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Local Picard schemes.
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Let A be a céﬁﬁléte local ring, Hx S = Spec(A), U= S—isﬁ the com—
plement of the closed point of S. We wish to interprete the Picard mxm
group Pic(U) as smme the group R(k) of k-valuad points of a group-sche-
me @ defined over the residue field k of A. Assume for simplicity
that U is regular, and that there exists a resolution of singularities
for S not changing U, i.,e. a proper morphism

f: X—> 8
indueing an isomorphism# f"l(U):;U} such that X be regular and equal
 the ¢losure of f"l_(U) (this open set will be identififd with U). ”
Let XO be the special fiber of X, so that by MW?M;&? g
U=X = XO .
Because X is regular, we have an exact sequence
(1) D — Pie(X) — Pic(U)— 0,
| where D is the group of divisors on X concentrated on Xo (whieh is a
f;fiizuikﬁ free group of finite type QI , I being the set of irreducible compo-

hetre ‘J!‘» &.’L

Al
” i;«-ﬂﬁimlnenta of xo). On the other hand, by the existence theorem for

— o

¢

coherent sheaves, it is known that

(2) Pic(X)=; }_I_:E_n_a Pie(X )

where Xn=XxSSn ’ Sn = Spec(A/gn+1) . Assume we can find group schemes
Pn over k and isomorphisms

(}) Pic(xn) ../\_', Pn(k) ’

and transition morphisms P — P (m> n) compatible with the transiti-
on morphismg for the Pic(Xn) . Denoting by P the pro-group (Pn) ’

or if one prefers, in case the transition morphisms Pm-—e.Pn are

affine, the inverse limit (BGA IV 8) of the P » we get a pro-group

scheme resp. a group-scheme P, and an isomorphism



(4) Pic(X) =~ P(k)

The map D—>Pie(X)~, P(k) défines a morphism of (pro) @roups

(5) D—>P? ,

where Dk is the eonstant group-scheme with value D. Assuming that the
cokernel of (5) exists in amy réasonable sense a a pro-group scheme or
a group-scheme, let Q be thislkernel. We get, in virtue of (1), an
injective homomorphism

(6) Pie(U)ey Q(k)

the obstruction for an element of @(k) to be in the image being in
Hl(k D¢ ), where D! is the image of D, in P (it is a 1n a constant

k 3 n,c k“\a e
group, with value a quotient D' of D). 'iﬁfﬁ' is torslon-free, for exam-

ple is D! is equal to D i.e. (5) is injective, then this obstruction
vanishes, and Rxisxmxgmadxzamdidaxe (6) is an isomorphism. Thus Q

1l ooks a good candidate for a "local Picard scheme™,

To eonstruct the Pn's , assume first that A is a k-algebra, i-e.
that a lifting of ti&g residue field k exists, and has been choosen.
Then the natural candidate for P (the only one I eould think of,
indeed !) would be
(7) P, = @xnﬂ: A
We know from Murre that the right had side is indeed representable by
a scheme locally of finite type over k. There is however the ususl
trouble that we have indded a canonical injective morphism
(8) Pie(X )P (k) ,
but in general we are not suréit is bijective. However it is if k is
gseparably closed; more specifically, the obstruction for an element
of Pn(k) e be in the image of Pie(Xn) lies in the Brauer group Bekky
tﬁxﬁR!Fx



of the Artin ring B, = H'(X ,Q, ) . Assuming U hence X hence X, to

be eonnected, this Artin ring isnlocal, and it's Brauer group coincides
with the Brauer group of its residue field kn o Of eourse, thas for

an element of P(k) = lim Pn(k), these varimous obstruetions mateh
together and eome from an element of the Brauer group of the residue

£138d k‘,_-_..Q k, of the ring H"(X,Qx) = ;:if Ho(xn, an),ﬁw—h)ieh is just

Jnawo g the normalisation of A. If for instance A is normal,(k'=k and the
ameY ,,_;_M‘—:h]ty

“J o, A Sobgtruction lies in Br(k).

v A 4 e i aia

_quﬁfﬁc-meMnib' Whatever this be, defining § as before, we still d et an

: .

g*H*‘t) injective homomorphism (6), but even if (5) is injective, we eannot

be sure that (6) is bijective. We are however if k k& separable closed.
Therefore, we still @ek can more or less describe @ (or at least ®(k))
Galois

in terme$ of local Picard groups, in terms of/EEEESﬁt from the

conpletion A!' of the striet henselization of A: if U! = §' - {g’},

where S' = Spec(Af), and if

(9) T = G&I(E}’k ) s

we will have an isomorphism

(20) Zhx Q00 2= Pae(0")

