exterior powers, and one of 

the main purposes of this paper is to examine the relation between 

opei'ations and filtration (Theorem 4.3). 

Besides the formal analogy between K(X) and cohomology there is a 

more precise relationship. If X has no torsion this takes a particularly 

simple form, namely the even-dimensional part of the integral co¬ 

homology ring //ev(X; Z) = 2 H*fiX] Z) 
Q 

is naturally isomorphic to the graded ring 

GK(X) = 2 K2i(X)IK2Q^(X). 
Q 

Since this isomorphism preserves the ring structures, it is natural to 

ask about the operations. Can we relate the operations in A-theory to 

the Steenrod operations in cohomology ? 
If we consider the way the operations arise in the two theories, we see 

that in both cases a key role is played by the symmetric group. It is 

well known [cf. (10)] that one way of introducing the Steenrod operations 

is via the cohomology of the symmetric group (and its subgroups). On 

the other hand, the operations on vector bundles come essentially from 

representations of the general linear group and the role of the symmet ric 

group in constructing the irreducible representations of GL{n) is of 

course classical [cf. (11)]. A closer examination of the two cases shows 

Quart. J. Math. Oxford (2), 17 (1966), 165-93. 
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that the symmetric group enters in essentially the same way in both 

theories. The operations arise from the interplay of the &th power map 

and the action of the symmetric group Sk. 

We shall develop this point of view and, following Steenrod, we shall 

introduce operations in A”-theory corresponding to any subgroup G 

of Sk. Taking k = p (a prime) and G = Zp to be the cyclic group of 

order p we find that the only non-trivial operation defined by Zp is 

the Adams operation ifjp. This shows that ipp is analogous to the total 

Steenrod power operation ^Pi and, for spaces without torsion, we obtain 

the precise relationship between ifjv and the P‘ (Theorem 6.5). Inciden¬ 

tally we give a rather simple geometrical description (2.7) of the opera¬ 

tion ifjp. 

It is not difficult to translate Theorem 6.5 into rational cohomology 

by use of the Chern character, and (for spaces without torsion) we 

recover a theorem of Adams (1). In fact this paper originated in an 

attempt to obtain Adams’s results by more direct and elementary 

methods. 

Although the only essentially new results are concerned with the 

relation between operations and filtration, it seems appropriate to give 

a new self-contained account of the theory of operations in A-theory. 

We assume known the standard facts about A-theory [cf. (8)] and the 

theory of representations of finite groups. We do not assume anything 

about representations of compact Lie groups. 

In § 1 we present what is relevant from the classical theory of the 

symmetric group and tensor products. We follow essentially an idea of 

Schur [see (11) 215], which puts the emphasis on the symmetric group 

Sk rather than the general linear group GL(n). This seems particularly 

appropriate for A-theory where the dimension n is rather a nuisance 

(it can even be negative!). Thus we introduce a graded ring 

R* = I Hornz{R(Sk), Z), 

where R{8k) is the character ring of Sk, and we study this in considerable 

detail. Among the formulae we obtain, at least one (Proposition 1.9) is 

probably not well known. In § 2, by considering the tensor powers of a 

graded vector bundle, we show how to define a ring homomorphism 

j- R* -> Op(A), 

where Op(A) stands for the operations in A-theory. The detailed 

information about R* obtained in § 1 is then applied to yield results in 
A-theory. 
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§ .5 is concerned with ‘externalizing’ and ‘relativizing’ the tensor 

powers defined in § 2. Then in § 4 we study the relation of operations 

and filtration. § 5 is devoted to the cyclic group of prime order and its 

x’elated operations. In § 6 we investigate briefly our operations in 

connexion with the spectral sequence H*{X, Z) => K*{X) and obtain 

in particular the relation with the Steenrod powers mentioned earlier. 

Finally in § 7 we translate things into rational cohomology and derive 

Adams’s result. 

The general exposition is considerably simplified by introducing the 

functor Kg(X) for a (7-space X (§ 2). We establish some of its elementary 

properties but for a fuller treatment we refer to (4) and (9). 

The key idea that one should consider the symmetric group acting on 

the Mil power of a complex of vector bundles is due originally to Grothen- 

dieck, and there is a considerable overlap between our presentation of 

operations in A”-theory and some of his unpublished work. 

I am indebted to P. Cartier and B. Kostant for some very enlightening 

discussions. 

1. Tensor products and the symmetric group 

For any finite group G we denote by R(G) the free abelian group 

generated by the (isomorphism classes of) irreducible complex represen¬ 

tations of G. It is a ring with respect to the tensor product. By assigning 

to each irreducible representation its character we obtain an embedding 

of R(G) in the ring of all complex-valued class functions on G. We shall 

frequently identify R{G) with this subring and refer to it as the character 

ring of G. For any two finite groups G, H we have a natural isomorphism 

R(G) (g) R{H) R(GxH). 

Now let Sk be the symmetric group and let {IQ be a complete set of 

irreducible complex ^-modules. Here tt may be regarded as a partition 

of k, but no use will be made of this fact. Let L be a complex vector 

space, E®k its Mil tensor power. The group Sk acts on this in a natural 

way, and we consider the classical decomposition 

E®k ^ IX 0tt(A), 

where tt{E) = IIornQIQ E®k). We note in particular the two extreme 

cases: if Vn is the trivial one-dimensional representation, then rr(E) is 

the Mh symmetric power ok(E); if Yv is the sign representation, then 

7i(E) is the Mil exterior power Ak(E). Any endomorphism T of E induces 

an ^-endomorphism T®k of E®k, and hence an endomorphism tr(T) of 

■n(E). Taking T e GL(E), we see that 77(F) becomes a representation 
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space of GL(E), and this is of course the classical construction for the 

irreducible representations of the general linear group. For our pur¬ 

poses, however, this is not relevant. All we are interested in are the 

character formulae. We therefore proceed as follows. 

Let E = C" and let T be the diagonal matrix (tv...,tn). Since the 

eigenvalues of T®k are all monomials of degree k in tv...,tn, it follows 

that, for each 77, Trace 77(F) is a homogeneous polynomial in 

with integer coefficients. Moreover, Trace 77(F) = Trace(77(£'-1FN)) for 

any permutation matrix S and so Trace77(F) is symmetric in t1,..,,tn. 

We define 

An,k = TraceSi(T®k) = N Trace77(F) 0 [i;j e Sym^,..., y 0 S(Sk), 
7T 

where [FJ e E{Sk) is the class of V„ and Symfc[y..,y denotes the 

symmetric polynomials of degree k. If we regard R{Sk) as the character 

ring, then An>k is just the function of and g s Sk given by 

Trace((7F®fc). There are a number of other ways of writing this basic 

element, the simplest being the following proposition: 

Proposition 1.1. For any partition a = (a1;...,ar) of k let Pct e B(Sk) 

be the representation induced from the trivial representation of 

Sa = SaixSa2X...XSar, 

then I ™c 
a h-k ]Poc> 

where ma is the monomial symmetric function generated by kf-q*... tf* and 

the summation is over all partitions of k. 

Proof. Let E* be the eigenspace of T®k corresponding to the eigen¬ 

value q1t^... tfr. This has as a basis the orbit under Sk of the vector 

9®0i2 
0 e <S>ofr 

where e1,...,en are the standard base of CL Since the stabilizer of ea is 

just the subgroup Sa, it follows that Ea is the induced representation Pix. 

Since Sa and Sp are conjugate if a. and )3 are the same partition of k, it 
follows that A _ 

A = ,2 *“«/>« = 2 
|a|=& ott-k 

where the first summation is over all sequences a1? a2,... 

M = 2 ai = k. 
Now let us introduce the dual group 

R*{Sk) = Homz(I2(<S'fc), Z). 

Tlien An,k defines (and is defined by) a homomorphism 

A'n,k: R*(Sk) -> Sym^pj,..., y. 

with 
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From the inclusions SkxS,^ Sk+I 

we obtain homomorphisms 

R(Sk+l) -> R(SkxSt) g* R(Sk) <8 R(St) 

and hence by duality 

Putting i?* = ^ R*{£>k) we see that the above pairings turn i?* into 

a commutative graded ring. This follows from the fact, already used in 

Proposition 1.1, that Sa and So are conjugate if a and /3 are the same 

partition. Moreover, if we define 

A„: R* -> Sympj,...,^] 

by A'n = 2 we see that A'n is a ring homomorphism. This follows 

from the multiplicative property of the trace: 

Trace (g1g2T^k+r>) = Traced p®fc)Trace(<72 T®1), 

where gx e Sk> g2 e St. Finally we observe that we have a commutative 

diagram 

Sym [ty, ..., ln] 

where the vertical arrow is given by putting tn+1 = 0. Hence passing 

to the limit we can define 

A': F* lim Sym[^,..., tn]. 

n 

Here the inverse limit is taken in the category of graded rings, so that 

lim Sympj,...,^] = 2 bin Sym^,..., tn] 
+- k = 0 
n n 

is the direct sum (and not the direct product) of its homogeneous parts. 

Proposition 1.2. A': R* -> lim Sym[^,...,^n] 

n 

is an isomorphism. 

Proof. Let ok e R*(Sk) denote the homomorphism R(Sk) Z 

defined by CT*(i) = 1, o*(ig = 0 if V„ ^ 1, 
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where 1 denotes the trivial representation. Since ir(E) is the Mh sym¬ 

metric power of E when Vn = 1, it follows from the definition of A'n k that 

^n,k(°k) = 

is the Mh homogeneous symmetric function (i.e. the coefficient of zk in 

ITU —ztf) x). Since the hk are a polynomial basis for the symmetric 

functions, it follows that A^ is an epimorphism for all n. Now the rank 

of R(Sk) is equal to the number of conjugacy classes of Sk, that is the 

number of partitions of k, and hence is also equal to the rank of 

Syrn^,...,^] provided that n > k. Hence 

K,k:E*{Sk) -> Sym^pj,..., tn\ 

is an epimorphism of free abelian groups of the same rank (for n ^ k) 

and hence is an isomorphism. Since 

Symjfepi,..., tn+1] -> SymJ^,..., tn] 

is also an isomorphism for n > k, this completes the proof. 

Corollary 1.3. R* is a polynomial ring on generators a1, a2,.... 

Instead of using the elements ok e R#(Sk) we could equally well have 

used the elements Xk defined by 

A*(FJ = 1 if is the sign representation. 

Afc(J^.) = 0 otherwise. 

Since tt(E) is the Mh exterior power when n is the sign representation 

of Sk, it follows that A, nk. . . 
An,k(X) = .U 

is the Mh elementary symmetric function. Thus R* is equally well a 

polynomial ring on generators A1, A2,.... 

Corollary 1.4. Let A»,*-* 2 a< <8> with at e Syrn^,..., tn] and 

bi e R(Sk), and suppose n^k. Then the ajorm a base if and only if the 

biform a base. When this is so the at determine the bt and conversely, i.e. 
they are ‘dual bases’. 

Proof. This is an immediate reinterpretation of the fact that &'n k is 
an isomorphism. 

Corollary 1.5. The representations pa form a base for R(Sk). 

Proof. Apply Corollary 1.4 to the expression for Ank given in Pro¬ 

position 1.1. Since the ma are a basis for the symmetric functions, it 

follows that the pa are a basis for R(Sk). 

Corollary 1.6. The characters of Sk take integer values on all conjugacy 
classes. 



