Infinitesimal Deformations
of

Singularities

A thesis presex;ted
by
John Michael Schlessinger
to
The Department of Mathematics
in partial fulfillment of the requirements
for the degree of
Doctor of Philosophy
in the subject of

Mathematics

Harvard University
Cambridge, Massachusetts

June 1964



. Introduction

Let A be an artin local ring with residue field k, and let Y
be a flat scheme over Spec A, We may regard Y/Spec A as an (iafinitesmal)
deformation of the closed fibre X =Y Spe}f: ASpec k, with Spec A as the
parameter space of the deformation. If Z/Spec A is another such
deformation of X, we say that Y and Z are isomorphic {(as deformatiouns
of X) if there exists an isomo;'phism Y 3 Z over Spec A which leaves
the closed fibre X fixed. The problem which we wish to consider is the
following: starting from a fixed scheme X over an algebraically closed
field k, find all deformations Y/Spec A of X, for variable A; in other

words, investigate the functor

AVvAy isomorphism classes of deformations
Y/Spec A of X

as A varies in the category C of artin local k algebras. In §3. 3, we
show that if X is proper over k, then there exists a compleie local k
algebra R = Lim R/!;I.ln (with B_/r_r_:n e C), and a sequence of deformations
Xn/Spec (R/m") such that the formal R prescheme % =E§ X,
is tgé "generic deformation" of X; that is every deformation Y/Spec A
(A e C) may be obtained from some homomorphism R —rA by setting
Y= xspe:é RSpec A, and the homomorphism R—¥» A is uniquely deter-.
mined by the isomorphism class of Y/Spec A if the Square.of the maximal
ideal in A is zero.

The i.nvestigation of deformations composes essentially into two parts.
(a) Classify the linear deformations of X (the case where A = k[e]/E_2 is

the algebra of dual numbers. )



(b) Given an arbitrary deformation Y/Spec A and a surjection
B—"A in G, find the obstruction to extending Y to some deforma-

tion Z/Spec B (where we may assume that A = B/J with r_x:AJ = (0)).

In the case of nonsingular X, Grothendieck has shown, in SGA III, that
the set of linear deformations is a vector space isomorphic to HI(X, T)

and that the obstruction in {b) lies in HZ(X, T) xJ, where T is the
k

tangent sheaf to X, The essential point in this (non-singular) case is
that one knows a priori that problems (a), {b) above are locally trivial.
(In other words, if x e X, then given any two deformations Y, Z of X,
there exists an open neighborhood U of x e X suchthat Y| U % z]u,

and in the same way, the obstruction in (b) vanishes locally.) To attack

the general (singular) case, we use the cotangent complex developed in
[G] by Stephen Lichtenbaum and the author. The cotanéent complex
furnishgs coherent sheaves on X (by taking cohomology) which allows us
to "count'" the local deformations, and find the local obstructions to
deforming X. |

The method given here for constructing the generic deformation
is simpler than that outlined by Grotb_eudieck in [4]. It is a direct
generalization of the technique used by Mumford to construct the "formal
variety of moduli" for abelian varieties [T ].

I should like to thank all those who have helped and encouraged me
on this thesis, especially Stephen Lichtenbaum, David Mumford, Oscar Zar;lski.

and, most of all my thesis advisor, John Tate.



Conventions

All rings are commutative, with identity. Ring homomorphisms

preserve the identity, and all modules are assumed unitary.
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81. The Cotangent Complex.

1. 1. Definition of the Cotangent Complex LB/A .

Let A—>B be a ring homomorphism, and write B = P/l where

P is a polynomial ring over A (finitely generated or not), Write
0"‘>R*—i—>F—~j—>I—>0 (exact)
where F is a free P module. Define
N /\ZF—-bR

By X{xAy) = jx.y - jy- x, and let Ro = image \N. Then we define a
three term complex LB/A (depending on P and F) of B modules as

follows: LOB/A =L is the module of KHdhler

_P/A % B (where LQ.:P/A
differentials), Lé/A =F %B R L;,A = R/RO. Thus

d d
2 1
L/ * 0—5R/R0———§F%B ——-sJLp/A%B——»o

where dl' dZ are defined as follows.
2 :
We have the (B linear) homomorphis d : 1I/1"— @B
e have (B linear) hom phism / LQLP/A 2
induced from the A linear homomorphism f“> df of I into L

P/A°
dl' is the composition

FQB Holy .42 4, Jp g5 .

dz is induced from i.

In [Q] the following are proved:
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(1) if B — B!

.

p

is a commutative diagram of ring homomorphisms, then for any choice

of P, R, P', R' we can associate a homomorphism -
P

Ly/a= Lpi/ar
unique up to homotopy.

(2) LB/A commutes with flat base extension; i.e. if A—> A' is flat
and B'=B @® A', then LB/A g Al—> LB'/A' is an isomorphism for
A

suitable choice of LB/A'

(3) LB/A commutes with localization on B; if S is a multiplicative

. -1 .
system in B, thea the map (LB/A)S — LBS'I/A is a homotopy

equivalence.

(4) If A—>B—>C is a sequence of ring homomorphisms, then for

suitable choice of the cotangent complexes we have a sequence

— .
O——sLB/A%C LC/A——b LC/B-——i 0

of complexes of C modules, which is exact, except that L

2

2
B/A
need not be injective.

(5 If B is flatover A, A'—> A a ring homomorphism and- B' = B % A',

then



“3-

Lpa @B —> Lgin

is a bijection, for suitable choice of LB'/A' .

It follows from (1) that the homology and cohomology of LB/ are

A
well defined. If for any B module M we put

il

tiB/A, M) Hi(HomB(LB/A, M))

Ti(B/A, M)

1]

Hi(Lg/y @ M)

For i=0, 1, 2, then we get a nine term exact sequence in homology or

cohomology. For the cohomology, e.g., this looks like
0 0 0 :
0—T (C/B, M)—™T (C/A, M) —> T (B/A, M)
(6) -—-)Tl(C/B', M)—-)TI(C/A, M) ——>T1(B/A. M)
2 2 2
—T(C/B, M)—>T"(C/A, M) — T(B/A, M).

where A—>B —> C is a sequence of ring homomorphisms and M is a
C module. One has also, for fixed B/A and any exact sequence
05SM'—>M—5>M"-—30 of B modules, a correspondirg nine term exact

sequence in homology or cohomology.

1.2, Flatness,

We shall give here two criteria for the flatness of a "deformation™.
Recall that if A is a ring and M is aa A module, we say that M is flat
over A if Tor?(M, N) = (0) for any A module N. From S.G.A.IV,

Cor. 5.5, we have the following:
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b

Proposition 1, Let A be a ring, J a unilpotent idealin A, and M an A

module. Then the following are equivalent:

(1) M/IM is flat over A/J, and Tori(M, A/J) = (0
(ii) M is flat over A.
Corollary, Let A be a ring, J. a nilpotent idealin A, P aflat A
algebra, I an ideal in P, and put B = P/I. Then the following are
equivalent:
(1) B/JB is flat over A/J and I N JP =1J.
(2) B is flat over A.
Proof. We need only observe that
A _
Tor (B, A/J) =(1n sR)1I.
Definition. If El——-)E and EZ—) E are ring homomorphisms we define
E; x E, as the set of ordered pairs (x, y) e E, xE, ‘having the same
E
projection in E. El ;; EZ is the fibred product in the category of rings,

-

and Spec (El x EZ) is the fibred direct sum of Spec El and Spec EZ]
E .

in the category of affine schemes,

'ProEosition 2.




Let A,, A, berings, J a nilpotent ideal in A}, Ay = A/T and.
t=L2 .

A,—>A, a morphism. Let B; be a flat A; algebra, and put B, =
A

[
B, ® A;. Let B;—>B; be an A, morphism inducing BI/JBI—-—?BO.
A
2
Then B =B

1

1 EBZ is flat over A=A1:A2.

° o
Proof. If we write B, = PZ/IZ where P, = A,[X] is a polynomial ring
over A,, then B, = P, /I, B, = Pl/Il with Pg= Ag[X] and P,=A,[X]:

Clearly P =P, )EOPZ = A[X], B/(J x 0)B =B,, P/Il x I, =B. Now

Po

JI, =JP; N I, by the corollary to Proposition 1, so that (J x 0)PN II§IZ

(JIII) x0=(JxO0}P- (I1 é IZ), and B is flat over A, by the same corollary.

1. 3. The Cotangent Complex and Affine Deformations.

1. 3.1 Simplicity,

We recall the following definitions and facts from SGA II, I,
Definition 1. Let B be an A algebra. We say B is simgle over A if

(i) A is noetherian, Bis a localization of an A algebra of finite type and
(ii) B is flat over A, with fibres (absolutely) sitbple. Cx_.‘;.‘»cu.f 7.
Definition 2. Let A —»B be a ring homomorphism.

We say B is formally simple over A if for every A “algebra

C and nilpotent ideal J in C, the map
HomA(B, C)— HomA(B, c/J)

is surjective,
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Definition 3. Let B be a noetherian ringand 1 an ideal in B. We say

B/1 is a complete intersection in B if I may be generated by a B

sequence. We say B/I is locally a complete intersection in B if (B/I)p

is a complete intersection in Bp for any prime p in B,

If B and C are A algebras, with B = C/l then we have an exact

sequence

2 d
(*) 1/1——->JLC/A%B——+..Q.B/A——)0

Then we have the following:

Proposition 3. (SGA II)

Suppose in the above (¥) that A is noetherian and C is a localization

of an A algebra of finite type. Then

(i) (Jacobian Criterion) If C is simple over A then B is simple over

A if and only if d is injective and J).B /a is alocally free B module.
3

(ii) If B is simple over A, then C is simple over A if and only if

B is locally a complete intersection in C.

Proposition 4. [] Let A be noetherian and B a localization of an A

algebra of finite type. Then the féllowing are equivalent

{i) B is simple over A.
(ii) TYB/A, M) = (0) for all B modules M.

(iii) T}(B/A, k(p)) = (0) for all residue fields k(p) of primes p e Spec B.

Proposition 5[C]. Let A—>B be a ring homomorphism. Then B is

formally simple over A if and oaly if TI(B/A. M) = (0) for all B
. i



qyodules M,

Proposition 6. [ 6]. Let C be a noetherian ring, and I an ideal in C,

B = C/I. Then the following are equivalent:

(i) B is locally a complete intersection in C.
(i) TXB/C, M) = (0) for all B modules M.

(iii) T3(B/C, k(p)} = (0) for all primes p in Spec C.
As a corollary we have

Proposition 7 [§]. Let A be noetherian and B a localization of an A

algebra of finite type. Then the following are equivalent

(i) For some representation B = C/1 with C simple over A, B is locally
a complete intersection in C.

(ii). For every representation as in (i), B is locally 2 complete intersection
in C.

(iii) TZ(B/A, M) = (0) for every B module M.

Under the equivalent conditions (i’). {ii), (iii) of Proposition 7, we say

that B 1is locally a complete intersection over A,

Proposition 8. Let A be noetherian, and B a localization of an A algebra

of finite type. Write B = C/I with C simple over A. Then we have the

exact sequence

Hom () M) —>Hom (I, M) —T1B/A, M)—>0

C/A,

and the map T2(B/C, M) —»T>(B/A, M) is a bijection.
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b

1.3. 2, Algebra Extensions,

We note that if A—»B is a ring homomorphism and B = P/I

with P a polynomial ring over A then

t%B/A, M) = Homp(fly 4. M) = Dez (B, M)

TI(B/A, M) = cokernel Homc(,_n_,c/A, M) —> Homc(l, M) C-=
(The second equation holds also if P is only formally simple over A,)
Definition. Let B be an A algel;ra, and M a B module,
Definition. By an extension of B/A by M we mean an exact sequence

(E) : 0>M—3E_dyn—Ho

where E is a (commutative) A algebra, j is a2 homomorphism of A

algebras, and M is regarded as a square zero ideal,

. .y
Let (E): 0—M -1, E'-—-“—) B—>» 0 be another extension. We
say that (E) and (E'}) are isomorphic if there exists a homomorphism

6 : E—>E' (of A algebras) which renders the diagram

0—>M —3E -4 5B—0

noode o

0— M-—;T’fE'—j,’?B—b 0

commutative. (8 must then be an isomorphism).

We define the M dual numbers over B to be the algebra DB(M)

(or D(M)) =M + B where (m, b)(m', b') = (mb' + m'b, bb'). The extension

(E) is said to be trivial is it is isomorphic to 0 —M —L~>D(M) ——J—-bB —0
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(m, 0), j(b, 0) = b), i.e. if it has a section B -~y E

§.
1]

1 such that
jeq = id.

We define Ex(B/A, M) to be the set of isomorphisms classes of
extensions of B/A by M. In the diagram (E) above we let [E] denote

the class of (E).
1. 3.3, Variance of Ex(B/A, M).

(a) Change of rings.

B! —— B
+ PR

A'l—— A

Let be a commutative diagram of rings. Let M

be a B' module. We define
p* : Ex(B/A, M) —> Ex(B'/A', M).

Given (E) : 0 —>M —2»>E—l3B 30

then set (p*E) : 0—M T)E' —j-.-'iB'—%» 0

where E'=E x B and i’s (i, 0). (p*E)} may be characterized up to
B! )

isomorphism as the unique extension (E') of B'/A' for which there exists
a "homomorphism of extensions" E'—>E restricting to id), and P on

the two ends.

-
-

(b) Change of modules, Let B be an A algebra, a: M—>M' a

homomorphism of B modules. We define

a, : Ex(B/A, M) —Ex(B/A, M')
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as follows: Given
(E)—> M—iyE JyB—50, then set
(@, E): 0 — M T’ B "? B~—>0

where E!'=E® M'"/N and N is the module consisting of all pairs
(im, -am) for m e M. Define i'm"' = class of (0, m'), m' e M'. (a*E)
may be characterized up to isomorphism as the unique extension for which

there exists a homomorphism E —» E' restricting to @ and id, on the

B
two ends.
We now introduce, in the usual manner, a structure of B module

on Ex(B/A, M). Let V_ :B®@ B—>B, and A M—>M ® M be

B°® M
defined by VB(b, b'Y =b + b' and AM(m) = (m, m). Given two exten-

sions [E] and [E'] in Ex(B/A, M) define

[E+E = (A V3 (E@E] = [V} A, (E®E]

where E @ E' is the obvious extension in Ex,(B@ B, M @ M). Then it
can be checked that Ex(B/A, M) becomes a commutative group, with the
trivial extension [D(M)] =0 and -[E] = @, [E], where a = -idy e
Hom (M, M).
. *
It is also easy to check that «, and p defined above are group

homomorphisms, and that M MEX(B/A, M) is an additive functor from

B modules to abelian groups. Thus Ex(B/A, M) becomes a B module.