Rhimxinxpert—previded-Ri=is—btorasien

This is perfectly natural and in accordance with the familiar phenomena

when dealing with global Picard schemes. Therefore Q looks like &he
= natural objeet to be called a Rimsmxty local Picard scheme. o

To make sure it makes a sense, one will have howe¥er to analyze
somewhat the inverse system (Pn) » and the morphism (5). Moreover, to
feel really secure, one should cheeck that up to canonical isomorphism,

the group scheme Q together with (10) does not depend on the ehoice of



thh resolution; this Eshould not be hard whenever we have existence of

resolutions in the strong sense of Hironaka, for instance in char.0
3o Hool +uo MMB\M Covn loe Py tacteal ;&_y o H'vat O‘N‘.._J

of if dim A = 2, (I should point out that, in any case, the algebraic

gtructure thus defined on Pic(U) depends in an essential way on the
choice of the lifting of the residue field; an instructive emample
on whieh to study the dependance of this strueture on the lifting is
the one where A is the eompletion of the local ring at the origin of
the projecting cone of an elliptie curve (here Q is isomorphic to the

el liptic curve in question, for the given lifting of k _—

-—y— :
T have to ecorrect an inaccuracy that has slipped in, when

defining Q in the wase when k is not separably elosed, so as to get

(10)» One will then have to replace thk constant group scheme D, by

the twisted eonstant group scheme D , deduced by descent from the

sey
geparable algebraic closures =% ki of k in the function fields of the

irreducible components Ié of Xa , as the Brofuskxsfxthexszhexss direct

“image of the constant sheaf Z under the projection Spec(TTki)-—aSpec(k)
__.-——""-——_ E -
To study the inverse system (Pn) , use the faet (SGA 6 XII)

that the $¥ansition morphisms are affine, which gives a sense to

P=1im Pn as an actual group-scheme. It's Lie algebra is the inverse

limit of the Lie algebras Hf the P, which are Hl(gngn) , therefore
we get



(11) Lie(P) o= EM(X,0p) -

As R’f}(gx)# is eoherent and eoncentrated at the origin, it follows
that its group of sections Hltx,gx) is of finite dimension. In faet,
i seems, with a little care, that ge% replacing if necessary X by a

(invertible
guitable model dmminating it, we may assume that there exists an|ideal

J on X, kaxing defining a subscheme Z of X having same support as Xo ’
L=
and such that J/J2 be an ample sheaf on Z. This will imply that, repla-

cing the system (Xﬁ)hby the system (ZIl = V(Jn+1)), whieh defines thm

"
XEn® an isomorphic pro-g*jﬂd’of Micard -schemes, we obtain an inverse
gsystem of group-gchemes P‘ = Picz /k y where for large n the transition

morphisms mrexk P! . — P! are isomnrphisms (because Hl(z .- )-

ity A et
i (Zo,é ) = 0 ). Thils it seems that, under the assumptions madqf*unej

can prove that the pro-group (?n} is essentially constant, hence its

inverse limit P is in fact a group scheme locally of finite type over
k ¢ This is certainly so, at least, if dim A = 2, A normal, as follows

from the negative definiteness of the intersection matrix of the compo-

nents of Xo & ——

Thits P seems to be definable in quite a reasonable way, and one
still has to investigate the morphism (5) (or more accurately, the
morphisme D= P defined by descent from the mase where k is separably
closed; byt then we may as well assume k separably clesed grom the

Wit we wa WD
start ,l.). We would be particularly happy if this were a closed

immersion, or what amounts to the same, if the morphisme

(B) D — NS(X,)

is injective, were NS(XO) = NS, fk(k) » NS = Pic / Pic® . (The equiva=-
o

lence comes from the fact that P = Piczn/k for some faern, and that,

#ic
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as recalled abovex, the morphism gigznjk-"zigxo/k is affine, and
henee Ns(zn)-—>ms(xo) has finite kernel.,) I expect that this is
always the case, #mdxikxw In ease A is normal of dimension 2, this
follows from Du~Val = Mumford's negative definiteness. It would he
nice to have a proof in general('perhaps through a negative definitenes
of an intersection matrie Xi,cj y where for every irreducible compo=

)
i denoteguﬁﬁgg%gé’on Xi y for instance defined in

nent Xi of Xo y B
terms of a suitable mmpim relatively ample sheaf on X by taking
intersections of corresponding hypersurface sections on the Xi 's ?).
In case (12) is indeed injective, we have no trouble defining

(13) Q = P/D

as a group-scheme Tecally of finite type over k. We then have

(14) P~ ¢ |,

an isomorphism for the connected eomponents, and
(15) Q/Q° = (B/P°)/D =N8, . /D
n
where n is ehosen large enough. Of course (14) and (11) yield an

isomorphism

— =

(16) Lie(Q) ~HY(X,0,) .