ON POWER OPERATIONS IN K-THEORY 

Proof. The characters of all pa are integer-valued and so Corollary 1.6 

follows from Corollary 1.5. 

Note. Corollary 1.6 can of course be deduced fairly easily from other 

considerations. 

Let G(8k) denote the group of integer-valued class functions on Sk. 

By Corollary 1.6 we have a natural homomorphism 

R(Sk) -> C(Sk). 

This has zero kernel and finite cokernel, and the same is therefore true 

for the dual homomorphism 

CM -* R*{Sk). 

The direct sum C* = 2 G^(Sk) has a natural ring structure, and 

G* P* 

is a ring homomorphism. We shall identify C* with the image subring 

of R*. From its definition, C*(Sk) is the free abelian group on the 

conjugacy classes of Sk. Let fk denote the class of a &-cycle. Then 0* is 

a polynomial ring on i/j1, <p2,.... The next result identifies the subring 

A'((7*) of symmetric functions: 

Proposition 1.7. A'n(fk) = mk{t1,...,tr^ = T t\ so that A'(C*) is the 
i= 1 

subring generated by the power sums mk. 

Proof. By definition we have 

A'n(fk) = Trac e(gT®k), 

where g e Sk is a fc-cycle. 

and we get 

Now use Proposition 1.1 to evaluate this trace 

A'nfk = 2 
oc\-k 

But, if H c G, any character of G induced from H is zero on all elements of 

G not conjugate to elements of II. Hence, taking II = Sa, G = Sk, we 

see that pa{g) = 0 unless a. — k (i.e. a is the single partition k). Since 

Pk(g) = 1, we deduce = Wfcj 

as required. 

Corollary 1.8. Let Qk be the Newton polynomial expressing the power 

sum mk in terms of the elementary symmetric functions el,...,ek, i.e. 

mk = Qk(e^,..., ek), 

<Ak — Afc) e R*. then 
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Remark. Let us tensor with the rationals 0, so that we can introduce 

e R{Sk) ® 0, 

the characteristic function of the conjugacy class defined by the partition 

a. Then Proposition 1.7 is essentially equivalent to the following 

expression [cf. (11) VII (7.6)] for An<k 

&n,k = 2 Pai0 ® q g Sym^,..., tn] <S) R(Sk) <g> Q, 
a l-k 

where pa is the monomial in the power sums 

k 

pa — XT « = iai2a2..., 
i = 1 

Since A'(Afc) = ek, it follows that we can write Ank in the form 

K,k = 2 ?«(0 ®boc, 

where qa is the monomial in the elementary symmetric functions 

qa=tl^i)a{, a = lai 2az..., 
i — l 

and the ba are certain uniquely defined elements in R(Sk). We shall not 

attempt to find ba in general, but the following proposition gives the 

‘leading coefficient’ bk. 

Proposition 1.9. Let M denote the (k—1 )-dimensional representation 
k 

of Sk given by the subspace 2 — 0 of the standard k-dimensional represen- 
i = l 

tation. Let A%{M) denote the ith exterior power of M, and put 

Then we have 

An>k = ( —1 )k~xek{t) ® A_1(if) -(-composite terms, 

where ‘composite’ means involving a product of at least two eft). 

Proof. In the formula 

^n,k 2 dot(0 ® bot> 

the ba are the basis of R(Sk) dual to the basis of R*{Sk) consisting of 

monomials in the Ah Thus bk is defined by the conditions 

<&*,A*)= 1, 

(bk, u) = 0 

if u is composite in the Ah Since the i/A are related to the A* by the 

equations of Corollary 1.8 

<Afc = Afc) = (—l)&_1&Afc-f-composite terms, 
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we can equally well define bk by the conditions 

(bk,u) = 0 

if u is composite in the ifj1. To prove that bk = (— 1 )/l it remains 

therefore to check that the character A_1(df) vanishes on all composite 

classes and has value k on a A’-cycle. Now, if g e Sk is composite, i.e. not a 

&-cycle, it has an eigenvalue 1 when acting on M; if g = (l...r)(r+l,...s)... 

is the cycle decomposition, the fixed vector is given by 

zi = \ 0 < i < r)> zj = U > 0- 

Since A_1(M)(g) = det(l— gM), where gM is the linear transformation 

of M defined by g, the existence of an eigenvalue 1 of gM implies 

A_x(Jf)(<7) = 0. Finally take g — (1 2 ... k) and consider the Jc-dimen¬ 

sional representation K = M © 1. Then gx is given by the following 

matrix /A , \ 

and so det(l — tgN) \—tk. Hence 

det(l—tgM) = det(l—tgx). (1 t)-1 

= 1~fl = l+t-\-t2+...+tk~1, 
1 —t 

and so A_1(M)(g) = det(l— gM) = k, 

which completes the proof. 
If G c Sk is any subgroup, then we can consider the element 

An<k{G) e Symfc[^,...,y <g> R{G) 

obtained from Ank by the restriction r]:R(Sk) -> R{G). Similarly 

A'n k(G): R*{G) -> Sym^f^,..., tn] 

is the composition of A'nk and 

: R*{G) -> R*{Sk). 

Consider in particular the special case when k = p is prime and G = Zp 

is the cyclic group of order p. The image ol 

ty.R(Sp)^ R(ZP) 
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is generated by the trivial representation 1 and the regular representation 

N of Zp (this latter being the restriction of the standard p-dimensional 

representation of Sp). Hence we must have 

K,p(zP) = +0 ® 1+6(0 
for suitable symmetric functions a(t), b(t). Evaluating R(Sp) on the 

identity element we get p_ . , 
— a 

Evaluating on a generator of Zp and using Proposition 1.7 we get 

mp = a. 

Hence b = 
m 

V 
v which has, of course, integer coefficients since 

(2ti)PmJ,ti mod p. 

Thus we have established the proposition: 

Proposition 1.10. Let p be a prime. Then restricting An from, the sym¬ 

metric group to the cyclic group we get 

&n,p(Zp) = mP <8> l -I 
er—mr 

V 
®N, 

where N is the regular representation of Zp. 

Let 0P e R*(Sp) be the element corresponding to 

e?— 

V 
eSymp[^,...,y 

by the isomorphism of Proposition 1.2 (for n > p), i.e. 

a 'ne> 
■m. 

P 

Then Proposition 1.10 asserts that 0P is that homomorphism R(Sp)^Z 

which gives the multiplicity of the regular representation N when we 

restrict to Zp. Thus, for p e R{Sp), 

r](p) = fp(p)l+dP(p)N, (1.11) 

where y: R(Sp) -> R(Zp) is the restriction. 

2. Operations in if-theory 

Let X be a compact Hausdorff space and let G be a finite group. We 

shall say that X is a G-space if G acts on X. Let E be a complex vector 

bundle over X. We shall say that E is a G-vector bundle over the G- 

space X if E is a Cr-space such that 

(i) the projection E -» X commutes with the action of G, 

(ii) for each g e G the map Ex -> Eg(x) is linear. 
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The Grothendieck group of all G-vector bundles over the G-space X is 

denoted by K0(X). Note that the action of G on X is supposed given: 

it is part of the structure of X. Since we can always construct an in¬ 

variant metric in a G-vector bundle by averaging over G, the usual 

arguments show that a short exact sequence splits compatibly with G. 

Hence, if 
0 Ex -> E2 -> E. 

is a long exact sequence of G-vector bundles, the Euler characteristic 

2 (~ is zero in KG(X). For a fuller treatment of these and other 

points about K0(X) we refer the reader to (4) and (9). 

In this section we shall be concerned only with a trivial G-space X, 

i.e. g(x) = x for all x e X and g e G. In this case a G-vector bundle is 

just a vector bundle E over X with a given homomorphism 

G -> Aut E, 

where Aut E is the group of vector bundle automorphisms of E. We 

proceed to examine such a G-vector bundle. 

The subspace of E left fixed by G forms a sub vector bundle EG of E: 

in fact it is the image of the projection operator 

1 

IG | 2> 
QEti 

and the image of any projection operator is always a sub-bundle (4). If 

E, F are two G-vector bundles, then the subspace of Hom(f/, F) con¬ 

sisting of all (f)x:Ex-> Fx commuting with the action of G forms a sub¬ 

vector bundle Homc(£, F): in fact Hom(;(2£, F) = (Hom(^, E))G. In 

particular let V be a representation space of G, and let V denote the 

corresponding G-vector bundle XxV over X. Then, for any G-vector 

bundle E over X, HomG.(V, E) is a vector bundle, and we have a natural 

homomorphism Y <g) HomG(V, E) E. 

Now let be a complete set of irreducible representations of G 

and consider the bundle homomorphism 

2 {Vtt ® Hom<?(Vjr, E)} -» E. 
7T 

For each x e X, ax is an isomorphism. Hence a is an isomorphism. This 

establishes the following proposition: 

Proposition 2.1. If X is a trivial G-space, we have a natural iso¬ 

morphism R{X) 0 R{G) ^ Ka(X). 

In particular we can apply the preceding discussion to the natural 
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action of Sk on the &-fold tensor product E®k of a vector bundle E. Thus 

we have a canonical decomposition compatible with the action of Sk 

E®k gg 2 {Vtt <8> Hom^(Vw, E®k)}. 
7r 

We put 7t(E) = HomjSj.(V7r, E®k). 

Thus 77 is an operation on vector bundles. In fact tt(E) is the vector 

bundle associated to E by the irreducible representation of GL(n) 

(n = dim E) associated to the partition tt, but this fact will play no 

special role in what follows. 

Our next step is to extend these operations on vector bundles to 

operations on K(X). For this purpose it will be convenient to represent 

K(X) as the quotient of a set c€{X) by an equivalence relation (elements 

oi<g{X) will play the role of ‘cochains’). An element of ‘if (A) is a graded 

vector bundle E = X Ei, where Ei = 0 for all but a finite number of 
ieZ 

values of i. We have a natural surjection 

V(X) -> K(X) 

given by taking the Euler characteristic [E] = 2 (— 1)1 [-2^] • The 

equivalence relation on ‘if (X) which gives K(X) is clearly generated by 

isomorphism and the addition of elementary objects, i.e. one of the form 

2 Pi with 

Pj = Pj+i (for some j), Pi = 0 (i =£j,j +1). 

Similarly for a Cr-space X we can represent KG(X) as a quotient of 

<^’G(X), where an element of T?G{X) is a graded Cr-vector bundle. 

Suppose now that E e &(X) is a graded vector bundle. Then E®k is 

also a graded vector bundle, the grading being defined in the usual way 

as the sum of the degrees of the k factors. We consider Sk as acting on 

E®k by permuting factors and with the appropriate sign change. Thus a 

transposition of two terms ep (g> eQ (where ep e Ep, eq e Eq) carries with it 

the sign (— 1 )pa. The Euler characteristic [2?®fc] of E®k is then an element 

of KSk(X). 

Proposition 2.2. The element [E®fe] e KSk(X) depends only on the 

element [7f] g K(X). Thus we have an operation: 

®k:K(X) -» KSk(X) = K(X) ® R{Sk). 

Proof. We have to show that, if P is an elementary object of ^(X), 

then [(A0 P)®k] = [E®fc] e KSk{X). 