1. 3. 4. Extending homomorphisms.

Let p: B—>C be a homomorphism of A algebras, let' M be a
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C module, and let C' be an extension of C/A by M.

N MY
R
A/

(1) There exists a homomorphism p': B—>C' of A algebras such that
joep' = p if and only if p*[C'] (=[C' )é B]})= 0. (By the categorical

definition of the fibred product.)
(2) If C'=D(M) (=CO M) then 8 > (p, 8) is a bijection of DerA(.B, M)
with the set of such p'.

In particular, if 8 e DerA(B, M) then we have an extension {6) in
Ex(C/B, M), obtained by regarding C® M as a B algebra via b« (pb, 6b).

Thus:

Proposition 9. Let A —L3B-95C bea sequence of ring homomeorphisms,

and M a C module. Then the sequence of C modules

0 —>DerB(C, M) -—”DerA(C. M) —.%DerA(B. ‘M)

(3) :
25Ex(C/B, M)—»Ex(C/A, M)— Ex(B/A, M)

is exact.
The proof is left to the reader. S

1.3.5. Let B be an A algebra, and M a B module. If [E] e Ex(B/A, M),

then the sequence A—>E —>B gives rise to a homomorphisra
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p
Homg(M, M) = Tl(B/E. M) —3» TI(B/A, M)
Let id be the identity endomorphism of M then

Theorem 1.
(i) The assignment (E)wWA» p{(id) induces an isomorphism of B modules
a : Ex{(B/A, M) s TYB/A, M)

(ii) If A—®B —>C is a sequence of rings, and M a C module, then

the diagram

Der, (B, M) — Ex(C/B, M) —> Ex(C/A, M) —Ex(B/A, M)

I l ! !

t%8/A, M) —» Tl(c/B, M) —> Tl (C/A, M) —>TYB/A, M)
commutes,

Proof (i). Write B = P/l where P is a polynomial ring over A. Recall

that by definition of Tl(B/A, M) we have an exact sequeﬁce

Der , (P, M) LN HomB(I/IZ, M) —>TY(B/A, M)—>0

Now given [E], we canlift P—>B to u: P—>E and induce a

commutative diagram

® o—ytispntdsp o

lv l: I
£

(E) 0 —M— > E »B—>0

The class of Vv in TI(B/A, M) is independent of the choice of u; in

fact it is equal to p(id), If 8 : E—>E' is an isomorphism of extensions
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then we may choose u': P—3>E' to be 9 eu, sothat v' =V and a is
well defined. Given Vv : I/IZ——>M we can set B (class of V)= };(TH e TI(B/A,M)

and get
8 : THB/A, M)—>Ex(B/A, M)

In other words B sends v to the extension [E], where E is

P/I2 @® M factored cut by the submodule of elements (x, - v(x)), x e I/IZ.

We leave it to the reader to check that @ preserves the module

structures and that B 1is the inverse to (a).

ii) Also left to the reader.

Remark. Theorem 1, together with observation (1) of §1. 3. 4 proves tﬁat
B is formally simple over A if and only if 'TI(B/A, M) = (0) for all B

modules M.

Convention. From now on we shall identify o[E] with [E], and write

(E] e TY(B/A, M), etc.

1. 3. 6. Affine Deformations.

Definition. Let A -—>B be a flat ring homomorphism, and let A' be a
ring such that A = A'/J with J2 = (0). By a deformation of B/A to A'
we mean a flat A' algebra B' together with a morphism B'—»B inducing

B'/JB—”B. In other words a deformation is a product diagram



-14-

- B'--->B .
Flat e TFlat

'
A'—> A = A'/J

Let Def (B/A, A') be the set of isomorphism classes of deformations.
Note that if B!

is a deformation, then J & B'—JB' is an isomorphis m.
A!

Thus we find by the corollary to Proposition 1 that if A' = DA(J) (= A &)
then the map

[B']vvm [0 —J® B —>B'—> B—> 0]
A

B -
is a bijection of Def (B/A, D(J)) with T (B/A, J@ M).
A

Now consider the situation

B

o T Flat

A' —3 A = A/

where Jz = {0).

We have an exact sequence

0 —1YB/A, T@ B)—3>TYB/A", J@ B) —YTl(A/A', T © B)
A A A

2,1%®B/A, I B).
A

Note that TI(A/A'. J®@B) = Homg(J ® B, J ® B) has a distinguished
A A A
eleinent ® corresponding to the identity endomorphism of J

@B (or to
A
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®

the image of [A'] in
T‘(A/A', I ——-)TI(A/A', J ® B) ) ,
A

Theorem 2. There exists a deformation of B/A to A' (i.e. Def (B/A, A") #

g) if and only if (1) = 0.

Proof. The question is whether there exists an extension

(E) 0™J@B—9E-33B—0
A

in TI(B/A', J ® B) which is actually a deformation of B/A to A'. To
A

be precise, there exists an injection

p : Def (B/A, A') —>T(B/A', J® B)
A

defined as fullows., Given a deformation B'-—.-gy B, we have isomorphisms

J® B'—>>J@B, and J® B'—» JB'. Set
Al A A’

-1

tos
>B'—E3B—0.

p[(B'] :0—>J® B
A

We claim that [E] is in the image of p if and only if v[E] = 1.
In the first place, given an extension (E) as above we have a sequence

of maps

I®@ E-231@B-23JECSyIeB
A A A

where a is induced from j, and b is induced from I —JE ; the

inclusion ¢ results from the fact that the image of JE in B is (0). The
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€

reader may check that ceb = v[E].

Now if [E] = p[B'], then

I

=g, b= tos-l, c= set-l. so that

ceb= 1, Conversely, if cob

1]

1, then ¢ and bea are bijections,

so that E is a deformation.

Remark, The obstruction J3(1) may be obtained more explicitly, but less
canonically as follows, Write B = P/l where P is a polynomial ring
A[X]). Put P'= A'[X]. .Iet K be the inverse image of I in P'. The

exact sequence 0—>JP'—>K-—>1—>0, and the map T :JP'—J® B
A

induces the exact sequence

0—J@ B—K/JK—»1—0
A

of P modules. Now the existence of an ideal I'< K such that P'/I' is

a deformation is equivalent to the existence ofan h: K—>J @ B such that
A

h lJP' = . (Then we could put I'= {x t+y l xeK, My-= h’_{}) In other
words the obstruction is exactly the image of 1 under the connecting

homomorphism
HomP(J’ ®B,J® B)—/ Extll)_(l, J @ B)
A A A

Now in general, we have TZ(B/A, M) Eft-‘;;

M, and one checks thatthe image of X is actually in T"(B/A.. J ® B).
’ . A

(I, M) for any B module
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82, Deformations.

2.1. Preliminaries.

2.1.1. Extensioas,

Definition 1. Let X—>» S be a morphism of preschemes. By an

infinitesmal extension of X/S we mean a closed immersion X &> X!

over S, defined by a nilpotent ideal in I in (o4 If Iz = (0), we say

.
X' is a square zero extension of X/S. A morphism X'—> Y' of two
infinitesmal extensions is just an S morphism which reduces to the

identity on X. Thus we have the category of infinitesmal (resp. square

zero) extensions of X/S.

Definition 2, Let £ : X—>Y be an affine S morphism, and let X X!
be an infinitesmal (resp. square zero) extension of X/S. Then Y &% Y' =
Y J)JE X' is aninfinitesmal (resp. square zero) extension of X/s, denoted

by f (X"). (Here 6Y' =f, O'X' x O,Y

f*e'x is the sheaf given by

O'Y.(U) = f* 6Xl(m X o

f*elx(U) Y(U) for U open in Y.)

Note that a square zero exteansion of X/S is just an exact sequence
. i j
(8) : 01— € 1y Oy—0

where I is. an UX module and j is a homomorphism of sheaves of

Oé modules. We define two such extensions (E,)‘ and (af) to be
isomorphic if there is 2 homomorphism a : £—€ which reduces to the
identity on both le and I. (o must then be an isomorphism.) Given an

dX module I we define the dual I numbers over X to be the prescheme

(X, O’x © 1) denoted by Dy(I), or just D(I) if no confusion can result.

= -
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3

Thus we have in particular the extension
: — —y
(Dy(:0—=>1—>0, 01 >0 —>0.

The extension (&) is isomorphic to { Dx(.')) if and only if there is a

section j'.: O’x-) E such that jej' = identity,

Definition 3. Let X—>S be a morphism, and I a sheaf of O’X
modules. We define Ex(X/S, I} to be the set of isomorphism classes of '
square zero extensions of X/S with kernel I, using the above notion of

isomorphism.

Remark, If X' and Y' are two square zero extensions of X/S,.both

having the same O;( module 1 as kernel, then an isomorphism « : X' —>Y!

in the category of square zero extensions of X/S is not an isomorphism

of square zero extensions with kernel I, unless o leaves 1 fixed.

Thus we find, exactly as in the affine case, that Ex(X/S, 1) is an
abelian group, and that 1wy Ex(X/S, I) is an additive functor from OIX
modules to abelian groups. (Esp. Ex(X/S, I) is a [7(X, O;() module, )

Further:

Proposition 1, Let X LBy
. \1 ,Lq
YA

be a commutative diagram of preschemes with p affine. Let I be an

O;( module, Then there is an exact sequence

0—%Dero,y(0'x. nH— Dere,z((s‘?(., l)——n?ero,z(e’y. Pxl)

M —?-n:x(x/y. 1) 3%y £x(X/Z, ii —?ié,zx(y/z. P&l)
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&

(Der stands for the global sections of the sheaf of derivations, @ is the
obvious globalization of the coboundary homomorphism defined in B1. 3. 4;

the rest of the maps should be self explanatory). .

Proof. Straightforward checking. Finally we shall need the following

on flat change of base:

Proposition 2. Let X—>5 be a flat morphism, T—> S an affine morphism,

and Y;X>scT. Let J be an UY module.

P

Flat

H e =

J

N ¢ %

Then

Py : Ex(Y/T, J) —» Ex(X/S, p,J)
is a bijection. (p(F) = Fy X, for Fe Ex(Y/T, J)).
Proof, Let a :p*p*J—-bJ’. If (€£) e Ex(X/S, pﬂ, then (88’ GY) e

X

Ex(Y/T, p*p*l) by flatness, Define

q* : Ex(X/S, p,J)—>Ex(Y/T, J)

*
By q [8] = “*[Eg Gy] .
X
We claim gq* is the inverse to p,. In fact, we have, for [6] e

Ex(X/S, PyJd» [3—']e Ex(Y/T, J) homomorphisms

e - P*‘I‘e
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and

Q*p, F — F
which are easily seen to be isomorphisms.

Note that by EGA I, 5.1.9, a prescheme X is affine if and only if
xred is affine. Thus if S=Spec A, X = Spec B, and I = M where M is

a B module, then
Ex(B/A, M) = Ex(X/S, I).

§2.2.1. Formally principal homogeneous spaces,

Let C be a category in which products exist; let P be an object
of C and G a group object. We say that G operates on fhe right of P
i‘g/there is a morphisra 7 : P x G—> P having the obvious properties,
{i. é. inducing, for eacl.'x object T a group action of G(T) on P(T) ina
way éompatible with morphism Tl-—->T.) We say P is a formally
principal homogeneous space if the morphism (T, pr 1) :PxG—>PxP

is an isomorphism,

Now let X —>»S be a morphism, and let C be the category of square

zero extensions of X/S. If Ye . (C) has kernel 1 we define a morphism~
NN TN

T, : Y— YU D(I)
Y X

in C (or: (O"XQI) xQxO'Y"—)O'Y)- By )

(f+g, )y »>gt+h

For fe O;((U). gel(U), he O’Y(U), U openian X.
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.

Proposition 2.

(i) TrDaynakes D(I) a commutative group object in the opposed

category _Qo.

(ii) If Y e (C) has kernel I, then 'ITY makes Y a formally

principal homogeneous object under D(I), in _(._3‘.
Proof. §_° is just the category of algebra extensious
(€) 0—1—>ESC,— 0

so we work with these. The inverse mapping O'D—> O’D is given by
(f + g) W (f - g), notation as above. If & e C has kernel I, the

diagram

81) x &
("Dy Sy \e'_
O, x &, x, £ E

=

0 a/‘e.
D&
X

is commutative, since (gl + gz) +h = g, + (gZ + h}(gi e I{U), hie {(U), lj'opf:lg

Thus we see that O'D is a group object, and that 8D x-&—>€isa

group operation. The fact that O‘D x £E—Ex E is an isomorphism
(o2 X :
X
may be easily checked by taking sections over an open. U.

Corollary. Let C' be a category in which products exist. Let F :_Q°—>_Q'
be a functor which commutes with products, (i.e., F is a contravariant

functor from square zero extensions to C' such that F(Y _l)!.(. Z)—3F(Y) x F(Z)
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is an isomorphism). Then for any sheaf I on X,
(1) F(D(I)) is a commutative group object.

(2) If Ye (C) has kernel I, then F(Y) is a formally principal

homogeneous object under F(D(I)).

2,2, Formal Theory of Deformations.

2.2,0. Throughout this section 2,2, we shall assume for convenience that .
all preschemes are locally noetherian schemes, and that all morphisms

are locally of finite type. According to the results quoted ian 81, 1, the
functors Ti globalize; given a morphism. X—>S5 and a coherent sheaf F
on X, Ti(X/S, F) is a coherent sheafon X, for i =0, 1, 2. In order to
globalize the exact sequence (6) of §1.1 we shall need to consider the

following situation:

(1) F, X -15v

N/

S

Let f: X—>Y be 2 morphism over S, and F a coherent O‘X
module., Let (Ul) be an affine open cover of Y, where Ui = Spec Bi
lies over Spec Ai C S, and let Vl = f-l(Ui). Let Li be a cotangent

complex for Bi/Ai and set
T(Y/s, F)| v, = H)(Hom Sx(f*l‘i’ Flv)) .

j=0, 1, 2. According to _P.17 (1),(3) of 1.1, these glue together to

form a coherent sheaf Tj(Y/S, >F) on X, and thus we have an exact sequence
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0 -—)TO(X/Y. F)foTo(x/s, F)——’»TO(Y/S, F)
(2) —-)Tl(x/y, F)ﬁTl(X/S, F)——»Tl(Y/s, F)
—»T3X/Y, F)—>»TX/S, F) —>T%(Y/s, F)

or coherent sheaves on X, for any diagram such as (1).