Let us remark by the way that we have an injective restriction morphism
(17) HH(X, Q)< H-(U,0,) = HX(S)

as one sees by remarking that, with the above notations for J, I, fhlhﬁf
S 1&(gU)/gx (1:U= X the inclusion) has a eomposition series whose
quotients are the L ', n>1, whose H° is zero, and the map (17) is just
the canonical map Hl(x,gx)-»ﬂg(x,i*(gu)). Thus, the Lie algebra of
the local Picard scheme is identified with a subspace of Hl(U,gU).

(This suggests that if A is Cohen-Macaylay of dim. >3, Q is discrete,

hence Pic(U) ecountable etec ).




7.'

The previous congtructions rely heavily on the existence and
choice of a field of representatives. Even this being granted, the
question of caracterising Q as an actual sgﬁgizzrioeo as a functor on
the category of k-algebras, has not been touched. In fact, the descrip-~

. . (tautological, and} is ),
tion I can give of this functor is/in terms of a particular choice of a
resolution X, and it really gives rawhe® a description pf P rather than
Q o %®m One then still has to define Q as the cokernel of the silly
morphism D —> P, As a matter of fact, even if we restrict to argument
k' whiech are, say, finite extensions of k (but not necessarily separabk
ones), I cannot describe Q(k') in terms of local Picard groups of
local rings as A‘-Aﬁkk' « The trouble, of course, is that Xﬁkk' will
in general no longer be a resolution of 8', i.e. it will no longer be
regular. However, such geometric descriptions will be possible
provided we take as nrguments algebras which are smz::gtziigz;ggzﬁ;w‘
smoeth over k, so hmmk that tensoring with them will not destroy the
regularity of X. (Thus, the case when k' is a power series ring, for

instance the completion of the local ring of Q at the origin, Q being

smooth, is of interest eeo) Let's now try to be specific. By defimition

more ar lop , d-%w.
(For any(ﬁﬁﬁgﬁé T over k, we have

B R = i B (Deolin Pio(x, HRe(T) (X, 5= X570 ) .
In fact, it is not hard to check that the 1left hand side functor is

the étale sheaf (on (Sch)/k)f associated to the Imfkshwmx right-hand
side functor. This comes from the more precise statement that the e

obstructiong, for an el to eome from an element of

ement of P(T)
‘(4;}'/“4 7 % s

o "'{ZP o

i

(T4408,) ( at least for T affine,

| Gag il e ; . “$4's Hl’and H3 with values in QT.Vanish!.
/

for gimplicity, I have assumed here that A is normail As we have seen



on the other hand that P is locally of finite presentation over k, it

commutes (as géunctor) to filtering direct limits of rings, and there-

Bre it is known when we know it's restriction to arguments which are
(o o, ) |

of finite type over k, and a fortiori mss noetherian. For suah(__*h”

ments, using the existence theorem for coherent sheaves, we can give

a more geometric expression for the right hand side of (18), mameXyx

Assume for simplicity T = Spec(B) affine, and 1let

C = AE.B = lim A ﬁ B

which is an adic noetherian ring augmented to,B Qihf augmengation

ideal being an ideal of definition). Consider W xa C , whie is a

proper scheme over C. We then have

(19) Pic(X&B) ~ lim Pic(X ) i) Pie W38/ Ped) sP(g)

and thus & noetherian arguments B, P appears as the etale sheff asso=

ciated to the functor Bh#PiC(XE B)&ﬁ)fhia statement being complementeé

by the deseription given above of the groups for obstructions for an
element of P(B) to belang %o Pic(ngB}

As for #f#x B»>Q(B), this appears as the mmhaf étale sheaf
associated with the functor @m[w 4
(20) Bi—s Pic(X® B)M’) (> a(a)
where D is the twisted constant group over k defined above. TFor an
element of Q(B) to belong to the first hand side there are two
succes3sive obstructions, the first is in Hl(Spec(B),Q), which vanishes
or ludbomee |
(if D is constant (for instance k separably closed) and B normal, the
second is in the Brauer group of B, and vanishjgf§¥giiﬂhas g zero-cycle

of degree 1.