But we have an ^-decomposition: 

(E© P)®k ^ E®k© Q. 
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We have to show therefore that [Q] = 0 in KSk(X). To do this we regard 

E as a complex of vector bundles with all maps zero and P as a complex 

with the identity map Pj PJ+1. Then (E ® P)®k is a complex of vector 

bundles, and Sk acts on it as a group of complex automorphisms (because 

of our choice of signs). The same is true for E®k and Q. Now Q contains 

P as a factor, and so Q is certainly acyclic. Hence, by the remark at the 

beginning of this section, we have [$] = 0 in KSk(X) as required. 

Remark. If we decompose E®k under Sk 

E*k^'ZVir®Tr(E), 

where tt(E) = HomSjt(Vw, E®k), Proposition 2.2 asserts that E 

induces an operation -n-KlX) -> K(X) 

7t(E) 

Let Op(A') denote the set of all natural transformations of the functor 

K into itself. In other words, an element T e Op(A) defines for each 

X a maP T{X): K(X) -> K{X), 

which is natural. We define addition and multiplication in Op(A) by 

adding and multiplying values. Thus, for a e K(X), 

(T+S)(X)(a) = T(X)(a)+S(X)a, 

TS(X)(a) = T{X)a.S{X)a. 

If we follow the operation 

®k:K(X)-*K(X) ®R(Sk) 

by a homomorphism </>: R{Sk) Z we obtain a natural map 

T<f>:K(X)^K{X). 

This procedure defines a map 

jk:R*(Sk)-+0V(K) 

which is a group homomorphism. Extending this additively we obtain 

a ring homomorphism j: R*Op{K). 

We have now achieved our aim of showing how the symmetric group 

defines a ring of operations in A-theory. The structure of the ring R* 

has moreover been completely determined in § 1. We conclude this 

section by examining certain particular operations and connecting up 

our definitions of them with those given by Grothendieck [cf (5); § 12] 

and Adams (2). . 

To avoid unwieldy formulae we shall usually omit the symbol j and 

just think of elements of A* as operations. In fact it is not difficult to 

3695.2.17 
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show that j is a monomorphism (although we do not really need this 

fact), so that R* may be thought of as a subring of Op(A). 

All the particular elements that we have described in § 1, namely 

ok, Xk, ipk, d‘\ can now be regarded as operations in A-theory. From the 

way they were defined it is clear that, if E is vector bundle, then Afc[A] 

is the class of the £th exterior power of E, and ok(E) is the class of the Mh 

symmetric power of E. A general element of K(X) can always be re¬ 

presented in the form [F0] — [AJ, where E0, El are vector bundles. Taking 

(E0 ® Ex)®k as an A^-complex and picking out the symmetric and skew- 

symmetric components, we find 

= 2 (i) 
3 =0 

Afc(W-M) = 2 (2) 
3 = 0 

Putting formally Xu = ^ Akuk, <ju = okuk, where u is an indeterminate, 

and taking E0 = Ex in (1), we get 

gu[EiV^-u\Ei\ = !• (3) 

This identity could of course have been deduced from the corresponding 

relation between the generating functions of ek and hk by using the iso¬ 

morphism of (1.2). Now from (2) we get 

A.([A0]-[Fi]) = 

= A^FolAJFJ-1 by (3). 

This is the formula by which Grothendieck originally extended the Xk 

from vector bundles to K. Thus our definition of the operations Xk 

coincides with that of Grothendieck. Essentially the use of graded tensor 

products has provided us with a general procedure for extending opera¬ 

tions which can be regarded as a generalization of the Grothendieck 

method for the exterior powers.| 

Adams defines his operations tpk in terms of the Grothendieck Xk by 

use of the Newton polynomials 

V = Qk{ A\...,Afc). 

Corollary 1.8 shows that our definition of ifjk therefore agrees with that 

of Adams. An important property of the ifjk is that they are additive. 

We shall therefore show how to prove this directly from our definition. 

Proposition 2.3. Let E, F be vector bundles, then 

^([A]±[F]) = 0 k[E]±^[F}. 

f This fact was certainly known to Grothendieck. 
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Proof. Construct a graded vector bundle D with D0 = E,D1 = F and 

consider D®k. The same reasoning as used in Proposition 1.1 shows 
that k 

[£>]®fc = f (-i)iindj[E®k-i ®F*i] eK(X) ® R(Sk), 
3 = 0 

where indj:K(X) ® R^^-XSj)-> K(X) ® R(Sk) is given by the 

induced representation. Here E®k~i is an ^--vector bundle via the 

standard permutation, while Sj acts on via permutation and signs. 

To obtain <pk\P] we have to evaluate R(Sk) on a &-cycle. As in Proposi¬ 

tion 1.1 all terms except j = 0, k give zero; since the sign of a &-cycle is 

( —l)fc_1 we get 

wm-m) = ffi+(-if(-if-w 
= ifjk[E]—ifjk[F]. 

For [F'J-j-fF] the argument is similar but easier. 

The multiplicative property 

ipk[E 0 F] = ifjk[E]fk[F] 

follows at once from the isomorphism 

(E 0 F)®fc ^ E®k 0 F®k 

and the multiplicative property of the trace. 

Suppose now that we have any expansion, as in Corollary 1.4, of the 

basic element An>fc in the form 

K,k = 2 ® bi> 

where the ai e Symfc[^,..., tn\ are a basis and the bi e R(Sk) are therefore 

a dual basis (assuming n ^ k). Then, for any x e K(X), we obtain a 

corresponding expansion for x®k: 

x®k = a..(x) 0 6* e K(X) 0 R{Sk), 

where a* = (A')-1^ e R*. This follows at once from the definition of A' 

and the way we have made R* operate on K(X). 

Taking the a{ to be the monomials in the elementary symmetric 

functions the a* are then the corresponding monomials in the exterior 

powers Ab Proposition 1.9 therefore gives the following proposition:! 

Proposition 2.4. For any x e K(X) we have 

x®k _ (_ i)fc-iAfc(a;) 0 A_1(df)+composite terms, 

where ‘composite’ means involving a product of at least two Xl(x) and M is 

the (lc—1)-dimensional representation of Sk. 

+ Now that we have identified the A’ of § 1 with the exterior powers we revert 

to the usual notation and write Al(M) instead of Al(M), and correspondingly 

A_i(Af) instead of A_1(M). 

N 2 
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Now let ns restrict ourselves to the cyclic group Zk. The image of 

x®k in K{X) 0 R{Zk) will be denoted by Pk(x) and called the cyclic 

kth power. In the particular case when k = p (a prime), (1.11) leads to 

the following proposition: 

Proposition 2.5. Let p be a prime and let x e K(X). Then the cyclic 

pth power Pp(x) is given by the formula 

Pp(x) = ifjp(x) 0 1 +9p(x) 0 N e K{X) 0 R{Zp), 

where N is the regular representation of Zp. 

Now fp and dp correspond, under the isomorphism 

A': P* -> lim Sym[^,..., tn\, 

(Y p)p_Y tV 
to the polynomials 2 If and 1-respectively. Hence they 

related by the formula 
fp = (fx)P—pdP, 

so that, for any x e K(X), we have 

are 

i/jP(x) = xp— pdp(x). 

Substituting this in (2.5) we get the formula 

Pp(x) =^01 -\-6p(x) 0 (N—p). (2.6) 

This is a better way of writing (2.5) since it corresponds to the decomposi- 

ti0n R(Zr) = Z<SI(Zp), 

where I(Zp) is the augmentation ideal. Thus 

6p{x) 0 {N—p) e K(X) 0 I{Zp) 

represents the difference between the pth cyclic power Pp(x) and the 

‘ordinary’ pth power ip01. 

Proposition 2.5 leads to a simple geometrical description for fp[V], 

where V is a vector bundle. Let T be the automorphism of which 

permutes the factors cyclically and Vj be the eigenspace of T corre¬ 

sponding to the eigenvalue exp(2-n-ij/p). Then 

rm = ra—ra¬ 

in fact from Proposition 2.5 we see that 

ra = wi+nn 
[Vj] = &p[n (i = i,...,p—i). 

(2.7) 
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3. External tensor powers 

For a further study of the properties of the operation <g) A; it is neces¬ 

sary both to ‘relativize’ it and to ‘externalize’ it. 

First consider the relative group Ka(X, Y), where X is a (7-space, 

Y a sub G^-space. As with the absolute case we can consider Ka(X, Y) as 

the quotient of a set cio0(X, Y) by an equivalence relation. An object E 

of (iaG{X, Y) is a (7-complex of vector bundles over X acyclic over Y, 

i.e. E consists of (7-vector bundles Et (with Et = 0 for all but a finite 

number) and homomorphisms 
d d 

Et -> Ei+1 -> 

commuting with the action of G, so that d2 = 0 and over each point of 

Y the sequence is exact. An elementary object P is one in which Pt = 0 

(i tj + 1), Pj = Pj+1, and d: Pj Pj+1 is the identity. The equi¬ 

valence relation imposed on Y?G(X, Y) is that generated by isomorphism 

and addition (direct sum) of elementary objects. Then, if E e %;{X, Y), 

its equivalence class [E] e Ka(X, Y). For the details we refer to (4). 

For the analogous results in the case when there is no group, i.e. for the 

definition of K(X, Y) as a quotient of ^(X, Y), we refer to (7) [Part II]. 

Consider next the external tensor power. If E is a vector bundle over 

X, we define E^k to be the vector bundle over the Cartesian product 

Xk (k factors of X) whose fibre at the point (aqXa^X... Xxk) is 

E <g> E„ <g)... <g) En. Thus E®k is an ^-vector bundle over the 8k- 

space Xk, the symmetric group Sk acting in the usual way on Xk by 

permuting the factors. Clearly, if 

d:X-*Xk 

is the diagonal map, we have a natural ^-isomorphism 

d*(E®k) ^ E®k. (3.1) 

If E is a complex of vector bundles over X, then we can define in an 

obvious way E^k, which will be a complex of vector bundles over Xk. 

Moreover E®k will be an ^-complex of vector bundles, Xk being an Sk- 

space as above. If E is acyclic over YcX, then E®k will be acyclic over 

the subspace of X consisting of points (aqXa^X-** Xxk) with xi e 1 for 

at least one value of i. We denote this subspace by Xk~'Y and we write 

(X Y)k for the pair (Xk, Xk~1Y). Thus we have defined an operation 

m: V(X,Y)-+VSk(X,Y)k. 
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The proof of (2.2) generalizes at once to this situation and establishes 

Proposition 3.2. The operation E ^ E®k induces an operation 

m-.K{X,Y)^KSk{X,Y)K 

Corollary 3.3. If x is in the kernel of K(X) -> K(Y), then is in 

the kernel of 
KSt(X*)-+KSk(X*-iY). 

Proof. This follows at once from (3.2) and the naturality of the 

operation K k. 

From (3.1) we obtain the commutative diagram 

Kq {Xk) 

d* 

K (X] 
8 (A) 

(3.4) 

4. Operations and filtrations 

From now we assume that the spaces X, Y,... are finite CW-complexes. 

Then K(X) is filtered by the subgroups Kq{X) defined by 

W = Ker{it(X) -> K{Xq_x)}, 

where Xq_x denotes the (q — 1)-skeleton of X. Thus K0(X) = K(X) and 

Kn(X) = OifdimX < n. Moreover, as shown in (8), we have 

^2q(X) = K2q_1(X) 

for all q. Since any map Y -> X is homotopic to a cellular map, it follows 

that the filtration is natural. 

In [8] it is shown that K(X) is a, filtered ring, i.e. that KpKq c Kp+q. 