Now let A—3B be a ring homomorphism, and M a B module. In
view of the commutative diagram oR P-ll of 81,5.5, we know that the iden -

tification Tl(B/A, M) = Ex(B/A, M) commutes with localization.
Thus if we are given a morphism X—>S and a coherent O;( module

F, we. find that

(3) TI(X/S, F) = sheaf of germs of extensions of X/S by F, where

the right hand side-of (3) is the sheaf assoiated to the presheaf

U vy Ex(U/S, F/U), U open in X.

In particular, given an extension [€&] €Ex(X/S, F) we may associate
with it a section {[E] of TI(X/S, F) whose restriction to affine U C X

is the class of & |U. Thus we have an "edge homomorphism".

(4) £ : Ex(X/s, F)—> HO(X, thx/s, F))

called the local class map.

2.2,2. Iunfinitesmal extension of morphisms.

Consider a commutative diagram
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5 X £ .
(-) N yel>z

b=

where i:Y &% Z is an infinitesmal extension of Y/S. We denote by

EZ the sheaf of sets on Y whose sections over an open U &< Y are the

extensions of flU to ZlU: —

(6) EZ(U) = {g:Z\U-—-)XlgoilU=flU}

On the other hand, given any coherent sheaf J on Y we have the

exact sequence

m  1x/s, n—>1hy/x, n—tly/ss, ) —2sThx/s, )

Proposition 3. Suppose in diagram (5), that Z is a square zero extension

of Y/S with kernel J. Theo

(i) EZ is a formally principal homogencous sheaf under TO(X/S, J)
{ = Hom (f*.QX/S, J).
(ii) Let c°= a, [Z] e H°(Y, TI(X/S, J)), and let ye Y. Then

(_r_:z)y # 4 if and only if c; = 0,

(iii) If c° = 0, then there is an element c' e H(X, T2(X/S, J)) with

the property that T'(Y, }_.Z) # ¢ if and only if cl =0,

In (ii), (resp. (iii)) the condition _1:_:7; # 4 (resp. T'(Y, g:z). # 4)
means that f can be extended to Z}U for sufficiently small U 3 y (resp.

f can be extended to Z).)

Proof. (i) Let C be the category of square zero extensions of Y/S and
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.

C' the category of sheaves of sets on Y. Then the functor Z Vv\—»_}g‘z‘

from C%°—5>C!' clearly satisfies the hypotheses of the corollary to
Proposition 2, suo we have only to identify ED where D = D(J) = OY @ J.

J). Now an

. D - 1o *
It suffices to show that E7(Y) = Ho(Y, Hom x(f ‘D"X/S’

extension of f to D is just a section h of Pr

1° DxX-—>D such that
S Y
~ i v\ o
wip-7 DEX St T Oy
..’ \\ J ]
Rt . \ \/
o j /:f. i) Comad oD L
Y 4 Dy N

0

commutes. Let h0 be the section of Dx X—>D deduced from the
S

canonical section } ¢:D--9Y of i, and let 1 be the ideal in O’D :sc X

defining hg. Then since JZ = (0), any desired section h must factor

through D'=(D, O+ 1/1%):
g,ﬁ——-—m o

Op—hlr_ CD®O§ Cx
_.--.7 D!

J/x)' Jec=F

Thus the desired sections h' are sections of O'D——" O,D" and may be

identified with Hom b (I/IZ, J) = Hom o A (i*I/Iz, J). On the other hand
D Y
ho :D—D g X is dedwed from the diagonal section X -—>X g X of
Pr,:X x X—»X by the base extension g, : D—X (gy = foj) so that
2 . 2
% = % = f*
go(ﬂ,x/s) I/1°, and i*I/I1° = f nx/s. Q.E.D.

(ii) We know that for S = Spec A, X =Spec B, Y =Spec C and Z =Spec C":
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c >ct

=

H>—>

The obstruction to lifting B~—> C té6 B—3C' is [Bx C'] e TI(B/A, I .
C

But [B x C'] = «[C']. Hence the result.
C

(iii) This follows from the general theory of formally principal homogeneous
spaces., Let G = Tﬁ()X/S, J). For a suitable open cover (Ui) we have

2 . : 9ij _
f, e E°(U,). Then there exist o3 = G(U, N Uj)' such that (filUij) =

fleij' (oij) is the cocycle c1. ( (iii) may also be reasoned out from

the exact sequence (7)).

Remark, It seems that the obstructions ¢® and c¢' should be subsumed
in a single obstruction lying in Ex(X/S, f4J). However we cannot see how

to find one there unless f is affine,

2.2,.3. Deformations,

Definition, Let X-—>5 be a flat morphism. Let SC—> T be an

infinitesmal extension of S (over Spec 2). By a deformation of X/S to
T we mean a flat scheme Y over T, together with a closed immersion
X € >»Y over T inducing X <, Y 3} S. In other wads, a deformation

of X/S to T is a product diagram

XY

l L flat

Sc>»T

Two deformations are isomorphic* if they are isomorphic as product

diagrams. Define

x
Any T -morphism Y, —>Y, of deformations which reduce to the identity
on X {8 an isomorphism. )
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B

Def(X/S, T) = Set of isomorphism classes of deformations,

Def(X/S, T) = Sheaf of germs of deformations

= Sheaf associated to the presheaf U ™m— Def(U/S, T),

U openin X.

If Y is a deformation, we denote its class in Def(X/S, T) by [Y].
We have the usual map £ : Def(X/S, T)— H°(X, Def(X/S, T)) which

assigns to each deformation its local class.

If Y is a deformation of X/S to T we denote by AutT(Y/X) the
group of automorphisms Y reducing to the identity on X, and by
AutT(Y/X) the sheaf U vwAut T(Y]U/X). As a corollary to

Proposition 3, we have:

Proposition 4. Let T be a square zero extension of S with kernel J,

and let Y be a deformation of X/S to T. Then there are canonical

isomorphisms
Aut (Y/X) ¥ HO(X, TO(X/S, Jo® O%)
Aut (Y/X) = TO(X/S, J@ &)

Now let X be flat over S, let T, and T, be infinitesmal

1 2
extensions of S and let Yi be a deformation of X/S to Ti(i =1, 2).

According to Proposition 2. of §1. 2, Y, Lo Y, isa defor mation of X/s
X

to Tl_% TZ' On the other hand, if Y is any deformation of X/S to

TI.I.L Tz which pulls back.to Y. by T,—> T, i T,, then we have a
S 1 1 1 S 2 i
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¢

morphism Y1 _1)15 YZ—-—‘fY over '1‘1 J_é_ TZ which must then be an isomorphism.

A similar argument holds for local deformations. Thus the functors

T iy, Def(X/S, T) and T Wba%_f_(x/s, T) commute with fibred direct
sums, We conclude by the corollary to Proposition 2 that if T is an
extension of S with kernel J that Def(X/S, T) (resp. _D__?_f_(X/S. T)) is

a formally principal homogeneous space (resp. sheaf) under Def(X/S, D(J))

(resp. Def(X/S, D(J)).

On the other hand the map
Yo [0 J@ Oy — Oy — Oy — 0]
and a similar map for the local deformations produce maps

Def(X/S, D(J)) — Ex(X/S, O’x ® J)

(8)

Def(X/s, D) — Thx/5, Of @ 1)

which may be shown to be isomorphisms, commuting with the respective

"local class" maps £ .

Now let X—>S be a morphism, and I a coherent sheaf on X.

We claim that there is an exact sequence
(9 0—ulx, T°(x/s, 1> Ex(x/s, D> HoX, T!X/5, D)L HIX, TAXS,D

The sequence (9) actually follows formally from the fact that if - ( €) is an
extens:ion of X/S by I, then G = To(X/S, 1) iscanonically identified as the
sheaf of automorphisms of £ (leaving I and O‘x fixed). We outline

briefly the details,
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To define T, let (U;) be a covering of X by affine opens, let
g = (oij) “"be a fech one cocycle for the cover (Ui)' Let £ be the sheaf
of algebras obtained by patching together the sheaves 8i = D(I))Ui via

the transition isomorphisms
[l
o;5: D(D lUi N u; = D(I)\Ui N u;

Set 7 (class (o)) = [E]. Then T is easily seen to be an isomorphism of

HI(X, G) onto the subgroup of "locally trivial extensions of X/S by I.

£ is the "local class" map, as above. To define p, let he HQ(X/S,TI(X/S,I)).
Then for a suitable affine open cover (Ui) of X, h correspounds to a

collection of extensions €i of X‘Ui over S by IIU: Since h is a

global section, there exist isomorphisms 95 E’i\Ui N Uji) 63\ U, N . Uj.
Now the 8i patch together (i,e., h is in the image of L) if and only

if we can find new isomorphisms o{j which satisfy the transitivity

condition ol.e 0!, =¢' on U, N U. MU,. Sucha o¢'. will have the form
ij ik ik i j k ij

] -
(10) oij = O’ije eij

where eij e _(_}(Ui N Uj) is an automorphism of E‘i\Ui N Uj' and

conversely any one cochain 0 = (eij) defines a o{j via (10). The transivity

condition (10) now reads

-1 _ -1 -1
{11) oij’ ejk’ eik = 05 cjk ° oij on Uijk

But the right hand side of (11) is an automorphism of - ei‘Uijk' i.e.
an element of E(Uijk) which is seen to form a two cocycle o = (oijk) of
G whose class in HZ(X, TO(X/S, I)) is independent of the choice of

the isomorphisms oj We define p(class—of h) = class of g. Recalling

ii°
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[

thég addition in G corresponds to composition in Aut, we see that equation ’

(11) may be written
(12) §6=o0

Thus the exactness of (9) follows. (We leave to the reader the chore of
proving that the maps T, p are independent of the coverings (Ui)

choseén.)

We now consider the problem of existence of deformations, Suppose

we are given a diagram

X

flat i

S > T

where T is a square zero extensxon of S with kernel J. Put I =

O' @J’ and G =T (X/S I)c. We have an exact sequence

(13) o —1Yx/s, n—ThX/T, D—>T YA, 1) 2, Tz(x/s_, )
Wheré”» Tl('r/s. 1) =Hom _ (L, D. mEl s

Let de HO(X. T (X/S ‘I)) be the correspouhng 1dent1ty sectmn.
\5)
By Theorem 2 of £1.3) the element C¥ 2 = 3,2 HO(x. t3(x/s, 1)

is exaetly the obstruction to the existence of a. loca.l deformatmn. (In

"other words é: Z_o0if and aly if Def (X/S, T) 7’= ﬂ . where “x e X.)

u ‘,‘60' 2. 0, then Def(X/S, T) is a formally principal homogeneous

space under TI(X/S, I) which is locally grincigal (i. e. non empty), and

1,1

therefore we get an element C ’ in Hl(x. Tl(X/S, T)) which _vanishes
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if and only if HO(X, Def(X/S, T)) # ¢ . (The latter condition means that
there is a global germ of a deformation, i.e., a cover (Ui)' deformation
Yi of XlU and isomorphisms Y, lU ——? Y IU

Finally if C 9,2 and Cl’ 1 are 0, we have an "exact'" sequence

Lr Pr 2
(14) Def(X/S, T) — Ho(X, Def(X/S, T)) —> H"(X, T°(X/s, 1))

which "commutes" with the sequence (9). For he HO(X. _l_)_gf_(X/S, T)) '
we have that -z,-rl(h) is a formally principal homogeneous space under
Hl(x, TO(X/S, 1)} , and C%* O(h) = pofb) = O ifand onlyif £7'(n) # 4.
1 c»2=cl'l-0, and c%%h) = 0 for some h, thea Def(X/S, T) is
a principal homogeneous space under Ex(X/S, 1) = Def(X/S, D(J)). Note

that the image of pp must be a coset of the image of p in (9).

We collect these details in:
"Theorem l. Given a diagram

x -

flat l

Se»T ‘ s

‘where T is a square zero extéﬁéidn'ffdf 'S with kernel J. Putl =J@. G'x.

G
Then s

(i) Def(X/s, T) isa formally principal ho:ﬁoéénéous space under
Ex{X/s, I).
Def(X/S. T) is a forma.lly prxncxpal homogeneoua space under -

(ii) We have a commutatwe" diagram o
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U h N
0 —ul(x, T°(X/S,I))—t—7Ex(X/S,I) f—{H\"(x, tlx/s, 1) L5 H¥(x, T°(X/S, 1)) k\

y) /T

Def(X/S, T) —5 IP(X, Def(X/S, T))

(meaning that 'QT and P commute with the appropriate group operationé)
where the top row is exact. For h e H°(X, Def(X/S, T), 2 ,}II(h) is a

formally principal homogeneous space under HI(X, To(X/S, I),
(iii) If we form the exact sequence
1 1 1 ° 2
0-—>T (X/S, )—>T (X/T, I)—T (T/S, 1)—T“(X/S, I)

and let Jl be the distinguished element of T (T/S, I) = Hom@{(l I)

0,2 _

corresponding to the identity homomorphism, then C™* D.(1) e

H(X, Tz(X/S, I)) is zero if and only if Def(X/S, T) is locally non empty.

(iv) If G2 2 =0 then there exists a C!*! e H!(X, TY(X/S, T)) such that
c's! = 0 if and only if HO(X, Def(X/S, T)) # 4.
(v) 1 c 2=cll=o0, then Def(x/s, T) # # dand ouly if ¢4 %) =

pT(h) is zero for some h e HO(X, Def(X/S 'I‘)).

Rem'ark"l It seems here again that the obstructions c%*2, c®%. d o

1,1,

C : ought to be subsumed in single obstruction Cz lying in a global

Ex (X/S I), aud that, even more, there should be higher Ex" 's and T 's R

and a spectral sequence

Hp(x; 'rq(x/s, 1) @ Ex“(x/s. 1)

genera.hzing (9) In fa.ct. 1.£ A -—? B isa rxng homomorphism. then o

T (B/A M) ma.y be lnterpreted as g certaian "two term extensions" of B/A..

~ ‘_v.« -
.
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by M, and this interpretation gives a candidate for ExZ(X/S, I)}). We

hope to clear up these matters in the future,

Remark 2, The sequence in (ii) above is our only control on the size of
Ex(X/s, 1). Tl(X/S, I) may be conveniently computed by imbedding X

in 2 simple scheme over S.’
Remark 3. In general we have exact sequences

(a) 0 -—rrl(x/s.r) “"Eﬁlex(ﬂx/s' I)—> Homox(Tl(X/S, (3)‘(), 1)
() 0 —T14X/s, 1) > E__:__xtla,x(K/KZ, )— Hom 5 (TX/S, O%), 1)

where in (b), K/KZ is the conormal sheaf defined by an immersion

X ©€» Y into a simple Y/S, with O‘x = (3.;,/1(. Thus if S is integral,

X 1is reduced, X—>» S is generally simple and dominant, then TI(X/S. I) =
1 2 2

_Ext SX("Q‘X/S’ I) and TH(X/S, I) = EXt&Y( O’x. I) (see [()). The sequence

in (ii) then becomes the first four terms of the spectral sequence

HP(X, Ext (fhy /s D) =9 Extly (O'x /‘5._1‘\):1{ i

~However Exto_, (K/K » 1) is frequently not equa.l to Exta,. ("Q'X/S’ I).

