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lrser Miyanishi, |
I found your letter of Oct.27 a few days ago, after a one montis stay
in North Vietnam where I did not get any of my mail; so please excuse iT
I did not answer bvefore. I did not read m0re than the statement of resuls
< your paper "On the cohomologies of commutative alfine group sebzmes',
without diving into the technicalities of Johr Proofs. The reason for
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that I think a rather simple method should yleld more general
~eoulis. The method is the one suggested on the last two pages of SGA 2
3ém. CGéome Alg. 1960-6L). TFirst a “gené}al non-sense" statement, %o
»us the remarks of SGA 2 alluded to int’the right contexwvs

Sosonsion 1 Let S be a topos (Cf SGA 4 (1963/64) fFor this novion)

Yid=y S a morpnism in S, hkavixgxaxsesiiasaxzy F an abelian sheal on S, G
an abellan sheaf on X. We then get a canoniceal morpnism

R}, (Hom(£*(7),6)) —s Hom(R, R'z, (&) .

"ne latter is an 1aomorphism in each of the following two cases;:l - <
e Y O T e DL (‘k J5 a}-—-o-_

(i) X/S has a section g, and the canonical morphism -

2,(6) — g*(G) B i

is arn .zomorphism.
Y 1

that the canonical moophism Sl ;

¥ s ' e
i o fg(f (Go))) ' = ‘
is an isomorphismi arme '} W oo a\dww\\..k-hm.

Ho

: ) |
i) @ is of the form £¥(6,), with G an abelian sheaf on § such ¥w

.

For the proof, one can first deal with case (i) by a rlg$difica:iof

( (=v=3 bl (B9 ) )

t:chnique, internretiub a tors or (=principal hom. sheaf) under a shenl -~

~2a(H,G) as a torsor on ¥, with group €., endowed with some extra siruc-

ture which intuitively can be expressed by aaying »hav we bavb a Srowude
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nomomorphism of H %dth valuez in the mafzgxey group-like category
0f G-torsors (with the usual "product of two torsors under the abeliin
struciure group G). On the other hand, (ii) is a corollary of (i),
because we reduce to case (i) using the base change S'=i—>S. = I sho
confess I did not realiy write out the proof of the propoaition, so may
I forgot some mild extra assumptione. The point Is fhat i/ wi ulw V..ie
& proper and flat morphism of finZe presentation of schemos

f£:X— S,

such that I, (O.)e- O, universally, one should be able to apply the

g .
.general. non—-sense propoxsition to the topi of fppf sheaves on X,;S
(fppf = fidd¥lement plat de présenttion finie), and the sheaf G, = G S.:
on S; note that the assumption on f implies the assumption in (ii), on A"
the other hand f (6) = ale (G X) = Plc&/s , the relative Picard she(ﬂ
oZ X over S. The formula becomes (arrawwy Ect) (500, Sy =0) .
&) RxexfonfexiRisg  RUL(FHIMF))) ~Eon(F,Ricy o)
where for any abelian sheaf E on X, Dﬂ(R) is its Cartier dual -
Dg(E) = Hom(R®, &, g) ' .
Therefore, for a sheaf H on S isomorphic to a sheaf D(F), the represen{
-Tability of R;fé(f¥(H)) is equivalent to the representability of
ﬁgg(?,ﬁ;gxfs), a rather standard kind of problem if-we assume already
'gigx/s itself representable. Letlus consider two particular cases:
a) ﬁ is finite, locally free over S. By Cartier duality, we have
: H = D(F) , where F = D(H) |,
P being itséif finite ahd locally free over S. We now want %o repfesent;

Hom(r,ﬁicxjs ; this is clearly possible if we assume that Pic /5 is

representable, and moreover, either that every finite subset 07 o
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is conitained in an affine open subset of Picx/s (¢his is OK if we

assume £ projective with integral fibers, as is well known), or if F is
radicial over S.
affine )
b) S = Spec{k), k a field. Then any commutativesalgedbraic group

scheme N over Xk is of the type D(F), where F is a sheaf which in ameral
a “"fouiwnald groul

does not correspond to an a¢gabraic group, but is| a,¢+ulu vy bhe wolie
algebra of H as its hyperalgebra. For instance the dual of gm is ine
constant group Z, the dual of g correspoﬁds to the enveloping algebra
of the abelian ILie algebra generated by one element ;' It 4is.certainly
standard to check that for any commutative group scheé\V£ocally of finit
type over k, ggg(D(F),P) is representable. In the tgo typical cases
ahove, it is representable miZksx by P itself in the Case H=§m, byl

the Lie algebra of P (or ralher the linear variety defined by it) in the

jrol

case ﬂHG o To check representability in general, we may by radicial
£2a+ descent reduce to the case when k is perfect, and hence K decompose='
into 2 Hu;P » with Hu unipotent and H of multiplicative type, and

then deal separately with these two casese Tﬁe case of multi plicative

type is immediate (reduce to H diagonalisable by finite descent). The

case H unipotefgowill demand more care, but should not offer any difficu
ty. Ofle should(be able to express explicitly the scheme representxing
Hom(D(H),P) in terms of the Dieudonné modules associated to H and %o theT 
el e g e D T s e

I, case a), assuning moreover that X is an abelian sbheme over S,
and denoting by X' the dual abelian achemé‘(NB it is proved that the

El

Picard functor of any abelian scheme is representable ...), we get that

o

Hom(FpﬁﬁcX/s Y ~. Hom(F,X') . Interpsting & ia Serre X' as being
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the sheaf thl(x,gm ), we get the result that for a commutative finite
locally free group scheme H over S, the natural morpnism

(2) Ext’(X,E) — R, (£ *(H))

" is an isomorphism, or what amounts %o the same, the map

Extl(x,x}-p K°(s, le.(f*(n))

is an isoaorphlam. This is one of the resulis you state in your puper or

(wwu-n & _i‘u‘p&-'h'f&}
coverings of abelian varieties. The same will hold true if S=Spec(x),

(affine commutative
and if H £§‘““7§Igeoralc group scheme such that ( ) o is rmduesz

unipotent.