In particular it follows that 

* 6 Kq(X) =>zfce Kkq(X). 

We propose to generalize this result to the tensor power 

We start by recalling (5) that, for any finite group, there is a natural 

homomorphism B(0) K(B0), 
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where Ba is the classifying space of G. This homomorphism arises as 

follows. Let A be the universal covering of Ba and V be any (7-module. 

Then 4x0Fisa vector bundle over Ba. The construction Fk>4xgF 

induces the homomorphism 

<x:R(G)->K(Bg). 

This construction can be generalized as follows. Let X be a (7-space and 

denote by XG the space A X q X. If V is a 6y-vector bundle over X, then 

V(; = AXGV 

is a vector bundle over XG. The construction V i—> VG then induces a 

homomorphism ;kg{X) -> K(X0). 

A couple of remarks are needed here. In the first place there is a clash of 

notation concerning Ba. To fit in with our general notation we should 

agree that ‘B’ is a point space. Secondly XG, like Bn, is not a finite 

complex. Now BG can be taken as an infinite complex in which the 

g-skeleton B0q is finite for each q, and K(BG) can be defined by 

K{Bg) = lim K(B<lq). 

<1 

If we suppose that G acts cellularly on X, then we can put 

XGtJ = Aq X aX, where Aq is the universal covering of BGq and XGq 

will be a finite complex. We then define 

K(Xg) = lim K(X(;q). 

In fact, as will become apparent, there is no need for us to proceed to the 

limit. All our results will essentially be concerned with finite skeletons. 

We have introduced the infinite spaces Ba, XG because it is a little tidier 

than always dealing with finite approximations. 

Applying the above to the group Sk and the spaces X (trivial action) 

and Xk (permutation action) we obtain a commutative diagram 

KSk(Xk)-^->K(Xkk) 

d* f (4-1) 
KSt(X)-^->K(XSk) 

K(X) ® B(Sk)->K(XxBSk), 

where d* is induced by the diagonal map d:X -> Xk. 

Proposition 4.2. Let x e Kq(X), then 

ax.lx®*) eKtq(X%k). 
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Proof. By hypothesis x is in the kernel of 

K{X)-*K[Xq_x). 

Hence applying (3.3) with Y = Xq_x we deduce that x^k is in the kernel 

of p in the following diagram 

xky a.xk 

KSk{X^Xq_x) 

»K{X%k) 

{X^Xq_x)Sk) 

The required result now follows from this diagram, provided that we 

verify that c {X^Xrl)Sl. 

But any cell o of the (kq— l)-skeleton of Xgk = Xk Xsk24 arises from 

a product of k cells of X and a cell of A. Hence at least one of the cells 

oiX occurring must have dimension less than q, and so o is contained in 

(Xk~1XQ_1)Sk = Xk-KXq_lXskA, 
as reqiiired. 

Since the filtration in K is natural, Proposition 4.2 together with the 

diagram (4.1) and Corollary 3.3 gives our main result : 

Theorem 4.3. Let %k:K(X) ->• K(X) 0 R{Sk) be the tensor power 

operation, and let 

a: K(X) 0 P{$ic) -> K(X X BSk) 

be the natural homomorphism. Then 

x e Kq(X) => a{x®k) e Kkq(X X BSk). 

Corollary 4.4. Let dimX ^ n arid let x e Kq(X). Then the image of 

x®k in K{X) 0 K{BSlckq_n_x) is zero- 

Proof. By Theorem 4.3 x®k has zero image in K(X X B(Sjfc A^_n_1). But 

for any two spaces A, B the map 

K{A) 0 K(B) K(AxB) 

is injective (6). Hence x®k gives zero in K(X) 0 K(BSkjcq_n_1) as required. 

Remark. Theorem 4.3 suggests that for any finite group G and G- 

space X we should define a filtration on Ka(X) by putting 

Kg(X)q = ocxlRq(X xBa). 

With this notation Theorem 4.3 would read simply 

* e Kq(X) => x®k g KSk(X)kq. 



ON POWER OPERATIONS IN A-THEORY 

To exploit Theorem 4.3 we really need to know the filtration on 

K(BSk) as is shown by the following theorem: 

Theorem 4.5. Assume that K(X) is torsion-free and let dim X ^n. Let 

x G Kq(X) and assume that all products Xi(x)Xj(x) with i, j > 0, i-\-j < k 

vanish. Then Xk(x) is divisible by the least integer m for which 

maX^(M) e Kkq_n(BSk), 

M being as in Proposition 2.4. In particular this holds in the stable range 

n < 2q. 

Proof. The hypotheses and Proposition 2.4 imply that 

x®k — ( —l)fc_1Afc(a;) (gA_1(df) g K(X) <g R(Sk). 

Let A = K(BSk)IKkq_n{BSk), so that A is a subgroup of K(BSjttkq_n_1). 

From Corollary 4.4 and the fact that K{X) is free it follows that the 

image of x®k in K(X) g A must be zero. Hence Xk(x) must be divisible by 

the order of the image of A_1(il/) in A, i.e. by the least integer m for which 

m<xX_x{M) g Kkq_n{BSk). 

Remark. In the proof of Proposition 1.9 we saw that the character 

of A_1(Tf) vanishes on all composite cycles of Sk. Thus, if k is not a 

prime-power, the character of A_1(df) vanishes on all elements of Sk of 

prime-power order and so by (5) [(6.10)] A^ilf) is in the kernel of the 

homomorphism 
R(Sk) -> R(Sk). 

Hence aA_1(T/) = 0 and so Theorem 4.5 becomes vacuous. Thus 

Theorem 4.5 is of interest only when k is a prime-power. 

In order to obtain explicit results it is necessary to restrict from Sk 

to the cyclic group Zk. In this case the calculations are simple. First we 

need the lemma: 

Lemma 4.6. Let Y = BZk, then 

K(Y2q_i) s* R(Zk)lI(Zk)q. 

Proof. Since Y has no odd integer cohomology, it follows that 

E1(Y, Y2q_f) = 0, and so from the exact sequence of this pair we deduce 

K(Y2q_x)^K(Y)IK2q(Y). 

But we know [(5) (8.1)] that 

K(Y) ^ R{Zk), 

and K2q(Y) is the ideal generated by I{Zk)q. Hence 

K(Y)IK2q(Y)^R(Zk)II(Zk)q, 

and the lemma is established. 
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Remark. The results quoted from (5) are quite simple, and we could 

easily have applied the calculations used there directly to Y2q__x. 

Combining Corollary 4.4 and Lemma 4.6 we deduce the proposition: 

Proposition 4.7. Let dimX <C 2m and let x e K2q(X). Then the kth 

cyclic power Pk(x) e K(X) (g) R(Zk) is in the image of K(X) (g> I(Zk)ka-m. 

The case when k = p, a prime, is of particular interest because Zp is 

then the p-Sylow subgroup of Sp. This means that, as far as p-primary 

results go, nothing is lost on passing from Sp to Zp. In the next section 

therefore we shall study this case in detail. 

5. The prime cyclic case 

Lemma 5.1. Let p e R(Zp) denote the canonical one-dimensional 

representation of Zp, p_l 

N= Ip1 
i = 0 

the regular representation and y = p — 1. 

Then in R{Zp) we have 

pk(N—p) = (— i)fc^(ft+ixp-u_|_higher terms. 

Proof. Since pp = 1, we have (l+^)p = 1. Thus yv = —pyc, where 

e = 1 mod y and so is a unit in R. Hence 

(-p)y ~ yp, (1) 

where we write a ~ b if a = eb with e = 1 mod y. Now the identity 

)p i (iJ-f)p_l 

2 (1+01 — -t- = pPtP-1 modpi 
i=o t 

with t replaced by y shows that 

N—P =: yP-1 modPy 

= y1?-1 mod 7)® by (1). 

Hence we have (N—p) -—' yP-1. (2) 
From (1) we have (—p)ky ~ yk('p~1)y, 

and so 
(3) 

The lemma now follows from (2) and (3). 

Corollary 5.2. The order of the image of (N—p) in R(Zp)jI{Zp)n is 

pk where k is the least integer such that k +1 > _ n . 
P~ 1’ 

Proof. I(Zp) is the ideal (y). 
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We can now state the explicit result for the prime case: 

Theorem 5.3. Suppose that dimX ^ 2(g-f£) with t < q{p— 1) and 

let x e K2q(X). Then 6p(x) is divisible by pq~r-x, where 

r = 
t 

p— 1 

Proof. Since dimX < 2gp, we have xv — 0. Hence by Proposition 

2.5 we have 

Pp(x) = dP(x) <g> (N-p) e K(X) ® R(Zp). 

By Proposition 4.7 it follows that 9p(x) is divisible by the order of the 

image of (N—p) in R{Zp)jI(Zp)n, where 

n = pq—q—t. 

From Theorem 5.3 it follows that 9p(x) is divisible by pk, where k is the 

least integer for which 

(& + 1) X q-- > 
P— 1 

namely k = q — 
' t 

_P—l_ 
— 1. 

Corollary 5.4. Let the hypotheses be the same as in Theorem 5.3. 

Then fp(x) is divisible by pq~r, where r = —— . 

Proof. if>p and 9P are related by the formula 

tpv(x) = xv—p9p(x). 

Since xv = 0 in our case, we have 

ipp(x) = —p9p(x), 

and so the result follows at once from Corollary 5.2. 

Remark. Taking t = 0 we find that fp(x) is divisible by p« on the 

sphere S2Q. Note that this result was not fed in explicitly anywhere. It 

is of course a consequence of the periodicity theorem, and the computa¬ 

tion we have used for K(BZp) naturally depended on the periodicity 

theorem. 
The preceding results take a rather interesting form if X has no 

torsion. First we need a lemma: 

Lemma 5.5. Suppose that X has no torsion (i.e. H*(X, Z) has no torsion) 

and let x e K{X). Suppose that the image of x in K(Xq) is divisible by d. 

Then x is divisible by d modulo Kq+1(X), i.e. 

x = dy-\-z, y e K(X), z e Kq+1(X). 
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Proof. Let A, B denote the image and cokernel of 

j*:K(X)^K(Xq). 

From the exact sequence of the pair (X, Xq) we see that B is isomorphic 

to a subgroup of Kl(X,Xq). But, since X is torsion-free, so is XjXq. 

Hence A"1(X, Xq) is free and therefore also B. Hence, if a e A is divisible 

by d in K(Xq), it is also divisible by din A. Taking a = j*(x) therefore 

we have j*(x) = dj*(y) for some y e K{X), 

and so x = dy-\-z, for some z e Kerj * ■ Kq+1(X). 

Using this lemma we now show how Corollary 5.4 leads to the following 

proposition: 

Proposition 5.6. Suppose that X has no torsion and let x e K2q(X). 

Then there exist elements 

Xi £ ^2q+2i(p-l){X) (i = 0,1,..., q) 

Q 

such that fix) = 2 Pq~%xn 
£ = 0 

Moreover we can choose xq = xp. 

Proof. By Theorem 5.3 the restriction of fp(x) to the 2(g-|-£)-skeleton, 

with t = i(p— 1) — 1, is divisible by pq~i+1. By Corollary 5.4 it follows 

that fv(x) is divisible by pq~i+1 modulo K\q+2i(}l-i){X). The required 

result now follows by induction on i. Since fv(x) = xp modp and 

xp e K2pq(X), it follows that xv is a choice for xq. 