‘even Lf S= - Spec k, where k is a field, - . :
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83. Formal Moduli.
3.1. The category C ..
gory =Zp "

Definition 1. Let A\ be a complete noetherian local ring, with maximal
ideal p and residue field k = A/p. We define EA to be the category

of all local /\ algebras A such that
(i) A is an artin local ring.
(ii) A is a finitely generated /A module,

"eii) k= A/p —> A/r_x_mA is a bijection, where m, is the maximal ideal

in A.
Morphisms in QA are defined to be local homomorphisms of
algebras, We define §A to be the category of complete local A algebras

A for which A/r__t_)n e _(_Z_A, all n. We shall write C or 6 when uno
A = ‘
A
"confusion can arise. Notice that C is a full subcategory of C.

Note that if AeC, and M is a finitely generated A module,
then~fo.r anyexteusion {81.3) 0>M— E —2>A—>0 of A/A s WE have
that Ee C* sand E—» A isa morptusm in C By an extension of
A/A  we shall always mean one of the above type. where M isa

finitely generated A-module. If E and FV are exteusxons of A/N ,

*More geunerally, if E is any ring, and J is a nilpotent idedl in E,
then the units in E are the inverse images of the units in E/J . and E
is local if and only if E/J is local. '
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and a :EF is a morphism in C, we say @ : E-F is a morphism
over A if a commutes with the projections. (No restriction is placed

on the induced map of the kernels.)

If p: A— B is a morphism in C, and E is an extension of B,

we denote the extension E E A of A by p.(E), as usual.

\

Definition 2. lLet A e 9 have maximal ideal m. A small extension E

of A/A is an extension 0 > 1—>E—» A—» 0 with ml = 0.

Definition 3. We say that a small extension p : E—>A is essential, if
N

whenever @ : F—E is a C . -morphism such that pea is surjective,

then a is surjective.

Since T (A/A ) is aan additive functor, 'TI(A/[\. V) =
@ T (A/A , k) for any vector space V of dimeunsion q. Similarly, it
.is easy to see that any small extension E of A is isomorphic over A

to El x oo XEq for some [Ei] e TI(A/A » k), where q = length E -

»1ength A. The followmg guarantees that essent1a1 extensions exist in

great abundance.

Propos.it‘:}o.n 1. Let A e C have maximal ideal m, andlet E be-a
small extension Ofv.f’, A with maximal ideal n. The following are

equivalent:

(i) p:E—A is essential,

(i) 2/(a® + pE)—2/(m? + hA) is a bije'ction‘.

'I'(ix)bi Every endomorphism of E (over A) is an isomorphism.

(iii) There exist linearly independent [Ei] in T (A/A k) such that
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EgEli"' iEq over A,

s ) . 2e ~)
(ul)biB In every such decomposition E & El X e i E:':1 over A, the

[E{] are linearly independent in TI(A/A. » k).
Before proceeding with the proof, we prove a lemma,

Lemma. Let E=E; x ... x E_~23 A be a small extension of A, where
—_— A" a1

[Ei] e Tl(A/[\_ » K)o Let VE TI(A/A. . k) be the subspace spanned
by the [Ei]' Then

v =ker (Tha/n , 10— THE/A | K)

Proof, Clearly V < ker p¥, since the extension p* [Ei] = [E K Ei] of

E is trivial (pry : E —'-i»Ei induces a section). We prove thereverse

inclusion

(1) ker p¥ v

by induction on q = length E - length A,

For q=1, let [E], [FleT (A/A k) a.nd p E—A be the
progecnon. p*[F] = 0 means there is a map « ki E—->F over A whose

restrxcuon to kC E must be multiplication by a scalar. Hence there

exists a e k such that a[E] = [F], i.e., [Fle V.

Now suppose the inclusion (1) is true for all small extens ions

F = Fyx...xF —> B with. r € q. Consider the sequence
; B B ) o B

A

Ploa a2 . x ¥
S A Webave E = pilE)g. - £ P1(EY
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over E;» and p=pjopr,. Let [F]le TI(A/A » k) and suppose p*[F] =
pr’; p*F] = 0. Then by the induction hypothesis, applied to Pry, we know )
that p‘; [F] e Span (p’;[x-:z]. cees p’{[Eq]) = T‘(E/A , k). But the kernel

of p"l= is spanned by [E;] (case q =1), so that [F] e Span([E,],... '[Eq]) =

VYV, and we are done.

Corollary. In the above situation, let m (resp. n) be the maximal ideal

of A (resp. E). Then '
(3) dim E,(nz + ,;E)) - dim E/(mZ + A)) =q - dim, V

K\ A= ISNNUAL I 1 K'*
Proof. This follows from the exact sequence

0 —»Der, (A, k) —¥Der, (E, x) —r THA/E, )

n
—Ttha/A L W THE/A L K

and the equalities

Der A(A' k)

@/ + pa))*

. Dex:A(E, K) ‘(3/(37_& pE))*

THA/E, W) = J*  (E/T=A)

where * = vector space dual,

We now proceed to the proof of proposition 1. By the corollary

above, we have that

(8) € (150) & (siidbis,

(i) =) (i). Let a:F—YE bea mapover A suchthat ps a""isvﬁurj‘?FtiV;?;i

and let x be the maximal ideal of ‘F. The image a(r) of r is an ideal -
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in E; in fact if yer and x e E, there exists z e F such that
x - a(z) e ker p, wheuce a{y){x - a(z)) =0 and xa(y) = a(yz). Ia
particular) pE < a(r). Now, by assumption 1'/&2 + p,tj——-) P./é_z + pE) is

surjective, so we have

alr) + yE+ 0% = o(z) + né=n

Heunce, by Nakyama's lemma, we have a(r) = n. This, together with

~
the fact that F/_I_'_F——)E/_r_l_E. implies that o is surjective,

(i) =» (ii)bis. We need only observe that a surjective endomorphism of

any small extension is an isomorphism,
(ii)bis ﬂ (iii)bis. Let E = E, K cee K Eq be a decomposition of E

([Ei] e Tl(A/A . K)). ’Suppose, say, thai: [El] e Span ([EZ]' . [qu;]) <

TI(A/,A_ » k). Then, by the lemma, there exists a morphism EZ 2. . .iEq—)

‘Erl over A, and hence a morphism E2 K eew 2 E — E, over A,
Composing this last with the projection E—> E,x..cox Eq we get an
endoﬁ:brbhis_mof E which is clearly not surjective, contrary to hypo-

thesi;(s',;. : Q. E.D.

3.2, Funti:utor-s: onA SA'
Let F : _(_:Aﬁ"(sets) be a covariant functor. By a couple for:'-f‘

we meaan a pair (A,‘rl) where A is in SA and 'I'L e F(A). " A morphism

of couples (A, 'rl) (B, 5) consists of a morphism a : A—¥ B in QA

such that F(a)('rl) = 5, If we extend F to a functor F on _e_ A by the

formula $(A) = Lim F(A/n_xz) we may speak analagously of pro-couples -

(A, 5) with A e §A and Se %(A). and morphisms of procouples.
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To any ring R in §A correspounds a functor Fp: Awiy> Hom (R, A),

for A in CA . On the other hand, if F is any functor from CA to

sets, and R is in CA + We have a bl_‘ecnon : Hom (F F)—-—+L1m F(R/m =
F(R)! namely, if T, :R—> R/m" = R, is the projection, then TU e F, r(R )
and we associate to each 0 : FR—-> F the element Lim 6(7_) e ?‘(R). We
N é———- n
therefore say that a procouple (R, &) for F pro-represents F if the
- - -

morphism FR—%F determined by S is an isomorphism. ‘

The '"formal moduli' functors which we wish to consider are in

general not pro-representable but may be "approximated" ian the following

seuse:

Definition 1. Let F : QA—> Sets be a covariant functor, aand let (R, 5)

be a procouple for F. We say that (R, §) is a projective Hull of F if

the following hold:

(Hl): For any A in C with r_g_z = (0), we have Hom (R. A)-‘:—;F(A).

(HZ)‘, Let p: (A, 'Tl)—-%(A, Tl) be a morphism of couples where p A—-> A
is a sur_]ectton in CA . Then any morphism a:(R, 5)—# (A, 1[) hfts to

: (at least one) morplusm B: (R, 5)— (A, 'rl) such that p oB

P sufjéctivé‘

(R; '7_1) commutative.

Remark 1. It follows from the defimtxon that if (R, 5) is a prOJective

hull of F, then the morphmm Hom (R. A) - F(A) is sur;ective for a.ny_
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~ A .
A in C. However we see no reason why the ‘condition (Hz) will also .
be satisfied in the larger category of pro-couples (A, '1(). (Unless (R, &)

actually pro-represents F.)

Remark 2. It is clear thatif (R, §) pro-represents F then (R, §) is

a projective hull of F.

Remark 3. If (R, §) is a projective hull of F, then R is formally
simple over /A (81.2) if and only if F transforms surjections A—>»B

in C into surjections F(A)—>»F(B).

Projective hulls are unique up to non canonical isomorphism. More

precisely

Proposition 2. Let F : C—»(Sets) be a functor, and let (R, &) and

(s, ’Q) be projective hulls of F. Then there exists an isomorphism

a : R—>85 such that 1?‘(&)(5) = "Il.

Proof. Let m=m, and n=mg. Let Ry = R/mk, = S/nk and let
§k. 'flk be the xnduced elements in F(Rk) {resp. F(Sk)) By (Hl)

there exlsts a umgue morphism @, : R—> Sz such that F(az)(é‘.) = '1‘2'
(az therefore induces "'2. :R 3 S Suppose we have found a s R-—>Sk
with F(ak)(g) "lk. Then by (HZ) there exists ak+1 : R—?Sk*_l

such that F(ak+1)(§) "lk+1. Thus by mductlon we geﬁ an a R—-? S
with F_(a)(g) = ’ll, and g induces Rz—‘:>SZ. Takmgasxmdar map
B:S—>R we claim that ae 8 and Bea are isomorphisms In fact

any local endomorphism € of R which leaves R/x_:gz fixed is an

isomorphism (0 is a surjection, since it induces a Surjectiqn ou the grkaded‘"ffl‘

rings. On the other hand, the commutative diagram
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i 0
Tn/erd-l s rgn/r_x_an+l
l’ en-i-l l - 3
Rn+l —_— Rn+i' 0
e |
2 & R —>0

may be chased to show that if 8_ is an isomorphism, thean © is an
n ntl.

isomorphism.)- Thus =B and Bea are isomorphisms, leaving ul and

S fixed, and we are done.

-

We shall see that a necessary and sufficient condition that F have

a projective hull (resp. be pro-representable) is that F be half exact

{resp. exact) in the following sense.

Definition, Let F : QA—».Sets be a covariant functor. We say that

F is half exact if it has the following propvefties

(E) F(K = (e) ( = one point.)

(E;) : For any morphism A—*B in Ca and any small extension

C —B the map !

kY

(%). F(A x C) — F(A) x F(C)
B F(B)

is surjective, and is bijggﬁt;ve if B=k.
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LR

(E;) The vector space F(D) has finite dimension (where D =k[E] /€ 2

is the algebra of dual numbers over k).

.

If in addition, the map (¥) in (EZ) is always a bijection (for any

B in C) we say that F is exact.

(The vector space structure on F(D) comes from (EZ) and

Proposition 2 of §2.1.)

It is clear that a pro-representable functor is exact.
Half exact functors have the following "additive" property.

Lemma 2, Let F be a half exact functor from C to (Sets). Let (A, §)
be a couple for F, and let Vg be the subset of TI(A/A » k) consisting
of the classes of those extensions E —P 3y A for which § e image F(p).

Then Vs is a vector subspace of ’{‘l(A/A s k).

Proof. Let [E,], [E,] e V§ . Then the sum E may be included in a
sequence E, i E,— E—>A. . Hence by condition (Ez). Vs is. closed
to addition. If [ E] e VS and a ek, there is a morphism E —>aE

over A. Hence V5 is a vector space.

We now prove -

Theorem 1. Let F be a functor from [ N to (sets),‘-:f Then thejlfouowing-—
are equivaient;' G S

(i) F has a projective hull (R, §).

{ii) F is half exact.

Proof (i) =% (ii). Let (R, &) be aprojective hull of F, Thenitfollowa
immediately that F satisfies (El) a.nd (E3). To prove (EZ) let
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u :‘(A,k ) — (B, ’I‘Q and v : (C, 8)— (B, 1‘() be morphisms of couples,
where v is a small extension. Then there exists a : (R, §)—> (A,§ Ve

and hence by (HZ)’ there exists B : (R, §)—>(C, 8) with uea = vef.

Prz
axB,,Z (Ag C, T) ? (C, 9)
(R, 8)C B

\ v small
* (A.G) ——F (B,

Hence T = FlaxB)(5) e F(A x C) projects onto ; and 6, Suppose

B=k {whence n-= e). If <T' is another element of F(A )é C) projectirg

onto é and 8, then there is a morphism a xB8': (R, §) — (A i Cc, ™

lifting a (by (H,) applied to pr)). Butby (H,), B'= B. Hewe 7'= T.

L Q. E.D.

(ii) => (i). Suppose F is half exact. Let t.,, ..., t__ be a basis of
. 1 m

F(D)* :(_* = dual) and set RZ = k[tl' cee .tm]/_t_z (=D § cos ﬁ D m timesd).

Let "Eve F(D) be dual to t.. Thenby (E,) there exists a uniqi_xrér“

g = 52 e l:_‘(RZ) which projects onto each 111 |

Suppose we have found R and sn’ Then" (Rn+1:' :Qn‘fu)[ is |
constructed as follows., Let [E 1]. cess [Eq] be a basis for v§n c Tl(Rn/A. k).