In the previoys statements, the affineness assumption of I seens
rather natural, as it allows rlg*dificatlon techniquex, using that
Hxf, (£ (2)); however it seems worthwhile to look if one gets also repre
sentability theorems without that assunption. Another question, assumif

Tinise over S : :
say H to berxfﬁiEEI"IEJto get results without'eommutativity assumption
for H. For instance, if H is Limiis étale, one can givé a rather explici 
eriterion for lep(f*(H)) to be representable by a scheme étale and
sevarated over S. It seems o me an interesting question to prove a
Tesult in this direction, without assuning H étale (but only locally fre
say). Also, I cettainly expect the iscmorphismﬁgfill to hold. 1In casei
S=Spec(k), this would be expressed equivalently by saying that the natur
homomornaism _ ENE .

lim. X = *rc(x,e) ,, _
where for every *ntelger n %1, X = Ker n idy , and wﬁere‘ﬁt(" e) is

tne "true fundmmental group of X at the point e" ’ class;;ying to*sorr

over X with finite algebraic group-schemes as structure group and wit

. a rigldificauxon given over e (i.e. & point rational over Xk chosen cver

This latter statement would be the really satisfactory Tormulation of
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various partial resulis you state concerning coverings of abelian varie—
ties, 3y standard arguments, the fact that (2) is an isomorphisz would
Tfollow if we knew that the right hand member is zddiiiorx multiplicative
~ith respect to y o This in turn reduces readily to the following

Conjecture Let £:X— S and g:¥Y— S be proper, flat, of finite presen—'f

tation, with Osi;:f%cox),g,jﬂql universally, zud let £9,.:7 Yo & siaas
3 : - = (5 it .
0f X/S and Y/S, let H be a Limiix group schene over S, finite and of

Tinive presentation and flat, P a torsor over Xx Y with group Hi“SY -

Assume given trivialisations of P over stY and over XxSS wnich agree Oﬁ'.
SxSS ; then there exists a trivialisation of P (iee. a section) 1ﬂd“c1ns
the preceding ones. (NB This trivialisation is necessarilyn unigge).
Taking S to be the spectrum of a field k, this conjecture amounis
&ssentially to the conjecture that (if a,b are the rational points-

corresnonding to f‘,g ) the canonical homomorphism of profinise group

Schemes

T (KXYn (apb))"“ R (Kr a)x'!i(Y,b)‘
consequence /
is an isomorphism.. THe general conjecture and this special ﬁaﬂkfgeem ET

ne exiremely plausible, and a ppoof of i% very desirable. ine casm aah.
» .—41_ o Kuowna  (SCA 15 : -

Sincerely yours.

PS In the cases where I state that formula (l) can be applied, one has ;
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X) = 0 . Herelaffinnness foftuC“ S
(raM«LQLo.A—A_ \.wu'\un‘/ o Addiwd . I

__J -'.,
ceruqinly enters in an essential. wayyiﬁauristically, when Cartier dualit; }

of course to check Ext (f“(r) G

/
is applicable, this reduces £o EEE (D(gﬁx), D(£™F))) = 0, i.e. to

fJ

Ext(2,.,27(H)) = 0, which is indeed true. To make this argument applicabe.
le in case a) (and not only case b)) one has 4o write down with some

care a stateuent of Cartier duality, for some kind of affine
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aJA“ne comnutative group schemes on the one hand, duals which are xind

0f formal group schemes, and extensions of such. This should not offer
serious difficulty as long as one is content with vary stri;gent.assump-fi
tions (such as local freeness of af fxne algebras and hyqfralgebras
involved ...)eo TFo the general idea, see Cartiers talk at zﬁfxBr:xrllva.L!
02 course, formula (1) will be applicable also for groups su;h ac
nence H.= gs , and we then get the amusing result : =
R f*(Zx) - Homg (G gsPicy /) s
waich for S=Spec(k), k algebraically closed field, yields
H'(X,Z,) = Hom(GyoRhoy ) |
wiich gives an interpretation of the Aimension of the maximal torus of
gggx/c in topological terms. The first hand side is a cohomology group

1

Zcr the fpp? topology, or what amounts to the same since ZK is smooth

by,
cver X, for the etale topology. It's rank is dounded /{but rarely equal
t0) the first Y-adic Betti number of X, where L is a prime # ehar k o

3y the way, th gse results should hold without the assumption gszsf#(gx)
unive“sally,?ﬁoieihe validity of (1), I guess that this assumption could
be relaxed to0 the assumption of cohomological flatness of £ in dimension
O, i.eo f*(gx} flat over S and commutes with base change.. This would
imply that 1f S=Spec(k); k a field, X proper over E and nothing more,

then for any affine algebraic commutative group scheme H over k,

R;T*(fk(ﬁ)) is representable.

A. GROTHENDIECK