The elements xi occurring in Lemma 5.6 are not uniquely defined by ax 

If, however, we pass to the associated graded group GK*(X) and then 

reduce modp, we see that the element 

xi e G2q+2i(j,-1)K(X) 0 Zp 

defined by x{ is uniquely determined from the relation 

Q 
i/jpx = ^ 

i = 0 

If we multiply x by p or add to it anything in K2(q+l)(X), we see from 

Lemma 5.5 that xi is unchanged. Hence xt depends only on 

x e G2qK(X) 0 Zp. 

Now we recall [(8) § 2] that, since X has no torsion, we have an 

isomorphism of graded rings 

H*(X, Z) ^ GK*(X), 

H2q(X, Zp) ^ G2qK(X) 0 Zp. and hence 
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By this isomorphism the operation x -> x{ must correspond to some 

cohomology operation. In the next section we shall show that this is 

precisely the Steenrod power P*p. 

6. Relation with cohomology operations 

In the proof of Proposition 4.2 we verified that there was an inclusion 

i)». 

Hence we can consider the map 

K(X, Xagr—j) -> K(Xgk, 

given by x <xj*x^k. If we follow this by a cellular approximation to 

the diagonal map XSk -> X%k, we obtain a map 

/x: K(X, Ar2f?_1) -> K(XSk, (^st)2fea-i)- 

Prom its definition this is compatible with the operation 

x i—> = ax®k 

for the absolute groups, i.e. we have a commutative diagram 

K(X, X2q_1)-> K(XSk, (XSk)2kg^) 

(6.1) 

K(X)-> K (XSk) 

On the other hand, by restricting X to X2q and XSk to (XSk)2kq we obtain 

another commutative diagram 

K(X, X2q^)---> K{XSk, (XSk)2kq^) 

K(X2q, X^) K((XSk)2kQ, {Xsk)2lcq-l) {&•%) 

c\x) ---> C^(XSk) 

where v is the map of cochains given by 

v(c) = d*[{c <8)c <g>... <S> c) <g>r !]• (6-3) 

Here we have made the identification 

C*{X|J = (C*{X) (g)z - ®ZC*(X)) ®r C*(A), 

where A -> BSk is the universal $fc-bundle and T is the integral group 

ring of 8k, and similarly we identify 

C*{XSk) = C*(X) ®tC*(A). 
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The commutativity of Diagram 6.2 depends of course on the fact that 

the isomorphism R(X^ ^ c2s(Z) 

is compatible with (external) products. 

The map v defined by (6.3) induces a map of cohomology (denoted 

also by ^ v.H2q{X, Z) -> H2kq(XSk, Z). 

The diagrams (6.1) and (6.2) then establish the following 

Proposition 6.4. Let x e K2q(X) be represented by a e H2q(X, Z) in the 

spectral sequence H*(X, Z) => K*(X). Then a(x®k) e Kzkq(XSk) is 

represented by v(a) e H2kq(XSk, Z) in the spectral sequence 

H*(XSk,Z)^K*(XSl), 

where v is induced by the formula (6.3). 

Remarks. (1) It seems plausible that one could in fact define a tensor- 

power operation mapping the spectral sequence of X into the spectral 

sequence of XSk. Proposition 6.4 concerns itself only with the extreme 

members E2 and E„ (and only for even dimensions). 

(2) The map v is essentially the parent of all the Steenrod operations, 

while x i—> x®k is the parent of all the operations in K-theory introduced 

in § 2. Proposition 6.4 contains therefore, in principle, all the relations 

between operations in the two theories. We proceed to make this explicit 

in the simplest case: 

Theorem 6.5. Suppose that X has no torsion so that we may identify 

H*(X, Zp) with GK*(X) 0 Zp. If x e K2q(X) ice denote the corresponding 

element of H2q(X, Zp) by x. Let 
Q 

ifjpx = 2 pa~ixi 
i = 0 

be the decomposition of f“x given by (5.6). Then we have 

Xi = P'p{x), 

where Pi'.H^X, Zp) H2q+2i&-D(X, Zp) 

is the Steenrod power (for p = 2 we put Pi = Sq2i). 

Proof. By Proposition 6.4 the map 

P-.K(X)->K(X)®R{Zp) 

P:H*(X, Zp) -> H*(X, Zp) ®H*(Zp, Zp), induces 
(1) 
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where P is v reduced modp. Now by (2.6) and Lemma 5.5 (choosing 

xq = xv) we have the following expression for P(x), 

a-i l 

P(x) = Xq <g) 1— 2 Xi (g)_p®-<-1(iV—p). (2) 
t = 0 

By definition of the Steenrod powers [(10) 112] we have 

P{x) = ^ (-1 y-'P'ix) <g> 
i = 0 

where -rj is the canonical generator of H2(Zp; Zp). 

Comparing (1) and (2) and using Lemma 5.1 we have the result. 

Remark. Proposition 6.5, together with the kind of calculations made 

in (3), leads to a very simple proof of the non-existence of elements of 

Hopf invariant 1 modp (including the case p = 2). 

7. Relation with Chern characters 

If the space X has no torsion, it is possible to replace the operations 

*pk by the Chern character 

ch:K*(X)-+H*{X; Q). 

In fact ch is a monomorphism and *fjk can be computed from the formulae 

chx = 2 chg(^)> x g K(X), ch5(a;) e H2q(X; Q) 

chijjkx = ^ ^5ch3(a;). 
Q 

Conversely one can define H*{X; 0) and ch purely in terms of the 

<Pk (3). It is reasonable therefore to try to express Theorems 5.6 and 

6.5 in terms of Chern characters. We shall see that we recover the 

results of Adams (1), at least for spaces without torsion. 

If X is without torsion, we identify H*{X; Z) with its image in 

H*{X\ Q). If a e H*(X; Q), we can write a = b/d for b e H*(X; Z) 
and some integer d. If d can be chosen prime to p, we shall say that a is 

p-integral. 

Theorem 7.1. Let X be a space without torsion, x e K2q(X) andp a prime. 

Then ?'cha+„(x) 

is p-integral, where t = 

Proof. We proceed by induction on n. For n = 0 (and all q) the result 

is a consequence of the periodicity theorem (8). We suppose therefore 

n 

dP 1J" 
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that n > 0 and the result established for all r n—1. By Proposition 

5.6 we have q 
xfjPx = V x,t e vip-AX), 

i = 0 
Q 

and so ch fpx = 2 Pai xi- 
i=o 

Taking components in dimension 2(q-\-n) we get 

pi+n ch3+n(:r) = ^ Pq'icK+n(xi)’ 1 = 
i = 0 

In particular, for n = 0, we have 

chg(z) = ch3(x0). (2) 

Since X has no torsion, this implies that 

y = i0-xel2,+2(l). 

Replacing x0 by x-\-y in (1) and multiplying by pl-q we get 

p\pn— l)ch5+Jl(x) =plv\+ny+ 2 Pl~i(i\+n^i)- (3) 
1 = 1 

But by the inductive hypothesis (with q replaced by q-\-1 and q-\-i{p— 1) 

(i ^ 1)) we see that all terms on the right-hand side of (3) are ^-integral. 

Hence plch.q+n(x) is ^-integral and so the induction is established. 

For any x e K2q(X) we denote by x e HiQ(X, Zp) the corresponding 

element obtained from the isomorphism 

G*«K(X) ®Zpg± H^(X- Zp). 

Now, by Theorem 7.1, plch3+<(p_1) x is p-integral. We may therefore 

reduce it modp and obtain an element of H2s+2«i>-i)(X; Zp). It follows 

from Theorem 7.1 that this depends only on x. We denote it therefore 

by T\x), so that Tl is an operation 

H^(X] Zp) 7/29+2«p-D(X; Zp). 

We now identify this operation. 

Theorem 7.2. The operation 2 Tl is the inverse of the ‘total’ Steenrod 
„ . i> o 

power 2, Pl, 
0 

be. Tl) o Pl) = identity. 

Proof. As in Theorem 7.1 we have 

Q 

fpx = 2 P^Xi- 
i = 0 

n 

p— 1 
(1) 
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Now in equation (1) above take n — t(p— 1) and multiply by pl~^. Then 

reducing modp we get t 
o = y T^(xt) (t > o), 

x = T°(x 0). 

But by Theorem 6.5 we have x{ = P‘x, and so we deduce 

0 = ( 2 T^pAx, x = T°P°x. 
'i = 0 ' 

In other words, the composition 

(2T‘)o(lPf) 
is the identity operator as required. 
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Introduction 

The A-theory of complex vector bundles (2, 5) has many variants and 

refinements. Thus there are: 

(1) A-theory of real vector bundles, denoted by KO, 

(2) A-theory of self-conjugate bundles, denoted by KC (1) or KSC (7), 

(3) K-theory of (7-vector bundles over C-spaces (6), denoted by Ka. 

In this paper we introduce a new A-theory denoted by KR which is, 

in a sense, a mixture of these three. Our definition is motivated partly by 

analogy with real algebraic geometry and partly by the theory of real 

ellipt ic operators. In fact, for a thorough treatment of the index problem 

for real elliptic operators, our K A-theory is essential. On the other hand, 

from the purely topological point of view, A A-theory has a number 

of advantages and there is a strong case for regarding it as the primary 

theory and obtaining all the others from it. One of the main purposes of 

this paper is in fact to show how A A-theory leads to an elegant proof of 

the periodicity theorem for ATI-theory, starting essentially from the 

periodicity theorem for A-theory as proved in (3). On the way we also 

encounter, in a natural manner, the self-conjugate theory and various 

exact sequences between the different theories, d here is here a considei- 

able overlap with the thesis of Anderson (1) but, from our new vantage 

point, the relationship between the various theories is much easier to see. 

Recently Karoubi (8) has developed an abstract A-theory for suitable 

categories with involution. Our theory is included in this abstraction but 

its particular properties are not developed in (8), nor is it exploited to 

simplify the A"(7-periodicity. 
The definition and elementary properties of A A are given in § 1. The 

periodicity theorem and general cohomology properties for A A aie 

discussed in § 2. Then in § 3 we introduce various derived theories— 

KR with coefficients in certain spaces—ending up with the periodicity 

theorem for KO. In §4 we discuss briefly the relation of A A with 

Clifford algebras on the lines of (4), and in particular we establish a 

lemma which is used in § 3. The significance of AA-theory for the 

topological study of real elliptic operators is then briefly discussed in § 5. 

Quart. J. Math. Oxford (2), 17 (1966), 367-86. 
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This paper is essentially a by-product of the author’s joint work with 

I. M. Singer on the index theorem. Since the results are of independent 

topological interest it seemed better to publish them on their own. 

1. The real category 

By a space with involution we mean a topological space X together 

with a homeomorphism r: X -> X of period 2 (i.e. r2 = Identity). The 

involution r is regarded as part of the structure of X and is frequently 

omitted if there is no possibility of confusion. A space with involution 

is just a Z2-space in the sense of (6), where Z2 is the group of order 2. An 

alternative terminology which is more suggestive is to call a space with 

involution a real space. This is in analogy with algebraic geometry. In 

fact if X is the set of complex points of a real algebraic variety it has a 

natural structure of real space in our sense, the involution being given 

by complex conjugation. Note that the fixed points are just the real 

points of the variety X. In conformity with this example we shall 

frequently write the involution r as complex conjugation: 

t(x) = X. 