If we put Rn+1 = El f{n. .e 1n{:nEq. then by (Ez) there exists - §n+1 e F(Rn+l)
which projects oanto Sn. )

Now by Proposition 1 of 83. 1, each extension 'Rnﬂ—‘» R, is

essential, Hence there exist ideals J_ in S = All tpeeeent 1) 'such't‘hat
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~ - o A . g
R, =5/J, and R=LimR =S/NJ isin C, . Set 5 =Lim 5 e 2(r).
We claim that (R, &) is a projective hull of F. First, we know that

FR(D)—':'—)F(D) by choice of R,. Hence by (E FR(A):> F(A) if

2)’

A=D :lg cee i: D {any number of times). Now to verify (HZ) we may

2°

assume that p : A—Y> A is a small extension with kernel J. There is an

isomorphism

(2
(k%) AxA—>AxD(J).
a k

defined by (x, y) —>(x, Xq ® (y - x)), where xq is the k residue of x.

The morphism a : (R, &) — (A&, 'Tl) factors through (R , '5n)-—>,

(K,\ﬁ) for some n. By (E,) there exists g\ e F(R_ x A) such that
A

Flpr))({) = §, and F(pr,}(3) = 7.

. 3
- u.Rn+1——-——>Rn_:_c_A

‘ i \Rl 9’1; :

Thus by the choice of R

>

=]

Al

at1® and Lemma 1 of §3‘.71‘ l~1r*[Rn§A] =0 in
Tl(Rn+l/A . k);i. e., the1fe exists u : Rn+1—-> Rn.i A over Rn’ Let

B':R—A be the map iﬁdﬁted by composing u with 1258 we have

P°B' = a

Now, using the isomorphism (**) and (Ez) we get a commutative

: diagr am
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Fp(A) x FR(D (7)) ——> F(A) x F(D(I))

v

—
pe—

Fp(A) x Fp{A) ———— F(A) x F(A)
Fr (A} F(A)

where T is a surjection. Let G = Fg(Dg(J)) (> F(Dk(J))—":) F(D) @ J.)
x

The diagram above may be regarded as giving a group action of G on the set
FR(p)-l(a) (resp. F(p)-l( ’?‘l) )- FR(p)_l(a) is a formally principal
homogeneous space under G, while the action of G on F(p)_l(a) is only
known to be "transitive" (the action is free, i.e., (Tl)a= ’T\ implies ¢ =0,

if and only if F(A x A) —» F(A) x F(A) is bijective.) Now counsider
A F(A)

B'e _FR(p‘l)(a) and set F(B')(§) = 1\' e F(_p)'l('r‘l). Since the action of
G is transitive, there exists o e G such that (*rl')o = “1 . Hence if

B-_‘:-. (8"°, F(BIE) = M. B.QFR(p)-l(a). Thus condition (H,) is verified.

Finally, to verify (Hl)' let 0—> J—>A—>k be a square zero
extension of k over /\, and let G = F(Dk(J)). By the above remarks,

we know that F,(A) —>F(A) is a morphism of formally principal G

Fr G
spaces and thatone is void if and only if the other is. Hence FR(A)——§' -

F(A). Q.E.D.

Corollary 1. The projective hull (R, &) pro-represents F if and only if
for each small extension 0 —»J —>A—LESZA—30 in -(-:-A' and each
ﬁe F(A), the group G = F(D,(J)) acts freely on F(p)-l(?‘l) (provided

F(p)-l(‘?-\) _is not empty).
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.

~.

In fact if G acts freely, then the morphism f: (R, S)-—’r(A, 'Q)

lifting a : (R, §)—>(A, "'T\) fouad above would be unique; the corollary

then follows immediately.

Corollary 2. A covariant functor is pro-representable if and only if it

is exact.

Corollary 3. If (R, E) is a projective hull of F then there is a

canonical isomorphism

2 <
R/A——%F(D)

A
of vector spaces, where, for each A e EA' we denote by ZA[A. ) the

Zariski tangent space of A over A :
z = (('—‘:'/mZ + A)* m =m
A/A = TF = =A

§3. 3. Formal Moduli.
We fix the following data. _C_:A is the category of artin local A
algebras with residue field k= A/p, and X is a scheme proper® over

k. Thrkbughout this section we write T for Ti(X/k, O'X). We continue

to denote Zariski tangent spaces by '.‘ZB/A'_' (see Cor. 3 to Thm. 1, 83.2).

3.3.1. We define functors F and G from EA to sets by .o
(1) F(A) = Def(X/k, Spec A) R S
AQQA. ‘ el
(2) G(A) = H%(X, Def (X/k, Spec A))

(See §2.3 for Def and Def.)

* : R :
This assumption is used only to insure that the various functors involved
satisfy the finiteness condition (ES)'
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o 50

~

We call F the formal moduli functor of X/k, and G the formal
local moduli functor of X/k. (Note that if X is simple over k, then G
is the trivial functor: G(A) = (e) for all A e —C-.A .Y If Y is a deformation

of X/k to A we denote its class in F(A) by [Y].

The "local class'" maps define a morphism of functors X : F—>G,
where for each A and each [Y] e F(A), £[Y] is the section of
HO(X. Def (X/k, Spec A)) which determines the local isomorphism class of
Y.

We claim that F and G are half exact. Clearly, (El) is satisfied.
For (EZ)' cousider first the global case (W), Let A—>»B and C—B
be morphisms in _C_A-, where C—>»B is a small extension, and let
[Y] e F(A) and [W] e F(C) have the same projection [Z] in F(B). If
B =k, then Z =X and we may apply 82.3, p. 28 directly (here S = Spec k,
T, = Spec A, T, = Spec C). For general B, we picka Y e [Y], and choose
Z=Y Spe’f: ASpec B. Then we choose W to be a deformation of Z/B to
C. i.e., wecanfinda W e[W] and a closed immersion Z <—W such
that the co_mpdsiti_on Z «DW «DX is the closed immersion @e;inigg Z:
By Proposition 1 of §l.2, V = Y.% W isa deformation of Y/SpecA t‘oi

Spec (A x C) and the morphism W-—>V induces W—>V_ . x ,S%ac C.
B Spec A l:;

(See the diagram in Proposition_'l. §1.2). In particular [V] e F[A lag C]
projects onto [Y] e F(A) and [W] e F(C). Thus (E,) is verified. A
similar argument works in the local case. (E3) then follows from Thm. 1,

82,3, p. 32,

Note: We cannot apply p. 28 of 82.3 to the case of arbitrary B and con-

clv'.xde.' that F(A :é C)—>F(A) F’(B)F(C) is always a bijection, even if A—>B



-48-

is a small extension. For example there may exist deformations Z, Z'
of W/S pec B to Spec C such that [Z] =‘ [2'] in F(C), and yet Z is not
isomorphic to Z' as a deformation of W/Spec B to Spec C. Then we
might well have [Y % z)# (Y J‘# Z']. This possibility will be examined

in more detail below.

B).' Theorem 1 of §3. 2 we conclude that F and G have projective
hulls (R, &) and (T, 7). The object & = Lim §n is represeated by
a formal scheme %= L13 Xn, where Xn is a deformation of X/k to
Rn‘ % could be regarded as the generic (infinitesmal) deformation of X

and X, as the generic linear® deformation of X.

Now by the Corollary 2 to Theorem 1 we have canonical isomorphisms

-
Zo gy — ¥ HOX, TH(X/k, Oy)

and >‘J. D
Zg/n s Def (X/k, ‘ﬁx)

On the other band the morphism £ : F —>G induces (at least oune)
morphlsm a:T --*Rr, such that G(a)("rl) ) S). a must iﬁd’&éé a unique
morphism a,: T —-%Rz (smce both functors are exact (i.e.’ representable)
'when restrlcted to the category of square zero extensions of A, @ D

in fact (Rz. 52) represents (in the sense of Grothendieck) the morphism
2, : rl2)

— G(Z') of functors on the category _Q(Tz) of square zero extensions

of k over T. (Notation obvious.) -

By a linear deformation we mean a deformation of X/k to A where L
) (—-—-—-—-0)' v ) R
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Thus, it is clear that Z_ ;. = Z Zy ulix, Tox/x, T
’ R/T RZ/TZ » » X'/’ -

and we have an exact sequeunce

29
(*)- 0—")ZR/T—"9 ZR/A ._—%ZT/'A_

which is the same as ( 9 ) of §2. 3. Note that
dim, Z 5, ¢ dim, HO(X, T)) + dim, H!(X, T°)
K2t p £ K (X k(X

(T' = T{(X/k, @%)) with equality if and only if the map p : HO(X, T') —>
HZ(X. T®) is zero, or, if and only if every germ of a linear deformation
comes from a global linear deforwmation, i.e., if and only if .(0 in (*) is
surjectivé.

Remark. The morphism . : F—>G need not be "relatively representable™
or even "apprOximable“' in the sense that F and G are approximable by
their respective projective hulls, For example, let (A, ‘rl) be a pro-
couple for G. For any morphism u: A —B, put "l'lB = G(u)(n }. Then
define AF-rl on the ca.tegory -QA by setting Fql(B) = L-l(‘rlB). Fq-l is

not, in general, half exact. One can easily see that this will be the case
when i-‘ is exact, but G is not, and R is "simple over T". For example
the curve .iyz =x%z + x> in projective coordinat':esti:’x',‘ Ye T

has T = R; F 1is exact, but G is not. .~

3.3.2. Simplicity of the projective hull. -

Recall that a morphism A—>B of camplete local rings with the same
residue fields is formally simple if and only if B is a formal power
series ring over A. (This is a aimple cohsequenqe of the definition

(81. 3) of formal simplicity. )
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Let 0 —7J -?Al—'? Ao-—-? 0 be a small extension in _C_JA

Xo be a deformation of X/k to A Then by the results of 82, we know

, and !et
0.

: ~ i ~
that Ex(Xo/Spec A, J® O}‘{O) 2 Ex (X/k, Ux)f J, T'(X,/Spec Ay, J@O;{) =

T1®J. There are sequences

k

(s 28]

21 2
(1) 0—=>u%X, T°) @ J—>Ex(X/k, O’x)®J—-E-——¥H\(X. thers

% }iQ(X, TZ) QJ (exact) '
and
b}
(2) Def(Xg/Ag, A))—»HO(X, Def(Xy/Ag, A))—rHAX, TH @,
o ~
and we have obstructions co' 2 e HQ(X, TX) ®7J ] cl'l e HI(X. Tl) ®J
.. - 0,2 2,0 : .. 0,2
(if ¢*“ = 0))and c ("11) for —rh e HO(X, Def(Xo/Ao, A (if c and
Llog),

Thus R is formally simple over A if and only if for each small

extension Al-_.) AO andeach [Xo] e F(Ao), cl’1 = cp’ z. 0, and Cz' 0(711) =0

for some "\1.
Now for the simplicity of "R over 'I".' we have
P‘roEs'ition. The following are equivalent
2,0
(i) A1ll obstructions c¢ (‘1“ l) vanish.
(ii) For some (and hence for all) morphisms a : T—R (suéh that
G(a)(‘ll) = 1(5))1 R 1is formally simple over T.

Proof, If for some a : 'I‘—-)R. a is -simple, then itis clear that all

2,0

,»o.bstrucuons c = 0, Suppose, conversely that cz' o('r(l) =0 for all
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®

"H. Let a : T—>»R be a morphism as described and consider a diagram

(R, 8)< _
~
Bo >(AL M D 2 =,
a
1 lp
(T, )
i k>
(Aot ‘rlou 50) 2(50)= ’rlo

where all the solid arrows are given data, and all triangles commute. Now
the obstruction to finding a 51 e F(Al) is, by assumption zero, so we may
replace the question mark with a 51 such that £ 51) = ”'(1. "Hence

there exists a .__A_-_ homomorphism B" : (R, 5)—+(A1, Sl) such that

pPe ﬂ'l = BO' Let a'l = B'lea. Then pc:a'1 = ag, hence there exists
o e HO(X, Tl) ®J (= G(Dk(J)) such that (a'1)°= @,. But by assumption

again, there exists T e F(Dk(J)) such that f@ J(g) = <

(see (1)
C ¢ '

above).

Thus if weput B = (B))° we findthat Blea = a;, Le., B; i8a

T morphism; hence a is a simple morphism.

83.3.3. 6bstructions to representing F. , L
By the corollary to Theorem 1, 83.2 we know that the ‘obsff;‘etioﬁ:.

to representing F lies in the possibility that for some small extension

0—J —*All"' AO—;-* 0, and some [X;] e F(Aj) the operation of

G = F(Dy(J)) on F(p)-l([xol) may not be "free'". We interpret this

condition geometrically,
Lemma. In the above situation, G operates freely on F(p)'l([xo])

-
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(as;uming it is not empty) if and only if for every (resp. somejdeformation X,
of Xy/A, to A, every automorphism 8, of XO/AO (restricting to the

identity on X/k) extenls to an automorphism of XI/AI'

Proof. Let us first look at the action of G. If [Xl] e F(p)-l[Xo], then

there is a commutative diagram

Xg.i__»xoc_j_sz

L

Spec k &> Spec Aoc"?Spec A

1

1

in which all squares are product diagrams. If ¢ e G, and [Xl]o = [X'l],

then we get a large commutative diagram

x;__>x ;_.)x

Ny

Spec kb—» Spec A c—7Spe<: A

To aa.y that [X, ] =[x ] in F(A) is to say that there is a morphism
a :X1~—>xl over Spec A1 such that @eiej = iej'. Thus a induces an

w 3 .- . 3
automorphism 00 = (id.xo i a) : Xo—> X, » with J'a Oo. = a °J,. Now
1 ,
X,—>X} as deformations of X/A, to A, (i.e., o =0) if and only if

there exists a ¢: Xi(:-;rxl over A,, such that ¢oj* =j. Ifsxcha ¢
existed, then 91 = ¢ea would be an automorphism of XIIAI such that
8,°j =i@jl i.e., 6

_ -1
¢ = Bloa o

1 would extend 90. Conversely, if 81 exists, set
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L3

~

On the other hand, let 90 be an automorphism of XO/AO, and let

J :XO ;-VXI be a deformation of XO/AO to Al’ If we put j' =j .90.

then j' defines a new deformation X'1 of XO/AO to A,. Itis clear

that as deformations of X/k to A [X] =[X'1], while xl-‘—/'-—>x'1 as

deformations of XO/AO to Al if and only if 90 extends to an auto-

morphism of XI/AI‘ Thus, if some automorphism of xO/AO fails to
extend to some deformation Xl of XO/AO to Al, then G has a fixed
point, namely [Xl]. :

Finally, to prove the remark in parentheses suppose 60 is an
automorphism of X /A, that X, and X| are deformations of }ICO/A0
to Al’ and that 90 extends to an automorphism 91 of xl/Al' We élai;n
that 90 also extends to an automorphism o' of X!