Assume for simplicity that the irreducible components of Xo are



geometricglly irréducivle, i.e. D is constant, and assume B geometrical
~ly regular over k. This second condition implies that XﬁkB is regular,
(.3
and denoting by UﬁkB the inverse image of U in this scheme, Xitexfixsx

zondikxsnxk this tog#sher with the first condition implies that bie
Pre (X Ry $)/ D (B>

i;gii—han&—eiée—eﬁ—éag} is isomorphic to Pie(UﬁkB) . This shows that

on the sub-category of arguments B which are g® noetherian and geometri

cally regular, Q is the étale sheaf associated to the presheaf

(21) B i Prc(Un,B)hel €>a(3) ) . T,
is in

-~
The obstruction for an element of Q(B) to belong to Pic(UﬂkB
the Bmauer group Br(B). Thus, under very stringent conditions on B at

least (being geomettically regularL'we get a deseription of Q(B) in
terms of actual local Picard groups. 1 should have stabed that

UakB can also be interpreted as the inverse image of U in the scheme
ﬁpec(AakB), and thus makes a sense independently of the choice of a

particular resolution.

A One may wish to eonstruct a local Picard scheme wkihewt also in

case A is not equi-caracteristic, which implies that car.k »0. It seems
likely that this can be done if k is perfeect. The key-point here mmenx
k® igs the construction of schemes Pn , which leads us to the follewing {
!groblem Let A be a local Aptin ring with perfect residue field
‘k of car. p>» 0, X a proper scheme over A. Give a "natural" constructior
fof a group scheme locally of finite type P over k, together with
I an imbedding

(22) Pic(X)c>P(k)

the obstruction for an element of P(k) to beléng to Pic(X) @eing in

| Br HO(I,QX) , and hence)vanishing if k is algebraically closed.



A0

Here is a candidate for a functor, which may twmm out to be repre-
sentable, in which case this would be P. Let A be the ring-scheme
over k defined by A (see Greenberg's papers, or Serre's in Bulletin
Soc. Math.), so that
(23) A=A(k) .
For every algebra B over k, consider the ring A(B), which is an algebra
over A(k) = A . We may thus consider

dfn
X, = X9,A(B) ,

and consider the functor
(24) Bl—-}Pic(KB) 5
This of course may not be representable, even if A=k . However, it may
turn out that the fppf sheaf associated to this functor is representab-
le, and this then would give the looked for candmidate for P. In any
case, Artin's work gives us a very handy set of necessary and sufficien
conditions for a group functor toc be representable by a scheme locally
of finite type, and in prineciple it should be possible to decide
wether or not the fsmefsw sheaf just considered satisfies to these
conditions or note. If so, one may expect that the develoghents on
local Picard schemes given for the case when there is a field of
representatives will carry over to the case when the residue field is

perfeet with car. > 0.

QL Cou.lol. Fetim?s c.nhSIo[C,\‘ a ‘(u_,\r\(:'}ﬁl" oVEy R A Anfser&t \M.I‘h
a, where RGA n 4 reg of reresentetien goand by b

represent 1( (-’/! Some sensge ) h\i aw algebrae growp sver R

S e =g
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In the construction of a local Picard scheme Q, we have seemed to
use in a technically essential way theaiﬁﬁiggﬁgQJU is regular (plus
resolution)s I would conjecture that a reasonable log-al Picard scheme

locally of finite type over k, )
Q,éﬁﬁ_ﬁé constructed also without this assumption (provided that a

field of representatives is given, @r the residue field is perfect
of char. p> 0, of course). Instead of a resolution of singularities,
one pay then wish to find a proper surjective morphism

f: X— 8
indueing an isomorphism f"l(U):;'U, and such that the corresponding
map

Pic(X) — Pic(U)

is surjective . We then could repeat the construction of P, as
lim Picy /k , as above, and of Q as Coker(D-P), where D is a group
scheme correapondlng to divisors concentrated on X (possibly no longer
discrete ?). Another way of approach would be to take a resolution
of singularities f: X— 8, but where now we cannot assume any longer

that fﬂl(U)—9U is an isomorphism, and to describem a scheme P in terms

of invertible sheaves on X, together with descent data of L\f‘l(U) %o

——

U .| A nice test for the yoga of local Picard schemes without regulari-
ty assumptions on U would be to see if it is true in general that
Br A Cohen-Macaulay of dim » 3 (more generally, for HE(A) = 0), the

group Pic(U) is indeed countable, and for separably cloaed residue

field rﬁfts%%%%ﬁble field extension k-»k'!, A being replaced
-~
by A®, k? (which would express the expected discrete structure of the

local Picard scheme).