By a real vector bundle over the real space X we mean a complex vector 

bundle E over X which is also a real space and such that 

(i) the projection E -> X is real (i.e. commutes with the involutions 

on E, X); 

(ii) the map Ex -» Ex is anti-linear, i.e. the diagram 

C xEx->Ex 

I 1 
G XEX^EX 

commutes, where the vertical arrows denote the involution and 

G is given its standard real structure (t(z) = z). 

It is important to notice the difference between a vector bundle in the 

category of real spaces (as defined above) and a complex vector bundle 

in the category of Z2-spaces. In the definition of the latter the map 

Ex E-Ax) 

is assumed to be complex-linear. On the other hand note that if E is a 

real vector bundle in the category of Z2-spaces its complexification can 

be given two different structures, depending on whether 

E-x Er(x) 

is extended linearly or anti-linearly. In the first it would be a bundle in 
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the real category, while in the second it would be a complex bundle in 

the ^-category. 

At a fixed point of the involution on X (also called a real point of X) 

the involution on E gives an anti-linear map 

TX '■ Ex Ex 

with t\— 1. This means that Ex is in a natural way the complexification 

of a real vector space, namely the +1 -eigenspace of rx (the real points of 

Ex). In particular if the involution on X is trivial, so that all points of X 

are real, there is a natural equivalence between the category <f(X) of 

real vector bundles over X (as space) and the category ^(X) of real 

vector bundles over X (as real space) :f define £{X) -> J^(X) by 

E i-> E ®R C (C being given its standard real structure) and JF(X) (X) 

by E Fr (Fr being the set of real points of F). This justifies our use of 

‘real vector bundle’ in the category of real spaces: it may be regarded as 

a natural extension of the notion of real vector bundle in the category 

of spaces. 

If A1 is a real vector bundle over the real space X then the space T(i£) 

of cross-sections is a complex vector space with an anti-linear involution: 

if s e r(-E'), s is defined by 

s(x) = s(x). 

Thus T(E) has a real structure, i.e. T(E) is the complexification of the 

real vector space T(E)R. 

If E, F are real vector bundles over the real space X a morphism 

(f,- E _> F will be a homomorphism of complex vector bundles com¬ 

muting with the involutions, i.e. 

</>(e) = (/){&) (e e E). 

E 0C F and Homc(F, F) have natural structures^ of real vector 

bundles. For example if <fix 6 Homc)^, Fx) we define <f>x e HomclF^, Fx) 

by hc(u) = jfati) (ucex). 

It is then clear that a morphism </>: E -> F is just a real section of 

Homc(A',F), i.e. an element of (rKomc(E, F))R. 

If now X is compact then exactly as in (3) [§ 1] we deduce the homo- 

topy property of real vector bundles. The only point to note is that a leal 

section s over a real subspace Y of X can always be extended to a leal 

section over X; in fact if t is any section extending s then b(t+t) is a real 

extension. 
f The morphisms in X) will be defined below. 
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Suppose now that X is a real algebraic space (i.e. the complex points of 

a real algebraic variety) then, as we have already remarked, it defines in 

a natural way a real topological space Xalg Atop. A real algebraic 

vector bundle can, for our purposes, be taken as a complex algebraic 

vector bundle tt : E -> X where X, E, 77, and the scalar multiplication 

C X E E are all defined over R (i.e. they are given by equations with 

real coefficients). Passing to the underlying topological structure it is 

then clear that Etov is a real vector bundle over the real space Xtop. 

Consider as a particular example X = P(C"), (n— l)-dimensional 

complex projective space. The standard line-bundle H over P(C") is 

a real algebraic bundle. In fact H is defined by the exact sequence of 

vector bundles OoifoIxC-oHoO, 

where E c. X x C" consists of all pairs ((z), u) elxC'1 satisfying 

2 uizi = 0- 

Since this equation has real coefficients E is a real bundle and this then 

implies that H is also real. Hence H defines a real bundle over the real 

space P(C"). 

As another example consider the affine quadric 

I>? + 1 = 0. 
i — 1 

Since this is affine a real vector bundle may be defined by projective 

modules over the affine ring A+ = R[zlJ...,zn]/( + Now the 

intersection of the quadric with the imaginary plane is the sphere 

i>? = i, 
1 

the involution being just the anti-podal map y 1—> —y. Thus projective 

modules over the ring A+ define real vector bundles over S'"-1 with the 

anti-podal involution. II instead we had considered the quadric 

5>|—1 = 0 
then its intersection with the real plane would have been the sphere with 

trivial involution, so that projective modules over 

A = R fo,-., zw] 

define real vector bundles over S"-1 with the trivial involution (and so 

these are real vector bundles in the usual sense). The significance of S"-1 

in this example is that it is a deformation retract of the quadric in our 

category (i.e. the retraction preserving the involution). 



ON A'-THEORY AND REALITY 

The Grothendieck group of the category of real vector bundles over a 

real space X is denoted by KR{X). Restricting to the real points of X we 

obtain a homomorphism 

KR(X) -> KR(XI{) c* I<0{Xr). 

In particular if X = XR we have 

KR(X) ^ KO(X). 

For example taking X = P(CW) we have XR = P(R") and hence a 

restriction homomorphism 

KR{P(G*)) ->KR(P(R")) = KO{P{R»)). 

Note that the image of [H] in this homomorphism is just the standard real 

Hopf bundle over P(R,!). 

The tensor product turns KR(X) into a ring in the usual way. 

If we ignore the involution on X we obtain a natural homomorphism 

c: KR(X)->K(X). 

If X = XR then this is just complexification. On the other hand if E is 

a complex vector bundle over X, E © r*E has a natural real structure 

and so we obtain a homomorphism 

r: K(X)^KR{X). 

If X = XR then this is just ‘realization’, i.e. taking the underlying real 

space. 

2. The periodicity theorem 

We come now to the periodicity theorem. Here we shall follow care¬ 

fully the proof in (3) [§ 2] and point out the modifications needed for our 

present theory. 
If E is a real vector bundle over the real space X then P{E), the projec¬ 

tive bundle of E, is also a real space. Moreover the standard line-bundle H 

over P(E) is a real line-bundle. Then the periodicity theorem for KR 

asserts: 

Theorem 2.1. Let L be a real line-bundle over the real compact space X, 

H the standard real line-bundle over the real space P(L © 1). Then, as 

a KR(X)-algebra, KR(P(L ©1)) is generated by II, subject to the single 

relation ([H]-[1])([U[H]-[1]) = 0. 

B b 3095.2.17 
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First of ail we choose a metric in L invariant under the involution. The 

unit circle bundle S is then a real space. The section z of defined 

by the inclusion S ->• L is a real section. Hence so are its powers zk. The 

isomorphism Rk ^ (1> z_* L-k) [(3) 2.5] 

is an isomorphism of real bundles. Finally we assert that, if / is a real 

section of Hom^*!?0, tt*^00) then its Fourier coefficients ak are real 

sections of Hom(£fc (g E°, Em). In fact we have 

«*(*) = «*(*) = I fxz£k~ldzx 
ZlTl ! 

1 f 7-—, . , 7— (since the involution reverses the 

| ■y' ■ - orientation of *5) 
sx 

(since / and z are real) 

= a*(z). 

It may be helpful to consider what happens at a real point of X. The 

condition that fx is real then becomes 

fx(e~iS) = fx{eid) 

which implies at once that the Fourier coefficients are real. 

Since the linearization procedure of (3) [§ 3] involves onty the ak and 

and the zk it follows that the isomorphisms obtained there are all real 

isomorphisms. 

The projection operators Q° and of (3) [§ 4] are also real, provided 

p is real. In fact 

Qx = Q°x = — f PI1 dPx 
2tt% I 

S; 

7T-- (Px)~ldPx 
Irrl 

= | px 1 dpx, since p is real. 

Similarly for Q™. The bundle Vn(E°,p, E™) is therefore real and (4.6) is 

an equation in KR(P). The proof in § 5 now applies quite formally. 

We are now in a position to develop the usual cohomology-type theory, 

using relative groups and suspensions. There is, however, one new feature 

here which is important. Besides the usual suspension, based on R with 
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trivial involution, we can also consider R with the involution x h>- —x. 

It is often convenient to regard the first case as the real axis R c C and 

the second as the imaginary axis iR c C, the complex numbers C always 

having the standard real structure given by complex conjugation. We 

use the following notation: 

RP* = R9 

Bv’q = unit ball in Rv>q, 

Sp’q = unit sphere in Rp>q. 

Note that Rp’p ^ Cp. Note also that, with this notation, Sp>q has 

dimension p -)-q— 1. 

The relative group KR(X, Y) is defined in the usual way as KR(XJY) 

where KR is the kernel of the restriction to base point. We then define 

the (p,q) suspension groups 

KRp’q(X, Y) = KR(X x Bp’q, X x Sp-q U Y x BP*). 

Thus the usual suspension groups KR q are given by 

KRq = K R°’q. 

As in (2) one then obtains the exact sequence for a real pair {X,Y) 

... -> KR~1(X) -> KR1(Y) -> KR(X, Y) -> KR(X) -> KR(Y). (2.2) 

Similarly one has the exact sequence of a real triple {X, Y, Z). Taking 

the triple (X X Bp-°, X X Sp’° ufx Bpfi, X x Sp’°) one then obtains an 

exact sequence 

...KRv+iX) -> KRP’^Y) -> KRP’°(X, Y) -> KRp>°(X) -> KRP-°(Y) 

for each integer p ^ 0. 

The ring structure of I\ R(X) extends in a natural way to give external 

products 
KRp’q(X, Y) <g) KRp’’q'(X', Y') -> KRp+p'>q+q\X", Y"), 

where X" = XxX', Y" = X X Y' U X' X Y. By restriction to the 

diagonal these define internal products. 

We can reformulate Theorem 2.1 in the usual way. Thus let 

b = [17]-1 g Appoint) = KR(B1-1, SW) - KR{P(C2)) 

and denote by j8 the homomorphism 

KRp’q(X, Y) KRp+1’q+1(X, Y) 

given by x i-> b.x. Then we have 

Theorem 2.3. /3: KRp>q(X, Y) -> KRp^>q+x{X, Y) is an isomorphism. 

Note also that the exact sequence of a real pair is compatible with the 

periodicity isomorphism. Hence if we define 

KRp{X, Y) = KRP’°(X, Y) for p > 0 
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it follows that the exact sequence (2.2) for (X, Y) can be extended to 

infinity in both directions. Moreover we have natural isomorphisms 

KR™ KRp-Q. 

We consider now the general Thom isomorphism theorem as proved 

for K-theory in (2) [§ 2.7], We recall that the main steps in the proof 

proceed as follows: 

(i) for a line-bundle we use (2.1), 

(ii) for a decomposable vector bundle we proceed by induction using 

(2-1), 

(iii) for a general vector bundle we use the splitting principle. 

An examination of the proof in (2) [§ 2.7] shows that the only point 

requiring essential modification is the assertion that a vector bundle is 

locally trivial and hence locally decomposable. Now a real vector bundle 

has been defined as a vector bundle with a real structure. Thus it has 

been assumed locally trivial as a vector bundle in the category of spaces. 

What we have to show is that it is also localhj trivial in the category of real- 

spaces. To do this we have to consider two cases. 

(i) x e X a real point. Then Ex ^ C'! in our category. Hence by the 

extension lemma there exists a real neighbourhood U of x such 

that E\U ^ U xO in the category. 