1 1

auto-morphism 8! is simply an automorphism of X, & X' over A, x A

/Al. In fact such an

which induces 61 on Xl via the projection pr
the other hand there exists a deformation Y of X/k to Dk(J) (i.e.,
[Y] e F(Dk(J)) such th;t‘;;',",v

X1 X%

"2
Spec (A1 :; k(.'.I')) —-—u—-%’Spec (A1 ioAl)

is a product diagram, where u is deduced from the canonical isomorphism

a: A KOAI -"—"—)AI l}: D, (J) (see proof of Theorem i, p-44). Since, by

definition of «a, the diagram i .
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A .zoAI——»AI i Dk(J)

R
—

PTy P

A —¥ Ay

is commutative, we need only find an automorphism ¢ of Xl.lL Y over
A1 ﬁ Dk(J) restricting to 91 via 1220 A1 ;:: Dk(J) ——>A1. Clearly ¢ =

(8, 4.id Y) will do.

Now we may "functorialize' the obstructions to pro-representing F
by the following procedure. Let (R, §) be a projective hull of F, and
choose, ox;ce and for all, a fixed representative X of £ where X isa -
fornjxal scheme over R, ¥ = Lim X » with [Xu] e F(Rn). Let C

. —> R
the category of artin local R algebras, of finite type (as modules) over

be

R, and having residue field k.

If AeC, denoteby ¥, the scheme X_ x Spec A over Spec A,
=R A n
} Spec R

where u 1is any integer such that R—>A factors through Rn——‘rA_.i, Then

define H : QR——) (Sets) by the formula

H(A) = Aut RE. B

(= those automorphismsof X A ©ver Spec A which reduce to the identity
on X.) By the definition of fibred direct sum/H {s an exact functor on
the category ER' Let (S, 6) pro-represent H. Then © is an

automorphism of XS =Lim X Sa over S (we could say that © is the’

generic automorphism of 1) and S is a formal lie group over R.

(l.e., S is a group object in the category dual to -C::R)‘ We find, v.bfy’_ythe

-~
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. e
results of §2. 3 that ZS/R_¥ H(X, T°). Furthermore, by the lemma

preceding, we know that S is formally simple over R if and only if (R, H)

pro-represents F. This is iu particular the case when H%(X, T%) = 0

(S =R).

Now since S is a formal lie group over R, there exists an “'identity"
section S -----3» R of the "structure morphism" R—>S. It follows

that the exact sequence
1
022 /o~ 2 —>2 — X/R, k) —»
S/R 7 Zs/a P Lrjp T X/R W)

T'x/A, v —>TR/A, W

decomposes into the shorter exact sequences

(a) OQZS/R‘Q ZS/A_? ZRM—"'O and
(b) o —>1l(s/R, W —>TXs/A, > T R/A , K} —20

By means of the exact sequences {(a) and (b) one can see how to
"create' functorially, the obstructions to representing F, which by
general theory must lie in Tl(S/R, k). We leave the details to the

reader.
3. 3.4, Algebracizing - X.

We consider briefly the problem of algebracizing X , i.e., finding
an ordinary scheme Y, proper over R, and compatible morphisms
[P .
Y4 X_  inducing Y Q@ Rn‘_—) X_ . Suppose L is an invertible sheaf
R .

on Xu‘ Since the homomorphisms of an invertible sheaf are canounically
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L]

isomorphic to the structure sheaf, it follows that the obstruction to lifting

. . . . 2 n;, ntl’
‘fn to an invertible sheaf £n+l on X ., liesin H (X, O'X)@"Z‘ /m

+1
and that the set of isomorphism classes of such liftings is a formally
principal homogeneous space under HI(X. (YX) %] En/mn+l. By EGA LI,
we know that £n+l is ample if and only if ofn is .ample. Thus i X is
projective and ,fo an ample sheaf on X, we can find a sequence (‘fn)

of ample sheaves on (Xn) if ail the obstructions vanish. Then we may
apply the fundamental existence theorem of EGA III, to conclude that %

is algebracizable (in fact Y will be projective over R, with an ample sheaf

L restricting to the 'fn' )
We collect these results in

Theorem 2. Let X be a scheme proper* over k = A/p. Define co-

variant functors F and G from C, to (Sets) by

74N

-F(A) = Def(X/k, Spec A)
G(A) = HO(X, Def (X/k, Spec A)) (§2.3.1)

1. Then F and G have projective hulls (R, $) and (T, ‘T\) in the

sense of 83.2, Definition 1. There is a (non-canonical)morphism (T, ‘rl)—-*

(R, L(8)) which is simple if and only if all obstructions cz’ 0(11) e

HZ(X, T°) ®J vanish. (83.3.2) There are canonical vector space isomorphisms

*
The commeiit on p. 4¢ applies throughout.
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P

> Ex(X/k, .0,)

z. > HYX, TY), Ze /A

T/A

Z. 2 ulix, T°)
and an exact sequence

2 o
0—?ZT/A_—>ZR/—“'72 —>H (X, T).

‘A R/T

2. Choose a representative X of & as a formal scheme over R.

Then there exists a formal lie "group S over R which pro-represents

the functor AMAutA(}_ A/X) from Cp to (Sets). Zg,p—> HO(X, T°)

S/R
and S is formally simple over R if and ounly if (R, &) pro-represents

F. (83.3.3)
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84, Reduced Curves.

B;.O Notations,

-

In this section, we deal only with the equi-characteristic case A =k,

where k is a fixed algebraically closed field. We write C for _(_Ik.

(83.1). If X is a scheme over k, we write T! , or just Ti, for Tl(X/k. &)
X ‘ X

(82.2). If A e C we say a deformation of X/k to A is trivial if it is

isomorphic to xsx Skpec A. A similar terminology will be used for germs
pec

of deformations. That is, a section h of H%(X, Def(X/k, Spec A)) is
trivial if there exists a cover (Ui) of X such that h(Ui) = the t\rivial
deformation of XIUi to A, Thus, in particular, if F and G are the
formal moduli functors for X lk (83.3) F(A) # 8, G(A) #£ § <£or each A
in C. ‘

4.1. Reduced schemes.

1

4.1.1. T! and T? as Ext's

1

Let X be a scheme of finite type over k. By definition of T  and

T1_= Tl(X/k. 8’x) (81. 1) there is an exact sequence

(2) Vg

x)

Suppose that there is a closed immersion X € Y where Y is
simple over k and G, = 6 /i+ Then again by the definition of T,

and Tz we have an exact sequence
(b) 0 T2 —vExt) (/1% O,)—>Hom_ (T,, &)
s * TX —0o% 2' X

Now if X is reduced, then X is generically simple, and T'l. T,

are generically zero., ([ @ ]). It follows that
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(0 Exte Qe O = and

2¢ 1 2
(2) T —> Ext G,X(I/x . o’x)
if X is reduced.

Remark. To get equation (2), it is not necessary to assume that X may
‘be immersed in a simple scheme Y. Infact, if A—>B is a ring
homomorphism, M is a B module, and B = C/l where C is formally
simple over A1 Then it can be shown that ExtiB(_I/Iz, M), i >1, is
independent of ‘the choice of C, up to a canonical isomorphism. Hence
Eﬁlc,x(l/lz, O'X) exists, even though Y may not, and the equation {2)
remains true if X is reduced. .

4.1.2. Vanishing of TZ.

If 0—=>7J -—>A1-———7A0—>-0 is a small extension in C, and Xo is
‘a deformation of X/k to A, we know thatthe local obstruction to lifting
XO/AO to an 1'(]_/.&1 is a section of TZ®J (§2.3). Hence it is of
k

interest to discover when T,z‘ = (0), for x e X. This is certainly the case

when X is locally a complete intersection at x (1.3). Another criterion

will be given below, First we need a definition.

Definition, Let A be a ring, and M an A module. We denote the torsion
submodule of M by tA(M); that is tA(M) is the set of x e M such that

ax = 0 for some non-zero divisor a e A, If K is the total ;'ing of ﬁﬁotients
of A, then tA(M) is the kernelof M—>M @ K. We say that M is torsion

free if tA(M) = (0}, and that M is a torsionmodule if (M) = M.

‘A
Proposition 1, Let B be a regular local ring, let I be an ideal in B such
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that A = B/I is reduced and Cohen-Macauley, of codimension d. Put

w = Extg(A, B). Then there is an isomorphism
1 2 . da-2
Ext, (I/1°, A) L= AlTorg “(w, B))

Proof. If M is any B module, then the spectral sequence Exti(TorqB(M,A),A)
ﬁ ExtnB(M, A) yields an exact sequence
0 »ExtL(M@ A, A)—>Ext (M, A)~> Hom A(Tor‘f(m. A), A)
B

from which it follows easily that

A) 53 t, (Exti(M, A))

1
Ext , (M % AL

{Since A is reduced, we know that ExtA(P, Q) is a torsion A module
for any A modules P, Q). Taking M =1 we see that Exti(l/lz, A) 2

t A(Exté(;. A) Xt A(Exté(A, A)).

Oun the other hand, since A is Cohen Macauley of codimension d,

we know that for any B module M

(0) for k> d

Extg(A, M)

and Exc‘l;(A. B) = (0) for k < d.

Thus, if we put F'(M) = ExtS (A, M), 0 £ k £d, it follows that F°
is right exact, that the Fk form a connected sequence of functors for

k 2 0, and that the FX vanish on projectives for k > 0, since

Fk(B) =(0) k > 0. Therefore, by a standard argument, we find that

Fk(M) = Tor]é(F"(B), M) = Torl;(w, M)‘._
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Taking M =A and k=4d - 2, we have our result.

Corollary, If d £ 2, then T® = Ext,(1/1% A)=(0). 1f d=0or 1, this

is obvious., If d = 2, then TZ = A(w® A) = tA(w). Butby [ B], § »
B
Ass w = Ass Aj; that is tA(w) = (0).

Thus a reduced, Cohen-Macauley scheme, "Locally of codimension

2" has a vanishing TZ.

4. 1. 3. Rigid singularities,

Definition. I.et X be a reduced scheme over k. We say that an isolated
singularity x e X is rigid if Ti = (0).

Thus if x e X is a rigid singularity, and U is an affine open
neighborhood of X, then every deformation of U is trivial, (or, the
formal modu.li: functor for the scheme Y = Spec O'x/k is pro-represented
"by k itself,)

The example given below of a rigid singularity is due to Grauert aund

Kerner in [ ], in the context of complex spaces. However, the algebraic

verification that Ti = (0) is due essentially to S. Lichteubaum.

Theorem. The vertex of the cone over P x le is rigid, for 'n:"‘?: l.
m 2 2. Here we are assuming that P xIP is given the Segre
imbedding in P, r = (n+ })(m + 1) - 1.

Recall that if S = k[tb, cees tr] is any graded ring, generated
over k by Sl’ -theu the cone over Proj S is the affine scheme Spec S,
and the vertex of the cone is the point corresponding to the irrelevant'vf‘fii.
maximal ideal S 4 in S, |

vﬁefore proceeding to the proof,. we shall need some lemmas.

Let A be a ring, and let S = Alty, ..., t_] be any graded homo-

~
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~

geneous ring, generated over A by Sl' Let .ILS/A

K4hler differentials, graded by requiring that dti bhave degree 1. Let

be the mo&ule_ of

X = Proj S, Y = Spec A, S, = S(t.:l), T, = Sti-l (thus S, is the set of
Pasl

homogeneous elements of degree 0 in T.). Let £, be the &

S/A X
module obtained from the graded module LQ..S/A. We now define maps

~o
P LQ'X/Y——) "Q‘S/A and

‘Q'S/A_+ 6x

q

. . . . -1
as follows. p l Spec Si is defined by a derivation Di : S.l‘—"' (QS/A)(ti e

m m
where D.(-I—) - ti?df - fd(t™)
! e (\().1
ti. t?.rn

i

S/A)(ti-l) if fe Sm. It is easy

to see that Di and Dj agree on Spec E‘.u.1 N Spec Sj = Spec S(t;ltj.l) and
hence the D{ define :a homomorphism p. q is defined by a homomorphism
A\QnS/A—*) S of graded modules: Z fidtim‘*z f;t. (this is well defined by
Euler's Theorem on homogeneous functions; if f(XO. cees Xn) is a homo-

= - of of . _

gensous form such that f(to. cees tn) =0, then 0 = Z:g't_; dt:i""">2:'ati t. =
(deg £)- £(t) = O, a.nd relations of the type 0 = 23{— dt:i . generate the

T i

. " s
relations on the dti 8 in 'Q'S/A)'

. ~

Lemma 1. The sequence O_J’Q'X/Y—-} "Q'S/A—> 6x—>0 is exact,

Proof, It is clear that T, = Si[ti’ ti-l] is simple over S5,. Hence the

-

sequence

(3) ) 0—> (‘Q‘Si/A) g Ti%ﬂTi/A—* lQTi/si = 0.

is exact, It is also easy to see that
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e

"Q'Ti/A = ("Q‘s/A) @ Ty 'Q'Ti/Si =T

via dtin—»- ti’ and that these identifications commute with the homomorphism

q. Heunce the result follows by taking homogeneous components of degree 0

in (3).

Lemma 2. Let A be a local domain with maximal ideal m , and let M be
an A module of finite type. Suppose that depth A 2 3, and that
Supp(Ext (M A)) = {r_x__a} (that is r_EnExti(M, A) = (0), somen). Then

if depth (Hom , (M, A)) > 3, Extl(M, A) is (0).

Proof. Let us write N = HomA(N. A} for any A module N. We note
that any reflexive module N (N = C,)V) has depth > 2; to see thxs write
0—>P—>Qq—>N—>0 with Q free, thus 0 —>N—>Q—>R—>0 with
R C P torsion free. . Now apply Ext (kj -) to this last sequence.

Take a resolution
0—>R—>F—>M—>0
with F free. Then we get exact sequences
N/ v S
OQM—éF-—’N—?O -
0 —» N —»R —> Ext, (M, A)—>0

v o v
Now R has depth 2 2 by the abowve remark; this if depth M* 2 3, then
depth N 2, so depth (Exth(M, A)) = 1. This implies that Ext,(M, A) = (0),

since En_ Ext}&(M. A) = (0) for some n.

Corollary. Let X be an integral scheme, having an isolated singularity )
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at x e X, such that depthxx 2 3, If depth T:-.P.‘ 3 then x is a rigid

singularity.

Proof. Put A = G’;, M= 'SLA/k' and apply the lemma.
Finally, we recall the following from EGA III, about the relation
between the depth and cohomology of coherent sheaves on projective

varieties.

Theorem. Let S = k[to, -«.» t ] beagraded k algebra, and N a

finitely generated graded S module, Let m = S+'= 2 S,A=8 _,
- n>0 ° =2

o~
T = Nm , X =ProjS, M and 6;((1) the sheaf associated to canonical

line bundle. Let

(e o)
w:M—> 2, HX, M)

; . n=-m

be the canonical homomorphism. Then
(1) depth T > 1<4=>» a is injective.
(ii) depth T 2 2&=>a is bijective.
(iii) depth T 2 dé=>a is bijective and

HP(x, M(K)) = (0), for 0¢p<cd-1

-

and all k. (k2 3).
Now we return to our example (¥). In the notation of the preceding

theorem, X = IP® x IP™, If we take N = Homs(nQ:S/A. S), then T = Np=

TZ. By Lemma 2, we must prove that depth T 2 3. By Lemma 1 we

have an exact sequence

(1) O—-)'G}E——yﬁ-—bT;;?O,

Usipg the relations O, = O, ® O;P . G;((1)= q:n(l)g%’m(l),

X P m
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the Klnneth formula.l, and well known facts about the cohomology of

0];) (k) we can show directly that A has depth n + m + 1 (that is, A is
n

Cohen Macauley) for any n and m 2 0,

On the other hand, the exact sequence
0> - &) T o
X X PR

o n o _ . 1 n -
shows that HY(IP , TPn(k)) =(0) if k £« -2 and H(IP, TIpn(k)) = (0)
if k> 0. Since

(o] o o
=(T°_©C (o(& o1° )
it follows that H(P® x P™, T° LK) = (0) forall k if .21,
P% P

m 2 2 (using the KlUnneth formula again). Thus by (1) above, HI(X. I:rf(k)) =
(0) for all k. Since T is by definition reflexive, depth T 2 2, so that

the canonical map a is bijective. Hence, by (iii), depth T 2 3, and we

are done.

§4.2. Curves.

Let X be a reduced curve over k; that is, a reduced écﬁeme, proper

over k, all of whose local rings have dimension 0 bf 1. Lgt F (resp. G)

be the formal moduli functor (resp. formal local moduli functor) for Xlk.
’ W‘.e denote the respective projective hulls by (R, g€) and ('I;. 'fU (Theorem 2,
§3.5). Since every airve is projective and satisfies HZ(X, G'X) = (0), we

know by B3. 4 that & is represented by the formal completioﬁ ,{' of a

projective scheme ("curve') Y over R. Y is called the generic

—

The Klnneth formula states thatif V and W are varieties, 3‘- is a
coherent sheafon V aml G is a coherent sheaf on W then

Hyvxw, Foc) 2 r?}:q H'(v, ) @ HS(W, G).
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defor mation of X/k.

Since HZ(X, ’I‘o) = (0), the sequence

is exact (where Z —c{;Hl(X TO))
R/T ' :

— [ ]
Zpjx—r ExX/k, Ox), Zyp > HOX, iy,

1 o
WH (X, TO)

variables. Thus R 1is regular (formally simple over k) if and ounly if T

and R is a formal power series ring over T in m = dim

is regular. Thus we are reduced to investigating T, or more precisely, G.

The local functor G decomposes into the disjoint sum of "punctual
functors GP for the singular point, P e X. Specifically, let P be a

singular point of x, and define GP : C —>(Sets) by the formula

Gp(A) = Def (X/k, Spec A)p for AeC

1

that is, GP is the stalk of Def at P. Then GP(D) = TP has finite dimen-

sion over k, since P is an isolated singularity. Thus GP is half exact

C o . 1
(63.2, 3.3), and has a projective hull (TP. nP).

Now Def (X/k, O}'() is a "sky-scraper" sheaf, concentrated at
the finite number of singular points Pl’ cesns Pn of X. In other words,

If U is an open set in X containing nome of the F,, then H?(U, Def (X/k, A)) =

lGP is also the formal moduli functor of Spec O'P /K
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(eyy)s the trivial section of Def(U/k, A) (4.0). Since H(X, T!)=(0),
the map h W5 (h )15.14 induces a bijection HO(X, Def(X/k, A)) s

Tr Def(X/k A)P that is

n
[
(1) Gc—1 G
i=1 Pi
n
A 7 , ~
It is clear that (1) extends to the ''completed" functors (3. 2): G _‘>1=1 GP
S
Pl ~
on C. Let (T 'Q } be a projective hull for G ;let T=T, &@...@T,,
P i Plx x R

let 7, be the image of ?lpi under the canonical morphism TR"—'*T,

: "

and let '71 = 7[1 X aes x"lzn e G(T) via (1) Then by the universel mapping
property* of complete tensor products, (T, TL) is a projective hull of G.
Using the same universal mapping property again, we see that T is formally

simple over’ k if and ounly if each Tp is.
i
Let P e X be a fixed singular point of X. Then by Thm. 1}, iii, 2.3,

Tp will be formally sirn}ple over k if le) = (0).: Therefore, by the corollary
, e
to Proposition 1, 4.1, we have

Proposition 2. Let X be a reduced curve over k. Then T (and hence R)

will be formally simple over k ‘in the foilowing cases:
(Ia) X 1is locally a complete intersection. i
(b) X is locally of codimension 2; that is, each point of X has a

veighborhood which may be imbedded in a nonsingular three fold.

*If A, BeC, AxB is the direct sum of A and B in C.
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Example 1. If X
coordinate ring B = K[X, Y]/(£(X, Y)) = K[x, y], then T}l3/k=
~

B/ ’-%-f;, %;). Thus if (X, Y) = Y2

is a plane affine curve with equation f(X, Y) =0 and
1 n .

EXtB(‘n"B/k' B) - X", and p is

the origin, then the generic linear deformation (?.1\‘{ } of X/k in the

neighborhood of p has equation
Z__n
y =x +tgttix+ ..o+t

2 . . .
over k[to, e tn—Z]/E-' (Assuming p # 2, pX n, if p is the

characteristic of k.)

Example 2, We give an example of a singular pdnt p on a curve X such

that T.E {and hence R) is not a regular local ring.

) In general, if A—>B is a flat ring homomorphism, and C is a
deformation of B/A ‘to D= A[E] /A &2), then the obstruction to deforming
C further to A[E]/( 83) may be computed as a '"Yoneda Product"

[8, 8] e TZ(B/A. B) where 8 e TI(B/A, B) is the class of C. We give
an explicit determination of this obstruction in terms of '""generators and

relations'. Write

(1) 0>1—>P—>»B—r0

where P = A[x] is a polynomial ring Let (fi.) be generators of 1 and

let F be a free P module on symbols ;-
(2) 0O —>R—>F—>»1—”0
Similatly, for C/D - we have

(3) 0—+J—+Q—>C—+0 : | L



-68-

where Q= D[x].. o

Now J has generators f + 6A£i where Af, e P, and the Af;

must satisfy the relation

(4r) 7 r(Af) el

for each r = Zriei e R,

Thus there exist elements Ari e P such that

(51) zri(Afi) + Z(A r), =0.

The classof Ar = Z‘A rie in F/R =1 is independent of the
choice of A T in (5r). Thus the assignment r%Z‘A riA.fi mod I
is a homomorphism h of R into B. It is clear that h vanishes oun the
sﬁbmodule -Ro of R generated by the elements fiej - fjei. Thus h
induces a homomorphism hg : R/Ro——-) B. The class of hy in TZ(B/A. B)
(see 1.1) is the desired obstruction.

If A =k, we call the obstruction obtained above a primary ob's—truction
to deforming B (since the obstruction to deforming B to k[a]/(EZ) is
always zero.)

We now give an example of an integral affine curvel X = Spec B, for
which there exists a non vanishing primary obstruction. Let X be the
parametric curve x = t7, y = ta. z = t9. w = th in A4k? In other

words let B be the subring of k[t] (polynomial ring) generated over k by

laa example in dimension zero is obtained by taking B = k[xl, X5 x3]/(_:5)z..-,-/
For the artin ring B'= k[x, y]/(xz. xY, yz). Tg, - #(0), but T(=R) is. _
formally simple, : T
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t7, t, t9, tlo. {The isolated singularity we have in mind is the origin

t = 0). If we write B as a quotient P/l where P = k[x, y, z, w], we
find that I is generated by six elements f

f3 = zZ -yw, f4 =x4 - wzy, f5 = x3y - zwz and f6 = w3 - x3z. (It is

- =
1 =Y - xz, fz—xw-yz,

clear that the fi are in I, To see that they generate I, one could use
a technique outlined by Northcottin [ ], p. ¢ .) Let K (= k{t)) be

the quotient field of B, Let F be the free P module on €1e sees Cpo

Write
(6) 0 —>R—>F—>1—>0 and
® 0 —+R—4+F—>1/1>—>0

- - . . . 2

where F=F/IF, and R = RIF N Ig. Since B .is reduced, Ty =
Exté(l/lz, B) (4. 1) and the obstructing homomorphism ho : R/R0—+B
is actually a homomorphism h : R—» B. We list only the generators of

RCF. R is given by the matrix

€11 %2 | ®3| ®4 | °5 |%¢
- al e [ 8 | ¢
bl +20} 8 |7
(7 cl - ¢20 ¢ t8
tal £1°] ¢2 | 8 ' .
o] t21 ) |8
tc tZl th t9

.

(Correspouding elements of R may be obtained by replacing the entries
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with monomials in x, y, z, w. For example, in the second row (b) replace
¢20 by w?, etc.) From (%) we see that Rank R (= Dimk('fi@K)) = 3, The‘
table (7) shows that a, b, ¢ are linearly independent elements of R.
Hence Hom (R, B) is a submodule of the free module B3, and the
elements of Hom (R, B) will be denoted by three tuples (a, B, 7) € B3
{(representing the images of a, b and c.)

In this notation, we see that the image of Hom (¥, B) in Hom (R, B)

7

is generated by (0, 0, t%), (0, -t', t7), (0, 5, 0}, (£', 0, t2), (t3, 0, 0)

20

and (t9, t™, 0). We claim that thereis a deformation C of B to k[E)/ CZ

for which the associated primary obstruction is (0, O, _tZO

}. Since
20, . . . — = .

(0, 0, ~«t7") is not in the image of Hom (F, B)—=Hom (R, B) it

determines a nonzero element of Extl(I/IZ, B), and we would be done.

Let M = Image'(I/Iz—-b\.pr/k ® B) be the submodule generated
P

by the dfi's. Then -Té = Extl(.Q,B/k. B) is the cokernel of Hom(.f)_,p/k.B)-—)
Hom (M, B). By computing the dfi 's it may be shown that the system

2 3
Afl = Afz= Af3 =0, Af4 = zw, Af5 =w, Af6= - x~, when reduced
mod I, determine a homomorphism M—>B (dfiw—" Af.i(mo,d 1)), and
therefore, a deformation C of B/k to k[&]/( E_z). If the procedure

outlined above is followed, .one finds that the homomorphism h is

given by (0, 0, -tzo), and our example is thereby completed.

4.3, The dimeusion of R,

4.3,0. Let X be a reduced curve over k, and let R be the projective .
hull of its formal moduli functor. The formula dimZp 5 = dim HO(X, th
+ dimkHl(x. T°) (4. 1) for the dimension of the, Zariski tangent space of

R is not very coanvenient, since neither.ciﬂ:e:wo terms involved is easily
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cdmputed, even for plane curves. In general, we cen geta better formula
by the foilowing device. Let i :X<3» Y be a closed immersion of X into
a scheme Y simple and proper over k (for exawnple, we could take

Y = D?; for suitable n.) By the fundamental exact sequence for the T''s

(2.20) we have

o O 1 1
3 P
(8) ¢ '—’rTx——-* i TY — TX/Y TX—’5~ 0 (exact)
° —
where Ty = Hom ix(‘n'x/k' &y

T; = Hom (fhy /0 Oy)s i*T?[ = Hom x(i*\Q-Y /it )

1 _ 2 -
Tx/y = Homa_x(l/l . G’x) (Oy = @,}/I)
1f X denotes euler characteristic, we get

1 o, _ gy O 1
9 UTy) - XUTy) = K(i*TY) - ’,UTX/Y) or
. T o o, _ 0O 1

(10) dim, Zp e - dim H(X, T3) = AGE*TY) - ;ﬁ('rx /v

Now dimkHO(X, T;) is less than or equal to three times the
number of irreducible components of X (at least in characteristic zero)
and is zero if:the genus of the normalization of each irreducii:le component
of X is » 1 (in characteristic 0.) If X is locally a complete in;;ersection
(whence dimeR/k = dim R) the right hand side of (10) is 3(pa - 3), where
P, is the arithmetic genus of X (4.3). )

In order to estimate the right hand side of (10), we prove a
Riemann~Roch theorem for torsion free sheaves on a reduced curve,

by anlébvious extension of the methods of Oortin [ 8].
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4.\3. 1. Genus formula,

Let X be a reduced curve, and let Xi, i=1,2, ..., n be the
irreducible components of X,

Let q; : Xiq X be the closed immersion of Xi into X, andlet

}{"i be the constant quotient field sheaf on Xi. Then J‘f, = Z@ qi:*j{:i

is the sheaf of total quotient rings of OIX

U = Spec B C X, the total quotient ring of B is | (U, H,), and for

; that is, for each affine open

each x e X, Jﬁx is the total quotient ring of G‘X'

ne ~2 ~d
Let Xi be the normalization of Xi' X = LL Xi (disjoint sum) and
i

JT:?C——*X the projection. Then (3'3'{= Z@ &%i, F*ZQ%i = J{;.

and 7T, O"k’ is the integral closure of GX in J‘(; (meaning that for
each affine open U = Spec B < X, B=T (U, @™, 8’)() is the integral
cl;asure of B in its t;tal ring of quotients T'(U, J{, )1.'\‘)/‘ The sheaf X
™, 6'){/ O"x is a torsion O‘X module, zero except at the singular pdnts

of X. We define

P, =p(X)=1 - XX, O’x) (arithmetic genus)

~ ~
(11) g pa(X) = Zgi -n+1 where g; = genus of X

i

0 -rox, W, G/ oy - Z 1(moy oy,
x A

Since /T is a finite (in particular, affine) morphism, Hl(i. 0'3‘(') =

Hi(x, 71'* O’s‘(); thus the exact sequence

0—>C—>w, O —>T, Gi/ox—-» 0

shows that
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(.1\2) p,=gt 8 (genus formula)

4,.3.2. Riemann Roch Theorem.