(ii) x x. Take a comp’ex isomorphism Ex ^ Cn. This induces an 

isomorphism Ex ^ Cn. Hence we have a real isomorphism 

E\Y ^7x O, 

where Y = {x, x}. By the extension lemma there exists a real 

neighbourhood U of Y so that E\U ^ UxCn. 

Thus we have 

Theorem 2.4 (Thom Isomorphism Theorem). Let E be a real vector 

bundle over the real compact space X. Then 

<f>: KR(X) -> KR(XE) 

is an isomorphism where = XE.x and \E is the element of KR(XE) 

defined by the exterior algebra of E. 

Among other results of (2) [§ 2.7] we note the following : 

KR(X x P(C")) ^ KR{X)[t]/tn-1 

^KR(X)®ZK(P(C")). 

We leave the computation of KR for Grassmannians and Flag mani¬ 

folds as exercises for the reader. The determination of KR for quadrics 
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is a more interesting problem, since the answer will depend on the 

signature of the quadratic form. 

We conclude with the following observation. Consider the inclusion 

R01 = R 4 C = R1’1. 

This induces a homomorphism 

/v1-1(point) -> Appoint) 

KR(P{C2)) -» KR(P{R2)). 

Since i*[H] is the real Hopf bundle over P( R2) it follows that 

t] = i*(b) = i*([H]— 1) is the reduced Hopf bundle over P(R2). 

3. Coefficient theories 

If Y is a fixed real space then the functor X i-> KR(X X Y) gives a new 

cohomology theory on the category of real spaces which may be called 

K R-theory with coefficients in Y. We shall take for Y the spheres Sp’° 

(where the involution is the anti-podal map). A theory F will be said to 

have period q if we have a natural isomorphism F ^ F~9. Then we have 

Proposition 3.1. KR-theory with coefficients in S,J’° has period 

2 ifp=l, 

* if P = 2, 

8 if p = 4. 

Proof. Consider Rp as one of the three fields R, C, or H (p = 1,2, or 4). 

Then for any real space X the map 

: X X Sp>° X R°’p -+XX Sp’° X Rp’° 

given by y.p(x,s,u) = (x,s,su), where su is the product in the field, is a 

real isomorphism. Hence it induces an isomorphism 

fi*: KRpfi(X x Sp’°) -> KR°>P(X x Sp’°). 

Replacing A by a suspension gives an isomorphism 

p*: KRp’q(X x Spfi) KR°’P+9(X x Sp’°). 

Taking q = p and using the isomorphism 

/3p: KR^KR»’P 

given by Theorem 2.1, we obtain finally an isomoiphism 

jYfffip: KR{X x Spfi) -> KR°’2p{X x Sp’°) 

KR~2p{X x Spfi). 
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Remark, p* is clearly a Ki?(X)-module homomorphism. Since the 

same is true of this implies that the periodicity isomorphism 

yp = : KR(X X Sp’°) -> KR~2p{X X Sp’°) 

is multiplication by the image cp of 1 in the isomorphism 

KR(SP<°) -> KR~2p(Sp’°). 

This element cp is given by 

S = yp( 1) = 1), 1 eKR(Sp>°). 

For any Y the projection X X Y -> X will give rise to an exact coeffi¬ 

cient sequence involving KR and KR with coefficients in Y. When Y 

is a sphere we get a type of Gysin sequence: 

Proposition 3.2. The projection iw. Sp’° point induces the following 

exact sequence 

... -> KRp~g{X) 4- KR~g(X) 5 KR^{XxSp’°) -i ... 

where y is the product with ( — g)p, and g e KR r(point) ^ KR(P(R2)) is 

the reduced real Hopf bundle. 

Proof. We replace u by the equivalent inclusion Sp’° -» Bp-°. The 

relative group is then KRp-g(X). To compute y we use the commutative 

diagram 

P 

KRlpp*q(X) 

KKpf(X) 4, KR0j>(X) 

p W <f> PP 

KRPP'HX) 

Let d be the automorphism of K2p’p+g(X) obtained by interchanging the 

two factors Rpfi which occur. Then the composition y0/F is just multi¬ 

plication by the image of bp in 

A"FT'p(point) ->• AA°-p(point). 

But this is just gp. It remains then to calculate 6. But the usual proof 

given in (2) [§ 2.4] shows that 0 = ( —1)^! = ( —1)p. 

We proceed to consider in more detail each of the theories in (3.1). 

Forp = 1, Sp’° is just a pair of conjugate points { + 1, — 1}. A real vector 

bundle E over Ix{ + 1,-1} is entirely determined by the complex 

vector bundle E+ which is its restriction to X x { +1}. Thus we have 

Proposition 3.3. There is a natural iscnnorphism 

KR(X x A1-0) ^ K(X). 
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Note in particular that this does not depend on the real structure of X 

but just on the underlying space. The period 2 given by (3.1) confirms 

what we know about K(X). The exact sequence of (3.2) becomes now 

... -> KR1~q{X) 4 KR-Q(X) $ K~i{X) -i KR2-Q(X) -> ... (3.4) 

where y is multiplication by —y and tt* = c is complexification. We 

leave the identification of 8 as an exercise for the reader. This exact 

sequence is well-known (when the involution on X is trivial) but it is 

always deduced from the periodicity theorem for the orthogonal group. 

Our procedure has been different and we could in fact use (3.4) to prove 

the orthogonal periodicity. Instead we shall deduce this more easily 

later from the case p = 4 of (3.1). 

Next we consider p = 2 in (3.1). Then KRq(X X $2,0) has period 4. 

We propose to identify this with a self-conjugate theory. If X is a real 

space with involution r a self-conjugate bundle over X will mean a 

complex vector bundle E together with an isomorphism a: E -> t*E. 

Consider now the space X X S2’° and decompose *S’2,0 into two halves 

S2_f and N2:0 with intersection {±1}- 

It is clear that to give a real vector bundle F over X X S2fi is equivalent 

to giving a complex vector bundle F+ over X X Sf° (the restriction of F) 

together with an isomorphism 

</>: F\Xx{+1}-*t*{F\Xx{-1}). 

But X X { + 1} is a deformation retract of X X $+° and so [cf. (3) 2.3] we 

have an isomorphism 

9:F+\Xx{-l} -> F+ |Xx{+l} 

unique up to homotopy. Thus to give </> is equivalent, up to homotopy, to 

giving an isomorphism a. ^ f*E, 

where E is the bundle over X induced from F+ by a; (x, 1) and 

ax = ^(x.-D^xp- 

In other words isomorphism classes of real bundles over X X corre¬ 

spond bijectively to homotopy classes of self-conjugate bundles over X. 

Moreover this correspondence is clearly compatible with tensor products. 
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Now let KSC(X) denote the Grothendieck group of homotopy classes of 

self-conjugate bundles over X. If r is trivial this agrees with the defini¬ 

tions of (1) and (7). Then we have established 

Proposition 3.5. There is a natural isomorphism of rings 

KSC(X)^KR(XxS2’0). 

The exact sequence of (3.2), with p = 2, then gives an exact sequence 

... ^ KR2~q(X) 4 KR~q(X) X KSC-q{X) X KR3-q{X) -> ... (3.6) 

where y is multiplication by rf and v* is the map which assigns to any 

real bundle the associated self-conjugate bundle (take a. = t). The 

periodicity in KSC is given by multiplication by a generator of 

AS'(7_4(point). 

Finally we come to the case p == 4. For this we need 

Lemma 3.7. Let y g AA_1(point) be the element defined in § 2. Then 
Tj3 = 0. 

Proof. This can be proved by linear algebra. In fact, we recall [(4) 

§11] the existence of a homomorphism a: Ak -> A Appoint) where the 

Ak are the groups defined by use of Clifford algebras. Then rj is the 

image of the generator of ^ Z2 and A3 = 0. Since the homo- 

morphisms uk are multiplicative [(4) § 11.4] this implies that y3 = 0. 

Corollary 3.8. For any p ^ 3 we have short exact sequences 

0 ^ KR~q(X) -> KR q(X x Sp’°) X KRp+1-q(X) -> 0. 

Proof. This follows from (3.7) and (3.2). 

According to the remark following (3.1) the periodicity for 

KR(X x S'4*0) is given by multiplication with the element 

c4 = p*(64-l) e A A-8 (S'4-0). 

Now recall [(4) Table 2] that Aa ^ Z, generated by an element A 

(representing one of the irreducible graded modules for the Clifford 

algebra Cs). Applying the homomorphism 

a: A8 ^ AA_8(point) 

we obtain an element a(A) e AA-8(point). The connexion between c4 

and a(A) is then given by the following lemma: 

Lemma 3.9. Let 1 denote the identity of KR(Si>0). Then 

c4 = a(A). 1 g AA-8(S4’0). 

The proof of (3.9) involves a careful consideration of Clifford algebras and 
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is therefore postponed until § 4 where we shall be discussing Clifford 

algebras in more detail. 

Using (3.9) we are now ready to establish 

Theorem 3.10. Let AeM8, a(A) e KJ?_8(point) be as above. Then 

multiplication by a(A) induces an isomorphism 

KR{X) -> KR~8(X) 

Proof. Multiplying the exact sequence of (3.8) by a(A) we get a commu¬ 

tative diagram of exact sequences 

0-> KR~q{X) -> KR-*{XxS4’0) -> KR5~q{X) 0 

'I'^<7 1^5-Q 

0 -> KR-«-s(X) -> KR~q~8{X x £4’0) -> KR~3~q{X) -> 0. 

By (3.9) we know that fq coincides with the periodicity isomorphism y4. 

Hence fq is a monomorphism for all q. Hence </>5_g in the above diagram 

is a monomorphism, and this, together with the fact that if)q is an iso¬ 

morphism, implies that <j>q is an epimorphism. Thus fq is an isomorphism 

as required. 

Remark. If the involution on X is trivial, so that KR(X) = KO{X),. 

this is the usual ‘real periodicity theorem’. 

By considering the various inclusions Sq’° -> Sp’° we obtain interesting 

exact sequences. For the identification of the relative group we need 

Lemma 3.11. The real space {with base point) Sp’0/Sq’0 is isomorphic to 

Sp-Q’° X Bq’°/Sp-Q'° X Sq’°. 

Proof. Sp’°—Sq’0 is isomorphic to Sp~q’° x Rq’°. Now compactify. 

Corollary 3.12. We have natural isomorphisms: 

KR(X x Sp’°, X x Sq’°) ^ KR°’q(X x Sp-q’°). 

In view of (3.8) the only interesting cases are for low values of p, q- 

Of particular interest is the case p = 2, q = 1. This gives the exact 

sequence [cf. (1)] 

... -» K-\X) -> KSC(X) -> K(X) -» K{X) -> ... . 

The exact sequence of (3.8) does in fact split canonically, so that 

(for p ^ 3) 
KR q{X x Spfi) KR~q{X) © KRp+1~q(X). (3.13) 

To prove this it is sufficient to consider the case p = 3, because the 

general case then follows from the commutative diagram {p > 4) 

0 -> KR{X) -> KR{X X Sp’°) 

I I 
0 -» KR{X) -> KR{X x S3>°) 
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obtained by restriction. Now -S'3,0 is the 2-sphere with the anti-podal 
2 

involution and this may be regarded as the conic 2 zf = ^ 111 ^(C3)- 
o 

In § 5 we shall give, without proof, a general proposition which will imply 

that, when Y is a quadric, 

KR(X) -> KR(X x Y) 

has a canonical left inverse. This will establish (3.13). 