We maintain the notation of the preceding section. A coherent O’X
module } is said to be torsion free if TF(U) is a torsion free O;((U)
module (4. 1) for each affine open U, In other words ¥ is torsion free
if and only if the map T—*? @ j{; is injective. We say that a torsion

O’X
free sheaf F has rank r if E'x has rank r at each generic point x of

X. Thus if F hasrankr, F @ A = jér’ and F may be regarded*
o
X

as a sub O’x module of J{ . Note that in this case f/fﬁ@; and

@'%/3—'(\ O‘; are torsion modules, with support at a finite number of

closed points.

Definition. Let F be a torsion free sheaf of rank r, and choose an

imbedding FC FAT. We define the degree of J by the formula
(12) deg(F) = H(X, F/FNCy ) - H(X, Oy /FNOx ).

From the exact sequences
0—+gN 0y —> F>F/5n03 — 0 and
) r 5T T
0o—->FnN O’;—*O’x O/ FNOL, —o0
It follows that

(13) UF) = AUOY) + deg ()

*By choosing r linearly independent elements of g'x over :ﬁ'x

at each generic point x.
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Thus deg ('.;) depends only on 3: » and not on the imbedding 3Cj(,r
chosen. Recalling the definition of P, (4. 31) we see that (13) may be

written

(R.R) Z(F) = rank (F) (1 - p) + deg (F)

Properly speaking, this is only the Riemann part of a Riemann-
Roch theorem, To get the Roch (duality) part we appeal to Grothendieck's .

duality theorem, which we state in the following form:

Duality Theorem [4]. Let X be a reduced Cohen Macauley scheme of di-

mension m, andlet i : X €< 3 Y be a closed immersion of X into a

non singular projective variety Y of dimensioa n. )
- q n - . . |
Put Wy ExtaY(G‘x, A 'Q'Y)' where q is the codimension of X

in" Y. Then for any coherent sheaf F on X there are perfect pairings

k m-k
H(X,g-')xExtj (F, wo,) 2> k
x x
0 <k < m=dim X,

Further remarks. Wy does not depend on the ‘immersion i:X<>Y

of X into 2 nonsingular variety. By [5], ‘wk is a torsion free O’x

module, If G’X = OY/I’ there is a canonical homomorphism -

(14) Hom (A%/1%, i* ALY —> wy
—/ x

which is an isomorphism if X is locally a complete intersection. This

may be seen, locally, by comparing a projective OY resolution of O’x
with a Koszul complex resolution of O’x. If X is a reduced curve,

Grothendieck has shown that Wy is the sheaf of Rosenlicht differentials
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e

([9 IR ) on X,

Returning to our situation, where X is a reduced curve, we see by

(R. R) that

(15) deg (w = 2p_ - 2.

X) a

In order for the formula (R, R) to be of any use, we must establish

a few properties of deg g‘t X 1is a reduced curve in all of what follows.

Lemma 1, Let ¥ be a torsion free sheaf of rank r on X, and QC an

invertible sheaf on X. Then

deg(I®$)=r. deg,f + deg F

Proof. Pick imbeddings ICK, and JF<XT, It suffices to consider
the contribution degx to the degree at a single closed point x e X,

There exist nouzet'o divisors a, b in @'x such that J.ox = a/b O’x.
Hence deg (£) = O /b) - (O /a), (£ @ F)_=a/b F . so we may
assume b =1, Put @'x = A, yx =M. From

g f ® F) = LaM/aM N AT) - L(aT/aM N AT,
deg (F) = L(M/M ‘N AT) - L(AT/M N AF) and
0—>M N AT /(aM N AT) — AT /(aM N AT)— AT/ (M N AT)—> 0
0 —»M N AT/(aM N AT) —> M/(aM N AT) — M/(M n ATy —> 0

1t follows that

(16) deg (X @) - deg (F) = - AM/aM)
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We claim that {{M/aM) = r- {(A/aA). Suppose first that M < A, . Then

0 —>aAT/aM—>A"/aM > AT/aAT—50  and

0 —>M/aM —> A" /JaM — AT/M—> 0

sShow that {(M/aM) = £(AT/aA¥) = r- £(A/aA). (aA¥/aM T AT/M, since

M is torsion free,) Now for arbitrary M, there exists a nonzero divisor
c eA suchthat c MC A",
(16).

But M/aM & cM/acM, and we are done by
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- v

Corollary, If cf is an invertible sheaf, and £ = Hom(f, 0}‘(). then
R v -
deg L =- deg of.

v .
Proof. f@f = O’x.

Remark, The corollary is false, in general, if ‘f is only a torsion free
v

sheaf of rank 1. In fact, the statement ''deg ¥ =- deg F for any torsion

free sheaf F of rank 1 on X" characterizes Gorenstein curves. 1

We will need the following for the proof of proposition L below.

Lemma 2. Let A be a reduced noetherian ring. Let xeA, x # 0 and
let I be am ideal in A such that (x, I) contains a non-zero divisor.

‘Then there exists y el suchthat x+ y is a non-zero divisor.

Proof. Let 21, cees Q,n be the primes associated to (0). Say x e Q’.i

l1£i<r (we may assume x is a zero divisor) and x ¢9~j}j > r. Choose

zel) ?’j such that zﬁ U 2, i ‘Since I¢Zi 1< i & r (otherwise

jor l€isr

every element of (x, I} would be a zero divison, there exists wel,

w¢. U 2‘? Then y =zw will do, since x+y¢ Ug\,.

12isr isier 1

Proposition L . Let T bea locally free sheaf ofrank r on a reduced

curve X. Then
deg ¥ - deg A°F

Proof. As in Lemma 1, the question is "local". Let xe X, A= O'x’
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M = }x' After multiplying M by a suitable non-zero divisor, we may

assume by Lemma 1, that M C A", We haw to show that
(17) QAT/M) = L(a/det M).

The proof is by induction on r = rank M, For r =1, (17) is
trivially true; assume that (17) holds for all modules of rank ¢ rank M.,
M has a basis Xis eees Xy where x; = Z a..e. (ej =j %—a—unit

1))
vector in AT), and det M =a = det (aij)’ Iif (aij) has the form

(18) (2 = a5 )
O (b’

then we may let M' be the submodule of Ar_l determined by (b), and .

M'" = auA. Then

0O —>M'—M—>M"—>0 induces
0 —-->Ar-1/M‘ —AT/M—>A/M"— 0,

and ({]) follows by the induction hypothesis,

If (aij) does not have the form (\6).4 we can reduce to that case
as follows. The first column of (aij) has a non-zero entry, say a-
Le;: I= (azl. cees @ 1) be the ideal generated by the rest of the first
column entrigs. -Then (all' I) contains a non-zero divisor,‘narnely

a = det M, Thus by Lemma 2, there exist < (2<€£1i<r) in A such that

r
a5 + iz.:z ciaij is a non-zero divisor. Thus by changing the basis of M,

we may assume that an_is not a zero divisor, Suppose a, # 0. Then,

if we let M' be the submodule of M generated by Xpo 311%Xp0 X30 eees X,
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.

we find that M' has a matrix (b) with b, =a ), b;, = 0, and that M/M 2

Afa,. 0 —> M/M' —> AT /M'—* AT/M — 0 shows that if (1]) holds for
M', then it holds for M. Thus we may reduce to the case where all fir’ét_
column entries are zero except a1y in which case ({]) is all ready proven.
Now let X be a reduced curve, and R theprojective hull of its
: s o _ . o
formal moduli functor. Put d = dlmeR/k’ and h™ = d1mkH (X, ’I‘o). Lgt

i:X<3 Y be aclosed immersiocn of X into a non-singular variety of

n-1

dimension n, and put w = EXtO’Y (O’x, /\n.Q.Y). In the notation of 4, 3.1
(10) we have

o _ 1 .
(19) . d - b7 = WUTy /y) - KU*TY)

1 _ 2 e O _ .
Now TX/Y = Hom (1/1°, O’x) {resp. 1’==TY = Hom(l*ﬂy, 0;{))
is a torsion free (resp. locally free) sheaf of rank n-1 (resp. rank n).

Hence by (R.R) and Proposition 1 , we have

o o

d-h )

P, - 1+ deg T - deg (i*T

1
X/Y

1 .
Py - 1+ deg Ty y + deg (1*/\“537) .

Now if X is locally a complete intérsection. then I/Iz is locally

free, and the isomorphism (]4) shows that

o
d-h =pa-l+degw=3pa-3 .

Thus

Theorem. Let X be a reduced curve, locally a compléte intersection,

Then R is a power series ring in

.{2.8) d = 3pa-3+h°

-
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']

variables, where he = dimkHo(X. To).

Example. The equality (20) does not hold in general, even if R is
formally simple. Let X be the n-fold normal crossing in P%:n
linearly independent lines L,, ..., L, meeting in a point 0. The (affine)

equations of X are

Let A be the local ring at the origin. If A, is the local ring of
0 on Li' then the integral closure 'K of A is 2@ Ai' Hence SO =

,Q(K/A) =n-1. Therefore by the genus formula (12) of 4.31, p_, = 0.

For each i, X has two global derivations given by Dx1 = x; (resp.

xf), and ij =0, j # i. Thus ne = Z2n, and
3p. -3+ b%=2n-3.
a
. o .. H . : g
If we imbed T~ in by choosing the generic derivations
Di : Di(xi) =1 on Li’ (ad extending to X by Di(xj) =0 iF#j) then

o . : - T =
TA is generated by El' ceey En, with Ei(xj) = S;jxi (é;j = Krounecker

delta), that is Ei = xiDi; thus the degree of T® at0is - I(A/EA)# =1,

On the other hand, each point at infinity contributes +2 to det T°. 8o
deg T® =20 -1 .
Therefore since dim H%(X, T®) = 2n, we find by (R.R) that
dim H(x, T°) = 0

that is, all non-trivial deformations of X arise from the singularity at

0, and : .
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. 1 1
d = dimHUX, T) = L(T,).
Now T}\‘ = cokernel (Hom (‘Q'P' A) — Hom (I, A)) where P =

k[xl, cens xn] (polynomial ring) and I is generated by a,. = X% i #j

It is clear that the only relations on the a;; are

xiajk + xjaik

Thus if n > 3, Hom (I, A) is generated over A by the homomorphism$
(az \J) and <a |i >/where (cz 13D (o;5) = xj (aij\i> (aij) = x;, and.
<aij“> (apq = <aijh> (apq) = 0 for aij# a_ . There. are

Pd
2~-(2_2(—;-:-Q- = oe(n-1) such symbols. Note that xk<aij\j> =xk<aij|i>= 0
if ki,

The image of Hom hﬂ, , A) is generated by Sl,. +es» §_ » where
1
Z <01J ‘J) clearly x) xk<a k\k> so that m TA = (0).
The Si are obviously linearly independent over k, Thus ,Q(TJ;L) =

v {n-1) ~n=n(n -2) if u 2 3, and
d = dim HO(X, T') + dimkHl(X. T° = n-f -2)
éo that

d - (3pa -3+ ko) = (a-3){n-1) if n > 3.
=0 if o =2, 3.
2

A straightforward calculation also shows that T = Extl(l/lz. A) = (0)

for n > 2; hence R is a power series ringin d variables over k.

Remark 1. The ring R does not pro-represent the X above, Consider

the case n =2 for example. (xy = 0). Since H)X, T°) = (0), all the
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obstructions to lifting automorphisms (83, 4) are local; i. e, they lie in

T:'\ ® J. Counsider A;:he {global) automorphism of xy + € =0 over

k[ E‘_]/C2 given by x v» x + x €, ywy y. This does not extend to an
automorphism of xy + €& = 0 over k.[E]/E3 , even in the neighborhood of 0.
For if it did, there would exist a, b e A suchthat xwmyx+ x& + aCZ.
yews v+ bE% defines an automorphism of xy + & =0 over k[&]/£3' ;

by substitution we would get ay + bx = -1 in A, which is impossible,

Remark 2, The comparison of d = dim ZR/k and (3pa =3+ h° maybe
determined locally. Namely, it is a question of comparing the degrees of
w and Hom (I/IZ, i*~/\nﬂY). This may be done by choosing an inclusion
wei , which induces m(/\n‘ll/lz. i* /\an'Y) cwC‘_‘K . (via ¢)),
which in turn induces Hom (I/lz. i* /\nﬂ:Y)C %n-l. Then the degrees
of the two sheaves‘may be compared at any point of X.

It is conjectured that p =4d - (3pa -3+ ho) 2 0 for any reduced
curve. I have no candidate for a '"p = 0'" condition. For the parametric

(Goreustein) curve x = ts. y= t6, z = t7, w = t8. p = 7; {and T2= (0)):

3 5

for the non-Gorenstein curve x=t7, y = t4. z = t5 (resp. x = t3. y=t,

z=t7) p =0 (resp. p = 1).

§4.3. Pro-representabiiity of the formal modili functor. .

™
The numerical (sufficient) condition HO(X, To) = (0) (i. e., S=R in

Wi\

the notation of 3.4) for pro-representing the formal moduli functor of Xl k
is rather restrictive. However, it gives us some partial results for re-
‘duced curves in characteristic zerq, dueto the following theorem of

Seidenberg. - )

Theorem (Seidenberg [ ]) Let A be a reduced noetherian ring containin
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~ .
the rational numbers, and let A be the integral closure of A in its total

N 4 ~
ring of quotients, Then every derivation D : A —> A extends to D : X —A.

. ~

Corollarz. Let X be a reduced curve over k, where chc.k =0, let X =
~S

.U.Xi be the normalizationof X, and let T: 3& —» X be the projection.

. . . [o] [o] Z . .
Then there is an inclusion TX C_) p*TXV = p* . S Tx“i which induces

o o] o o
HY(X, Ty) < Z; H (X, Txi).

Now for a non-singular, irreducible curve X of genus g, dim H(X, T;)()

=3 ifg=0,=1if g=1, =0if g >1. Thus

Theorem. Let X be a reduced curve. Then the formal moduli functor
of X|k is pro-representable in the following cases.
(2) The characteristic of k is 0, and the genus of each irreducible

component of the normalization of X is 3 1.

~)
(b) X is non-singular (X = X).
The only case not accounted for bythe previous remarks is that of
an irreducible non-singular curve of genus one. For this we may appeal

to the much more general result of Mumford [7]:

Theorem. Let Xl k be an abelian variety of dimension g. Then the
formal moduli functor F of Xl|k is pro-represented by a regular local
ring of dimension gz. (The functor F is the same, whether we take

deformations of X |k qua abelian variety or not.)

Example. Let X be the plane curve

yl=glP)  p#2

(in affine coordinates), where g(t) is a separable polynomial of degree m,
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.

Then the genus of 3)( is [—?—i—l-] , while bo = 3, An analysis similar

to the one under Remark 1, 4.2 shows that the formal moduli functor is

not representable,
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