4. Relation with Clifford algebras 

Let Cliff(Rp’q) denote the Clifford algebra (over R) of the quadratic 

form v 

i 
»!) 

on Rp>q. The involution (y,x) \-> (—y, x) of Rp>q induces an involutory 

automorphism of Cliff(i©?) denoted byf a i-> a. 

Let ill = iff0 ©iff1 be a complex Z2-graded Cliff(lT©-module. We 

shall say that iff is a real Z2-graded Cliffy®’9)-module if iff has a real 

structure (i.e. an anti-linear involution m (—=► to) such that 

(i) the Z2-grading is compatible with the real structure, i.e. 

Ml = Mi (i = 0,1), 

(ii) am = am for a e Cliff(i?iJ's) and m e iff. 

Note that if = 0, so that the involution on Cliff(R1]’q) is trivial, then 

Mr = M°k ©iff^ = {m e iff \m = m} 

is a real ,Z2-graded module for the Clifford algebra in the usual sense 

[a Cg-module in the notation of (4)]. 

The basic construction of (4) carries over to this new situation. Thus 

a real graded Cliff(I©s)-module iff = iff0 ©iff1 defines a triple 

(iff0, iff1, a) where a: Sp>q X iff0 -> Sp’q X iff1 is a real isomorphism given by 

o(s,m) — (s,sm). 

In this way we obtain a homomorphism 

h: iff (p, q) -> A"i©3(point) 

where M(p,q) is the Grothendieck group of real graded Cliff(l©9)- 

modules. If iff is the restriction of a Cliff (A^+^-module then a extends 

over Sp’a+1. Since the projection 

SP,q+l Bp,q 

t This notation diverges from that of (4) [§ 1] where (for q = 0) this involution 

is called a and ‘bar’ is reserved for an anti-automorphism. 
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is an isomorphism of real spaces (S+ denotes the upper hemisphere with 

respect to the last coordinate) it follows that M defines the zero element 

of AAp,9(point). Hence, defining A(p, q) as the cokernel of the restriction 

M{p,q + l) -> M(p, q), 

we see that h induces a homomorphism 

a: A(p,q) -> A Appoint). 

Moreover, as in (4), a is multiplicative. Note that for p = 0 this a 

coincides essentially with that defined in (4), since 

A(0,q) ^ Aq, 

A Appoint) ^ A0_9(point). 

The exterior algebra A*(C4) defines in a natural way a Cliff^A1-1)- 

module by z(l) = ze, z(e) = -z 1 

where 1 e A°(C1) and e e A4(C4) are the standard generators. Let 

ei(l, 1) denote the element defined by this module. In view of the 

definition of b e A A1’1 (point) we see that 

b 

and hence, since a is multiplicative, 

«(M) = bi. 

Let M be a graded Cliff(A4’4)^-module representing (in fact as shown 

in (4) [§ 11], we can construct M out of the exterior algebra A*(C4)), and 

let w = e1e2e3 e4 e Cliff(A4-4) where e1,e2,e3,ei are the standard basis of 

A4-0. Then we have w* = l, w = w, 

wz = zw for zeC4= A4>4. 

Hence we may define a new anti-linear involution m m on M by 

m = —wm 

and we have zm = —wzrri — wzvi = zwm 

= zm. 

Thus M with this new involution (or real structure) is a real graded 

Cliff(A°-8)-module, a C8-module in the notation of (4): as such we denote 

it by N. From dimensional considerations [cf. (4) Table 2], we see that it 

must be one of the two irreducible C8-modules. But on complexification 

(i.e. ignoring involutions) it gives the same as M and hence N represents 

the element of A8 denoted in (4) by A. 
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After these preliminaries we can now proceed to the proof of Lemma 

3.9. What we have to show is that under the map 

^: A4’0 xR8^ A4-0 X C4 

the element of KRiA(Si’°) defined by M lifts to the element of KR~8(Si’°) 

defined by N. To do this it is clearly sufficient to exhibit a commutative 

diagram of real isomorphisms 

A4’0 x R8 X N -V A4*0 x C4 x M 

I „ I 
A4’0 x R8 X N -> A4’0 x C4 x M (4.1) 

where v is compatible with p4 (i.e. v(s, x, y,n) = (s, x-^isy, m) for some m) 

and the vertical arrows are given by the module structures (i.e. 

(s, x, y, n) i-» (s,x,y, (x,y)n). 

Consider now the algebra Cliff (7?4-0) = C\. The even part Cl is 

isomorphic to H @H [(4) Table 1], Moreover its centre is generated by 

1 and w = e1e2e3ei, the two projections being |(1T«?). To be quite 

specific let us define the embedding 

£: H -> Cliff°(^4’0) 

m = 
1 -f-w 

e25 

(U) = ~e1es, 

m 
1 -hw 

9 eiei- 

Then we can define an embedding 

y: $(H) -> Spin(4) c T4 

by y(s) = ^(s)H-i(l—w), where F4 is the Clifford group [(4) 3.1] and 

*S(H) denotes the quaternions of norm 1. It can now be verified that the 

composite homomorphism 

$(H) -> Spin(4) —> SO(4) 

defines the natural action of $(H) on R4 = H given by left multiplica¬ 

tion. f In other words 

y{s)yy{s)~1 = sy (s e S(H), y e R4). (4.2) 

If we give &(H) the anti-podal involution then y is not compatible with 

involutions, since the involution on the even part Cl is trivial. 

t We identify 1, i,j, k with the standard base elt e2, e3, e4 in that order. 
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Regarding Cliff(_R40) as embedded in Cliff(i?4>4) in the natural way 

we now define the required map v by 

v{s,x,y,n) = (s,x+isy,r]{s)n). 

From the definition of w it follows that 

7i(s)w = —v(~s) 

and so r)(—s)n = rj(—s){—wn} = y(s)h = r](s)n, 

showing that v is a real map. Equation (4.2) implies that 

r]{s){x,y)n = (x+isy)y{s)n, 

showing that v is compatible with the module structures. Thus we have 

established the existence of the diagram (4.1) and this completes the 

proof of Lemma 3.9. 

The definitions of M(p, q) and A{p, q) given were the natural ones from 

our present point of view. However, it may be worth pointing out what 

they correspond to in more concrete or classical terms. To see this we 

observe that if M is a real (7(FT’9)-module we can define a new action [ ] 

of Rp 1 on M by [x,y]m = xm-fiym. 

Then \x,yfm = {—\\x\\2 + \\y\\2}m. 

Moreover for the involutions we have 

[x,y]m = xm-^iym 

= xm-\-iym (since y = —y) 

= I 

Thus Mr is now a real module in the usual sense for the Clifford algebra 

Cp q of the quadratic form 

Q{p,q) = ly*- 1 xl 
1 1 

It is easy to see that we can reverse the process. Thus M(p, q) can equally 

well be defined as the Grothendieck group of real graded Cp^-modules. From 

this it is not difficult to compute the groups A(p>q) on the lines of (4) 

[§ 4,5] and to see that they depend only on p—q (mod 8) [cf. also (8)]. 

Using the result of (4) [11.4] one can then deduce that 

a: A(p,q)-+ KR^ipoint) 

is always an isomorphism. The details are left to the reader. We should 

perhaps point out at this stage that our double index notation was 

suggested by the work of Karoubi (8). 
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The map a can be defined more generally for principal spin bundles as 

in (4) and we obtain a Thom isomorphism theorem for spin bundles on 

the lines of (4) [12.3]. We leave the formulation to the reader. 

5. Relation with the index 

If $ denotes the Fourier transform of a function f then we have 

A ~A. ~ 

<p(x) = </>(—x). 

Since the symbol a(P) of an elliptic differential operator P is defined by 

Fourier transforms (9) it follows that 

u(P){x,^) = o(P)(x, — £) 

where P is the operator defined by 

P<f> = T$. 

Here we have assumed that P acts on functions so that Pf> is defined. 

More generally if X is a real differentiable manifold, i.e. a differentiable 

manifold with a differentiable involution x m- x, and if E, F are real 

differentiable vector bundles over X, then the spaces T(E), T{F) of 

smooth sections have a real structure and for any linear operator 

P: T(E) -> F{F) 

we can define P: F(E) F(F) bj^ 

P(f) = ~Pf. 

If P is an elliptic differential operator then 

a{P){x,£) = o{P)(x,— t*(£)). (5.1) 

It is natural to define P to be a real operator if P = P. If the involution 

on X is trivial this means that P is a differential operator with real 

coefficients with respect to real local bases of E, F. In any case it follows 

from (5.1) that the symbol o(P) of a real elliptic operator gives an iso¬ 

morphism of real vector bundles 

7T*E 7T*F, 

where tt : S(X) -> X is the projection of the cotangent sphere bundle and 

we define the involution on S(X) by 

(*>£) {*, — t*(£)). 

Note that if r is the identity involution on X the involution on S(X) is 

not the identity but is the anti-podal map on each fibre. This is the basic 

reason why our KR-t\\eory is needed here. In fact the triple 

{7T*E, 7T*F, O(P)) 
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defines in the usual way an element 

[o(P)]eKR{B(X),S(X)) 

where B(X), the unit ball bundle of S(X), has the associated real 

structure.f 

The kernel and cokernel of a real elliptic operator have natural real 

structures. Thus the index is naturally an element of KR{point). Of 

course since if E( point) -> if (point) 

is an isomorphism there is no immediate advantage in defining this 

apparently refined real index. However, the situation alters if we con¬ 

sider instead a family of real elliptic operators with parameter or base 

space Y. In this case a real index can be defined as an element of I\R(i ) 

and KR(Y) -» K(Y) 

is not in general injective. 

All these matters admit a natural extension to real elliptic complexes 

(9). Of particular interest is the Dolbeault complex on a real algebraic 

manifold. This is a real elliptic complex because the holomorphic map 

T; X -> X maps the Dolbeault complex of X into the Dolbeault complex 

of X. If X is such that the sheaf cohomology groups H*(X, 0) = 0 for 

q > 1 ,H°(X, (9) ^ C, the index, or Euler characteristic, of the Dolbeault 

complex is 1. Based on this fact one can prove the following result: 

Proposition. Let f: X^Y be a fibering by real algebraic manifolds, 

where the fibre F is such that 

Hq(F, 0) = 0 (q > 1, H°(F, &) ^ C), 

then there is a homomorphism 

/*: KR(X) -> KR(Y) 

which is a left inverse of 

/*: KR(Y) -> KR{X). 

The proof cannot be given here but we observe that a special case is given 

by taking X = YxF where F is a (compact) homogeneous space of a real 

algebraic linear group. For example we can take F to be a complex 

quadric, as required to prove (3.13). We can also take F = SO(2n)IU(n), 

or SO(2n)ITn, the flag manifold of SO{2n). These spaces can be used to 

establish the splitting principle for orthogonal bundles. It is then 

significant to observe that the real space 

{SO{2n)IU{n)}x R°’2n 

t All this extends of course to integral (or pseudo-differential) operators. 
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has the structure of a real vector bundle. A point of S0(2n)/U(n) 

defines a complex structure of R2n and conjugate points give conjugate 

structures. For n = 2 this is essentially I what we used in § 3 to deduce 

the orthogonal periodicity from Theorem 2.1. 

f In (3.1) we used the 3-sphere (S'4>0. We could just as well have* used the 2- 

spliere This coincides with *SO(4)/f7(2). 
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